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NEPEOAMOBA ON9 YYHIB

Bu noumHaeTe BMBUATH HOBMII mpeaMeT «Anzefpa i nowamiu aHali-
3y», AKKAN ob6’eHye MaTepias KiNbKOX rajyseil maTeMaTudHOl Hayku. Sk
i B Kypci anreOpu, sHaUHY yBary 6yjae mpH/IijieHO TIepeTBOpPeHHAM BHPAas3iB,
po3B’A3yBAHHIO PIBHAHL, HEPiBHOCTEN TA IX CUCTEM 1 pO3rJsly BIacTHBOCTENH
¢yaruiit. [lopag i3 po3B’A3yBaHHAM 3HANOMMX 38724, MOB A38HUX 3 MHOTO-
YJIeHAMM, palioHAIbHUMH Jpobamu, creneHsiMu i kopensanmu, y 10 knaci 6yze
POBIVISHYTO HOBI BUM (YHEII: cTeneHeBi I TpUroHOMeTPUYHI Ta BijNOBij-
Hi piBHAHHA 1 HEPIBHOCTI.

IlpuHIHMIIOBO HOBY YaCTHMHY KypCcy — MOYATEM aHAJII3Yy — Oy/je poarJis-
HyTo B 11 rnaci. Mamemamuynuit ananiz (abo nmpocto aHamia) — ramnysb
MaTeMaTHEM, 1m0 copmysanacsa y XVIII er. i Bigirpana sHauHy poJib y pos-
BHUTKY ITPUPO/IO3HABCTBA: 3’ ABUBCA MOTYIKHMIL, JJOCTATHLO VHIBEpCAJLHHUI Me-
TOJ, JOcCHiKeHHA (YHEIIH, AKi BHKOPHUCTOBYIOTHCA I Yac po3B’A3YBAHHA
pizHOMAHITHUX NPUEJAJIHUX 38/84.

Kinbka sayBasenb npo Te, AK KOPHCTYBATHCH IIAPYYHHEOM.

CucreMy HABYAJILHOIO MaTepiany HiIpYYHUEA 3 KOMKHOI TeMH IOJaHO
3a gBoMa piBHAMH. OcHO6HUilI Mamepian HaBeJeHO B naparpadax, HOMepH
AKMX I[03HAYEHO CHHIM KosbopoM. Jodamkoeuit mamepian (Homepu napa-
rpadiB NMo3HAYEHO CipMM KOJLOPOM) NMpU3HAYEHUWU /I OBOJIOJIHHA TeMOIO
Ha Oinpin rimbokoMy piBHI (HanmpmEIaM, a8 BHUEOHAHHA CEJIAJHIIIAX 3a-
BJAHL 3 aJrebpH i noyaTkiB aHAJIZY 30BHINIHLOINO HE3AJIEIKHOTO OI[iHIOBAHHSA
3 MaTeMaTHEHW). YYHI MOYKYThH ONAHOBYBATH HOro AK CaMOCTIHHO, TAK i mmija
KepiBHUIITBOM YYUTEJs.

Ha mouaTtrky 6araTbox maparpadis HasegeHo dogidkoei mabauui, Aki
MICTATH OCHOBHI1 O3HAYE€HHHA, BJIACTHBOCTI Ta OPIEMNUPU JNA TOIIYKY TLJa-
HY po3B’a3yBaHHA 3aJa4 3 TeMH. [[na osHalioMieHHS 3 OCHOBHUMH ijesi-
MM po3B’ABYBAHHA 387]a4 HABOJATHCA NMPHUEJAAH, ¥ AKHX KpPiM po3s’A3aHHA
MICTHTBCA TAKOYK KOMEHNApP, MO JOIOMOXe CKEJACTH IUIAH PO3B’A3yBaHHA
aHaJOTIYHOTO 3aBJaHHA.

8 MeTol0 3aKpileHHs, KOHTPOJII0 1 CAMOKOHTDOJIO 3aACBOEHHSA Ha-
BUYAJILHOTO MaTepiajyly mmicjifd KoxHOro mnaparpadga 3alpolOHOBAHO CHCTEMY
3anuTaHb i Bopas. Biamopigi Ha ni 3anwTaHHA 1 ODPHEJAAW PO3B’A3YBaHHA
aHAJOTIYHMX BIPaB MOXHA 3HAUTH B TekcTi maparpada. Cucremy Bmpas [0
OCHOBHOT'O MaTepialjly IIOaHO 3a TphoMa piBHAMH. 3adayi cepedHb0z0 Pi6HA
MO3HAYEHO CUMBOJIOM «°», jemo ckJagHimmn 3adaywi docmamHvoz0 Pi6HA Io-
JaHo Ge3 TO3HAYEHB, 8 3adayi 6UCOK020 PIBHA CEIATHOCTI TIO3HAYEHO CHM-
BOJIOM «¥». ¥ MAPYYHHUEKY ANA 6araThox 38429 NoraubiIeHOro piBHA TAKOIK
IPOIOHYIOTHCA CHeliallbHi Opi€EHTHpH, SKi Jal0Th MOYKJIMBICTH OHNAHYBATH
MeToIM iX posB’sasyBanHA. Bidnoeidi i éxasiexu 1o 6inbIIOCT] BIIpaB HABee-
HO V BigmoBigHomy posgiii. [Ipo nmoxomxeHHs MOHATH, TEPMiHIiB i CHMBOJIB
BU 3MOJKETE TisHATHCA, MpounTaBImM «BigoMocTi 3 icTopiis. ¥ KiHII miapy4-
HHUEa HABEJIEHO JOBiIKOBHII MaTepias.
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NEPEAMOBA A9 BYUTENSA

ITponioHoBaEMIT MiAPYUHME CIPAMOBAHO HAa peaJisalliid OCHOBHHUX IT0JIO-
JKeHb KOHIeNI[ii npodiibHOro HABYAHHA B CTAPIIii ITKOJI, HA OpraHisalliio
ocoOHMCTiCHO-OpiEHTOBAHOTO HABYAHHA MaTeMaTuku. IligpyuHmE migrotose-
HO BIJIIOBiIHO /0 YHMHHOI MporpaMy 3 aJredpH i MoyaTKiB aHAJI3Y akaje-
MIiYHOIO piBHA 3 YpaXyBaHHAM NporpaMy npodiibHOro piBHA Ta IpOrpaM#
i 3MiCTY BOBHIITHBOTO HE3AJIEXHOTO OI[IHIOBAHHSA 3 MATEMATHEH.

BijsHaunMo OCHOBHI BiIMiHHOCTI TMPOIIOHOBAHOIO MiPYUYHMEA BijJ iH-
MUX NiIpyYHUEiB 3 anrebpu i mouaTkiB anaumisy. Lle deopienesuii nidpyu-
HUK, YV KO}KHOMY PO3JiI fAKOro nopdAj 3 naparpadamMu, 10 MpU3HAYeH]l A
OBOJIOJIIHHA YYHAMM CTAHJAPTOM MATEMATHYHOI OCBITH Ha akaJeMiYHOMY
PiBHi, € cMcTeMaTHYHWII MaTepiasy JJiA opraHisamii iHAMBiZyaabHOI poGoTH
3 YUHAMM, AKI HIKABJIATECA MATEMATHEOID.

OcHoBHMIT MaTepian, AKWH MOBMHHI 3acBOITH V4YHi, CTPYKTYPOBaHO
y tdopwmi dosidrkosux mabauyb Ha oyaTKy naparpada, AKi MICTATh cHcTeMA-
TH3AIi0 TEOPeTHYHOIO MaTepiany Ta cnocobie JdissibHocni 3 IAM MaTepianoMm
y dopmi crienjiaTbHUX opie HmMupie 0ns po3e’asyeanna 3aedane. ¥ nepuy wep-
2y YuHi nosuHMi 3aceoimu mamepian, axuit micmumocs 6 mabauysx. Tomy
HiJ] 9ac NOACHEHHA HOBOTO MaTepiasy JOIiJBEHO MpaImoBaTH 3 MiIpyIHUEOM,
BHKOPHCTOBYIOUH BiNOBigHI TabmuIli Ta pHcyHEH. Yci MoTpiOHI moscHeHHA
i OOI'PYHTYBaHHA Te’X HABEJEHO B MiJIPYIHHUEY, aJileé KOKeH YIeHb MOYKe BH-
OupaTy cBifl piBeHb 03HAHOMJIEHHS 3 IIUMH OOI'PYHTYBaHHAMM.

ITigepecuno, o OV/abL-AKHI MAPYYHUE 3 aaredpH i moyaTKiB aHAJIZY
TIOBHHEH 3a0e3NeYnTH He TiIbKW 03HAWOMJIEeHHA YUYHIB 3 OCHOBHUMHM aJredpa-
iYHMMY TTOHATTAMH Ta iX BJACTHBOCTAMH (TOOTO JaTH MOYKIMBICTE (hopMYyBa-
TH B YYHIB 3HAHHA 3 anre0pH i mouaTkiB aHATIZY), a il popMyBaHHA criocobiB
[if iz nuMA noHATTAMH (TO6TO AaTH MOMIMBICTE (POPMYBATH B VUHIB YMIiHHA
3 aqredbpu i mouyaTkiB aHarizy). CucreMy yMOB, Ha AKY peanbHO CITHPAETH-
¢A yY€Hb NpPH BUKOHAHHI [ii, NMCHXOJIOTH HA3WBAIOTh OPi€EHTOBHOI OCHO-
Boro fmii. fIKI0 YYHAM IPONMOHYIOTE JOCTATHRO 3araJibHi OPiEHTOBHI OCHOBHM
[AJA po3B’A3YBaHHA BIANOBIHWX 3aBAaHB Y BHUIVIA/l CIENialbHHUX NpPaBHI
Ta aJrOPUTMIB, TO KaKyTh, [0 IM IPONMOHYIOTE OPi€EHTOBHI OCHOBH JPYTOr0
i Tpersoro THIiB. Sk TMpaBMIO, Y MAPYYHHUEAX aareOpH i moyaTkiB aHANIZY
ana 10 gnaciB y9HAM TPONOHYIOTHECA TLIBEW 3paskM po3B’A3YBaHb 3aBIaHb.
VuHi camocTiiiHO po3B’A3YIOTH I1i 3aBJaHHA, OPIEHTYIOUNCH Ha 3pask# (ToOTo
VYHAM TIPOTNIOHYIOTHCA OPI€EHTOBHI OCHOBH Meprmoro Tumy). Take HaBUaHHA
nepeabayae, M0 VIE€Hb CAMOCTIHHO BHKOHAE CHCTEMATHIAIIII0 Ta y3araIbHEeH-
HA cnocobiB i, Opi€HTYIOUNCH Ha 3alpOIIOHOBAHI 3paskH, 1 BHALIATE AJA
cebe OpiEHTOBHY OCHOBY pO3B’SA3YBaHHSA PO3IVIAHYTHX 3aBAaHb. SIK mpasmiio,
¥ IBOMY BHIIAJKY OpPi€HTOBHa OCHOBa, 1110 CTBOPHETHCA B YUHHA, HEMOBHA.
Kpim Toro, BoHa yacTo He yCBiJloMJeHa HUM, 60 y4eHb He MOKe IOACHHUTH,
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YoMy BiH BHKOHYBAB caMeé TAKi NepeTBOpeHHA I 4Yac po3B’A3YBAHHA 3a-
BJIAHHA, A He iHIITi.

I3 miei npyuMHEN OJHMM 3 NPUHIMIIB NOOYIOBH MPOIOHOBAHOIO Mipyu-
HUEA OYyJI0 BUILIEeHHA /IS VUHIB OPI€HTOBHMX OCHOB BiINOBiHOI TiANBHOCTL
3 po3B’A3yBaHHA anredpaiuHMX 3aBAaHb OeanocepeHBO B IMIPYYHUKY.

V KoKHOMY po3/Iijii po3B’A3aHHIO BIPaB NEpPeAye BHILIEHHA 3araJbHUX
Opi€EHTHPIB /1A po3B’A3VBAHHA TAKHMX 3aBJAaHb. TOMY BaskKJIMBOIO CEJIAJ0-
BOIO po0OTH 3a IMPOTIOHOBAHMM ITiJIPYYHMEOM € o0roBopeHHA BHOOpY Bifmo-
Bif[JHMX Opi€eHTHMpPIiB Ta NJaHIB po3B’A3VBaHHA 3aBJaHb. IlofcHEeHHA MeTOiB
po3B’A3YBAHHA BEJETHCH 38 CXEMOI0:

Pozé’sizanns Komenumap

3a YMOBH Takol Nofiavyi HABYAJIBHOIO MaTepiany KOMEHTap, y AKOMY Io-
ACHIOETHCH PO3B’A3aHHA, HE 3aBayKA€ CIPHUHHATTIO OCHOBHOI ijlel Ta nmany
Po3B’A3yBAHHA 3aBJaHbL NeBHoro THny. lle mosBonsde yuHeBi, AKMII y)ke 3a-
CcBOIB crioci6 pos3B’A3yBaHHA, 3a JOTIOMOIOI0 HABEJEHOIO TMPHEIAAY Braja-
TH, AK pPO3B’A3yBATH 3aBJaHHA, 8 YYHEBi, AKOMY NOTpiOHa KOHCYJIBTAIiA
3 po3B’A3YBAHHA, — OTPMMATH [JeTalbHY KOHCYJIBLTAIIIO, [0 MICTHTHCA
B KOMEeHTapi.

3a paxVHOK YiTKOTO BH/LJIEHHA 3araJJbHUX OPi€eHTHPIB poboTH 3 mpak-
TUYHUMH 3aBJaHHAMM KYPCY BJAETHCA YACTHHY «HECTAHJAPTHHUX» (3 TOUKH
30py TPaJWIlIHUX IIPYYHWEIB) 3aBJaHb NEPEBECTH B PO3PAJ «CTAHJAPT-
HUX» (HanpWMEJaJ, PIBHAHHA, IS PO3B A3YBAHHA AKWX JOBOAWUTHCH BHEO-
pucTOBYBaTH BaacTHBOcTi (yvHENIH). Ile mo3Bonse, 30KpemMa, O3HAHOMHTH
VUYHIB 3 MeTOAaMH po3B’A3yBaHHA HABITH CKJIAJHMX 3aBjaHb 3 aiarebpu i mo-
YaTKiB aHANIBY, AKI MPONOHYIOTHECA B 30BHIITHEOMY HE3aJI€KHOMY OI[iHIOBAH-
Hi 3 MaTeMaTHEH, Ta 3 OOPMIIEHHAM iX po3B’sA3aHHA.

YMOBHI NO3Ha4YeHHA

I'oJioBHEe B HABYA. TEHOMY I‘-lil']'(_‘pi.ﬁ.'lj.
P nouatok posp’szanHs 3amavi
<] 3ariHYeHHSA po3B’fA3aHHA 3aJa4i

® nmnouaTor OOr'PYHTYBRHHS TBED/YKEHHSA

O  3ariHuyeHHA OOI'DYHTYBaHHS TBEpAIKEHHSA
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[No3Ha4eHHs, AKi 3aCTOCOBaHO B NiAPYYHUKY

N — MHOYKMHA BCiX HATY-
PaJBHUX YHce

Z — MHOYKMHA BCIX IIINX
qyuceJ

Z — MHOKWHA BCIX HeBiJx -

4]
EMHHNX HiJIHX qHces

Q — MHOYKHHA BCiX paifio-
HAJIBHUX YHCe

R — MHOYKMHA Beix JificHUX
Yuces, YMCJIOBA NpAMA

R, — MHOKHHA BCiX J0/AaT-
HAX JIHCHUX YHCce

[a; b] — Bigpisok (saMEHeHWIT
TPOMIsKOK) 3 KIHIIAMHA
aib,a<b

(a; b) — inTepBan (BigRpUTHIA
TPOMIsKOK) 3 KIHIIAMHA
aiba<b

(a; b], — HaniBBiAKpPHTI NIpOMizK-

[a; b) KM 3 KiHusMu a 1 b,
a<b

(a5 +e),

[a; +eo), . . o
oo BT, HeCKiHYeHHI POMIisKEH
(—ee3 D)

(—o03 +o0) — HeckiHUYeHHMI MTpOMi-
JKOK, YMCJIOBA MIpAMa
| | — Moayab (abcomrooTHa Be-
NWYWHA) Yucia X

[x] — nina vacTuna uyucna x

{x} — npobosa yacTuHa
qucaa x

f (x) — suavenus QpyHruii f

y TouIi X

D (f) — obnacTe BM3HAYEHHSA
¢dyHENIL f

E (f) — obnacte 3HaueHb (PYyHE-
uii f

sin — (DVHEI[iA CHHYC
c0s — (DYHEIIIA KOCHHYC
tg — QVHELiA TaHreHC
ctg — (PVHEIIA KOTaHTeHC
arcsin — (GYHEILIA apECUHYC
arccos — (PYHEI[IS ApKKOCHHYC
arctg — QyHELLA apKTaHreHc
arcetg — QyHEIIA apKKOTAHTEHC
JE — apudMeTHuHUI KOpiHb

i3 yuena a

%o — apudMeTHIHUL KOpiHb
2k-ro crenens iz 4yucia

a(k e N)

Eopiub (2k+1)To0 cTemne-
HA 13 yncna a (k € N)

2*4—%
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OYHKLIT, PIBHAHHS
| HEPIBHDCTI\ \

OCHOBHWUW MATEPIAN '. ]
§ 1. MHOXUHU |
§ 2. DyHkuil L\
§ 3. PiBHAHHA \
§ 4. HepisHOCTI: piBHOCUNBHI NEPEeTBOPEHHS

Ta 3aranbHuin MeTop IHTepBanis

AOAATKOBMA MATEPIAN
§ 5. padikv piBHSAHb T@ HEPIBHOCTEMN
3 ABOMA 3MIHHUMW
§ 6. Metoa maremMaTtuyHOI IHayKLuil
§ 7. Muoro4nenu Big OQHIET 3MIHHOI
Ta Qi Hag HYUMK
§ 8. PiBHAHHA | HEPIBHOCTI,
LL|O MICTSTb 3HAaK MOAYNA
§ 9. PiBHAHHA | HEPIBHOCTI 3 NAapaMeTpamu

B ocHOBEHiNl acTHHI OBEOrO POZILTY BH CHCTEMATH3YETE Ta y3a-
TANBHHUTE CBOL SHAHHA # yYMiHHA, NOB’#38HI 3 MHOMKHHAMIL,
GVEEDIAMH, PIBHAHHAMH i HEPIBHOCTSAMII, YTOYHHTE, K JIOCTi-
JPKYIOTE i ODI'pYHTOBYIOTE OCHOBHI XapakTepHcTHEN (DyHEIi.
Takox BH oTpmMaeTe peEOMeHAaNil IOJO PO3B’A3YBAHHA PiB-
HAHE T4 HEpiBHOCTEH pizHIMHI MeTOmaMIL.

¥ popaTkoriil wacTMHI pozfiiTy BH 3MOKeTe OZHAHOMHTHCH 3
BayKIHBHM METOJIOM /IOBEJICHHS MAaTEeMATHUHHX TBep/keHb (Me-
TOAOM MaTeMATHIHOL iIHAYKIII) Ta 3 MeTogaMH pPO3B’SI3YBAHHA
JeAKHX CHEJAJHUX 3aBJaHb, [0 IX NPONOHYHTH Y 3aBAaHHAX
SOBHIIIHBOTO HE3aJIeJKHOTO OMIHIOBAHHS UH JAeprKaBHOI IiJicyM-
KOBOI aTecTanil 3 MaTeMaTHEH.
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1 MHOXWHU

1.1. MHOXUHM Ta onepauii Hap HUMK

Tabnuna 1

[NOHATTA MHOXMKHHK Ta il EAEMEHTIB

MHOUHY MOYHa YABUTH 001 K CYKYII-

] . - ? el | ? 2
EnemenTt a aec A HICTHh JIeAKHX 06 €KTI1B, L0 06 (E'.Al:fa}ll 3a
R TR M O A ~ AKOIOCh 03HAKOW0. Y MaTeMaTHIli MHO-
JHHMHH — e o/ilHe 3 OCHOBHUX HeOo3Ha4y-
Enement b He BEA BAHMUX [MOHATH.
HATEeKWTH MHOMAMHL A — € Koxumit 06’exr, mo BXOAMTH [0 MHO-
' | okuEm A, HASMBAETHCH eNleMenmom uiel
¥V MHOMKUHI Hemae & MHONCUHRU.
€JIeMEeHTIB ~ Muosuna, 1m0 He MICTUTL KOJHOIO eJie-
MEHTa, HA3UBAETHLCA NOPOHCHLOI MHOMKH-
HOIO 1 MmozHauaeTheA
MNigMHOXUHA (<)

fxkmo wojkeH eleMeHT ONHICT MHORHHH
A € enemenToM apyroi mHOKHEM B,
TO KAXKYTH, WO NepHia MHOKHHA A
€ MIMHOMKWHOK ApyTroi MEo:xNEN B,

i 3anmcyroTs Tak: A C B.
BukopuctoByioTh Takoxk sanuc A ¢ B,

AKIO0 MHO3kMHA A abo € MiIMHOKUHOIO
MHO:MHM B, a6o gopiBHIoe MHOkMHI B

|AcB|&>|fikmo xe A,Tox€ B |

PiBHICTE MHOXMH

JIBi MHORWHN HASHBATOTBCA pieHUMIL,

xe A=>xeB ARII0 KOSKHWIT eJIEMEHT MePIIol MHOENHI
A= xe B=>xec A € eJIeMEHTOM APYTOl MEHOKWHH, | HABNAKH,
KOXHWIlT eJeMeHT [Apyroi MHOKHHH
€ eJeMEeHTOM MepIIol MHOIHN
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Ilpodoexcernna maodna. 1

MeperH MHOXWH (M)

C=ANB

xeC&exeAixeB

ITepemunom muosxcun A i B HasuBa0Th iX
CHLILHY YACTHHY, TOOTO MuOuuRY C Beix
€JIEMEeHTIB, 10 HAJIEIKATD AKX MHOMHHL A,
Tak i mEOkUHi B

O6'eaHaHHA MHOXMH (L)

C=AUB

xeEC& xcAaboxeB

06’ ednannam muodcun A i B nazusarots
muOKHAY C, CRIAEHY 3 VCiX elleMeHTiB,
0 HAJEKATH Xoua © opmiii i3 mHX
muaouH (A afo B)

PizHuus

MHOXMH (\)

8

C=A\B

xeCeoxeAixeB

Pisnuyero muoscurn A i B masmBaeTsca
maokuEA C, WO CRIAJAETHCA 3 yCix
eJIEMEeHTIB, fAKI HAJEXATE MHOMKHHI A
i He HAJERATH MHOKWHI B

J\ONOBHEHHA MHOXMH

-

!,erﬁxEA]

fErmo Bci MHOYKWHM, AKiI MM pO3TJIAmac-
MO, € IMMHOKHHAMH AKOICh TAK 3BaHOI
yHieepcaivHol MHOHMHHA U, TO pisHUIA
U \ A HasWBa€eThcA [IOMMOBHEHHAM MHO-
sxmHH A. Tobro donoenennam MHOMUHL
A HABWBAETHCA MHOKMHA, AKA CHJIAIA-
€THCHA 3 YCiX eJIeMeHTIiB, fAKI He HAJEKATH
mHONHI A (a7e HanexaTh YHiIBEpCATb-
Hilt MuEO!HHI U)
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EEE [osicHeHHR 1 O6rpyHTYBaHHA

1. llowsaTra muoxuHH. OJJHUM 3 OCHOBHMX IOHATH, AKI BHEOPHCTOBYIOTH
Yy MaTeMaTHIli, € MOHATTA MHOMUHW. [Ina Hboro He JaiTh o3HaveHHA. Mook-
HA TOACHWUTH, [0 MHONUHOK HABHBAIOTH JOBLIBHY CYKVIIHIiCTH 00’eKTiB,
a cami o0’exTH — eslemenmanu aaHOi MHOMCUNHU. Tak, MOMHA TOBOPHTH PO
MHOKHMHY VYHIB V KJaci (eJleMeHTH — Y49Hi), MHOJKHHY JHIB THXKHA (eJeMeH-
TH — JHI THKHA), MHOYKMHY HATYPAJIBHUX JiNMBHAEKIB uncia 6 (enemeHTHn —
yuena 1, 2, 3, 6) romo. ¥V kypcax anrebpy Ta aaredpu i mouyaTEiB aHANSY
HalyacTille posrifafaTs MHOKHHM, eJleMeHTaAMH AKWUX € YHhcia, i ToMy 1X
HA3WBAKOTE YUCJOBUMU MHONCUHAMIU.

Sk mpaBmMJio, MHOYKHWHHW MO3HAYAIOTH BEIWEWMH JIiTEpaMu JATMHCHKOTO
andasity. Hanpurnaa, axmo MHokmHa M ckjaajaeTses iz umcen 1; 2; 3,
To ii moznauarTe Tak: M = {1; 2; 3}. Toit ¢arT, mo unciao 2 BXOAUTH [0
i€l MHOKHMHY (€ eeMeHTOM JaHol MHOKWHN M), 3aMCyIOTh 38 JOTIOMOTOI0
crieniaTbHOTO 3HAYKA € Tak: 2 € M; a Te, mjo uncsio 5 He BXOJUTH JI0 1€l
MHOKWHM (He € eleMeHTOM JAaHOo1 MHOKWHM), 3aMucyioTh Tak: b ¢ M.

MoskHa poOBIIAfATH TAKOK MHOYKHHY, AKA HE MICTHTH JKOJHOTO eJeMeH-
Ta, — NOPONCHIO MHONCUHY.

Hanpurnaj, MHOMKHHA MPOCTHX JiMBHHUEIB umcya 1 — MoposkHA MHOMKHHA.

Jna jneAxWx MHOMKHH ICHYIOTH clielianbHI nmo3HauyeHHA. Tak, MOpox-
HI0O MHOYKMHY TIO3HAYAIOTH CHMBOJIOM ), MHOKMHY BCiX HATYPaJbHHUX YH-
cell — JiTeporo N, MHOMKHMHY BCIX LIJIMX YHcel — JiTepolo Z, MHOMHHY
BCiX painioHaJILHHMX 4YHCeN — JiTeporw @, a MHOMKHHY BCiX TiHiCHMX YH-
cen — miTeporo R. MHoxxuHHM OyBalOTB CKiHYeHHI 1 HeCKiHYeHHI 3alerkHOo
BiJi TOTO, AKY KLNBKICTH eleMeHTiB BOHW MicTATh. Tak, MHoxmEM A = {T};
M = {1; 2; 3} — criHueHHi, 60 MICTATH CKIHUEHHE YHCJIO €IEMEHTIB, 8 MHOMKH-
Hu N, Z, @, R — HeckiHYeHHi.

MuoskmHE 3a/1210TH 200 32 JOTIOMOTOI0 TIEPENIKY IX eJIeMeHTiB (1ie MoXKHAa
3po0HNTH JIMIIE JNA CKiHYeHHWX MHOYKHH), abo 3a JOIOMOTrOK OITHCY, KOJH
8a/Ia€THCA MPABHJIIO — XAPAKNIEPUCTIUYHA BNaGCTUEICTIb, AKEe JO3BOJAE BU-
SHAYWTH, HAJEKUTH YM Hi JaHWil 00’ekT posrnsgysaHiil mHO:kuHI. Hampn-
kaajg, muoxkmuHa A = {—1; 0; 1} 3agana neperikoM eleMeHTIB, a MHOKHHA B
MAapHUX LiTHX YHCET — XapaKTepHCTHIHOK BIACTHBICTIO €IEMEHTIB MHOMH-
an. OcTaHHIO MHOKWHY iHKOM 3ammcyoTe Tak: B = {b | b — mapre wnine
yucao} a6o Tax: B = {b| b = 2m, ne m € Z} — TYT niciA BepTHEAJIBHOI PUCKH
sanucaHa XapaKTEPHCTHYHA BIACTHBICTE.!

V zaraspHOMY BHTJIA/II 3aTTHC MHOKWHH 38 JIOTIOMOTOI0 XapaKTepPHUCTHIHOI
BJIACTMBOCTI MoskHA TojiaTh Tak: A = {x | P (x)}, ne P (x) — xapakTepucTHUYHA
paactuBicts. Hampurmag, {x|x2 - 1 =0} = {~1, 1}, {x|xe Rix2 + 1 =0} = @.

! V mpomy BHmajky i B 3ammcax pose’ ISKiB TPHTOHOMETPHYHIX PiBHAHE i Hepie-

HOCTel B posjili 4 sanmc m € Z ozHauae, o m npuimae 6yab-fKe mite sHAYeHH,
[0 TAKOR MO’KHA 3ammcysaTh Tak: m = 0; £1; £2; ..
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2. Pignicts muoxun. Hexait A — MHOXxkMHaA nudp Tpunmndposoro uyncaa 312,
10610 A = {3; 1; 2}, a B — MHOKHMHA HATYPAJIBLHMX YMces, MeHIIuX Bijg 4,
T00T0 B = {1; 2; 3}. OcEinbEM 1 MHOMKMHM CEJAJAITHCA 3 OJHUX 1 THX
CAMHMX €JIeMeHTiB, To iX BBaykaloTh piBHMMH. lle sanmcyioTh Tak: A = B.
Jlna HecKiHYEHHWX MHOMKWH TaAKWMM crocoboMm (MOpiBHIOKUYM Bel eeMeHTH)
VCTAHOBMTH iX piBHicTH HeMO;kJMBO. ToMy B 3araJbHOMY BHIAIKY PiBHICTH
MHOX¥WH O3HAYAKOTH TAKWM YMHOM.

JBi MBOMHHN HABMBAKITLCH Pi6HUMU, AKIO KOKHUI ejJleMenT nepmoi

MHOHHHM € eJIeMeHTOM ;'!l'.l_\'l'{]'l' MHOMHHM i.. HABIIAKM, I\‘()Hillllii eJIieMenT

JAPYIol MHOMKHHH € eJIEMEHTOM HepIIol MHOMKHHN,

3 HABe/IEHOr'O O3HAYEHHS PIBHOCTI MHOYKHH BUIL/IMBAE, 1[0 B MHOMHHI O/1-
HAKOBI eJleMeHTH He pospisHsoThes. [lilicno, nanpuknaz, {1; 2; 2} = {1; 2},
OCEL/IBKY KOXKHUU esleMeHT nepiroi MmHozkuuM (1 a6o 2) € enementoMm apyroi
MHOKMHU i, HABINAKH, KOYKHHI eseMeHT Japyroi muosxunu (1 a6o 2) e ere-
meHToM nepiroi. Tomy, sanucyioum MHOMKMHY, HaliuyacTiine KoxxHMI 11 ese-
MEHT 3alMCYIOTh TLJBKH OJIMH pas.

3. IinMHOKWHA
SAxme Ko:xeH ereMeHT oJHIET MHOKHEN A € eremernToM MHOKHHM B, To
KAKYTh, IO Mepma MHOKWHA A € nid mHoxcurorw MHOKHEN B,

Lle sanucyiors Tak: A c B. Hanpurnag, {1; 2} ¢ {0; 1; 2; 3}, N c Z (ockins-
KW Oyah-AKe HaTypaJdbHe uncao — 1ine), Z C Q (ockinsku Oyb-AKe mije Yuc-
10 — panionansie), @ c R(ockinsEn 6y ab-Ake palioHaAIbHE YNCIIO — JiHCHE).

BramkaroTs, mo zaBxam O c A, TOOTO NOPONHI MHONUHA € NIOMHONCU-
HOK0 OYyOb-SIKOT HETLOPONCHLOT MHONCUHLL.

Iskomm 3amicThs 3ammcy A ¢ B BHKOPHCTOBYIOTE Takoxk zammc A ¢ B,
AKII0 MHOHMHA A ab0 € mMaMHOKHHOI MHOkKWHH B, abo JopiBHIOE MHOMKH-
Hi B. Hanpurnaa, A c A.

CriBcTaBMMO 03HAYEHHA PiBHOCTI MHOYKHMH 3 OBHAYEHHAM ITiIMHOMKHHHA.
SIkmo MHOMEMEM A 1 B piBHI, To: 1) KOXXHAN eleMeHT MHOKMHY A € eeMeH-
TOM MHO»HMHM B, orsre, A — migmuoxkuHa B (A < B); 2) KOKHUI eleMeHT
MHOXHMHH B € enemMenToM MHO:xHMHH A, oT:xe, B — migvaoxkuHa A (B c A).
TakuM TUHOM,

JBI MHOEWHH PiBHI, SRII0 KOXKHA

3 HMX € MiJIMHOKWHOK iHIIOL

Iuromm crmiBBiHOIIEHHA MiXk MHO-

JKMHAMY 3PYYHO 1MIOCTPYBaATH 3a JOTIO-

MOTOI0 KpyTiB (AKi YacTo HA3HMBAKTh

rpyramu Efinepa—Benra). Hanpurnaza,

pHCYHOE 1 inmocTpye 03HaYE€HHSA i IMHO-

KHWHH, 28 PUCYHOE 2 — CITiBBiJHOIIEHHA [ACB ‘{:)Iﬂxmo FESTrCE

mixk mEOXkMHaMu N, Z, Q, R.

Pmc. 1
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4. Omnepauii san muoxmaavu. Hag mMuo:KMHA-
MH MOJKHA BWEKOHYBATH TI€BHI Jii: NepeTHH,
00’eTHAHHA, 3HAXO/KEHHA PIZHUII MHOMKHH.
Q/R JlaMo osHAYEHHA WX onep'auiﬁ i mpoimocTpy-
emMo ix 3a gonomoroio kpyriB Eitnepa—Benna.
ITepemunom muodxcun A i B HASHBAIOTE IXHIO
CHLILHY YACTHHY, TOOTO MuOokunY C yeix eje-
l\l(‘I{Til!. 1o HAJEeXKATDH HAK MHOMKMHI A.. TAK
P, 3 i muoskuni B.
Ileperun MHOMHMH [03HAYAIOTL BHAKOM [
(Ha pucyHky 3 HaBeJleHO LIIOCTpAIlil0 O3HAYEHHS NEepPeTHHY MHOMUH).
Hanpuknaj, axmo A = {2; 3; 4}, B = {0; 2; 4; 6}, o AN B = {2; 4}.
06’ ednannam muoxcun A i B nasusarors muoxkuny C, 1o CKIAJACTHCH
3 yeix elleMeHTIiB, ARi HAJEKATE Xoua 6 oaniii i3 uux muoskun (A abo B).
O6’eHAHHA MHOJKHMH I03HA4Yal0ThH 3HarkoM U (Ha pucyHKY 4 HaBe/leHO
LmocTpaniio ozHaueHHsA 06’ €IHAHHA MHOMKHH).
Hanpurnan, pisa MmEOosMH A i B 3 nonepeiHLOro npHeIamgy
AUB={0; 2; 3; 4; 6}.
Axio nosHauYUTH MHOKHHY ippanioHansEux unucenyepes M, o MUQ = R.
Pisnuyero muosncun A i B nazsuBactroes muoskuna C, Aka CKIAJACTDL-
¢ 3 yeiX elneMeHTIB, ki HAJexkaTH MHOKHHI A i He HAaJeXKATHL MHO-
skumi B,
Pisaunio MHOYKHMH MMO3HAYAIOTE 3HAKOM \ (Ha pHMCYHEY D HaBeJIeHIO iiio-
CTpAIil0 0O3HAYEHHS PIZHUI[I MHOKHH).

ANB AUB

C=ANB C=AUB C=A\B

xeCeo xeAixeB| |[xeC& x€ Aaboxe B xeCeoxeAixeB

Puec. 3 Puc. 4 Puc. 5

Hanpurnag, axmo A={1; 2; 3}, B=1{2; 3; 4; 5}, To A \ B={1},
a B\ A= {4; 5}.

fArmo B — migmuoxmHAa A, To pisHMIio A \ B HasuBawTe JonosHeHHAM
mruoxcuni B do muomcunu A (puc. 6).

Hanpurnag, AENo 3HOBY MO3HAUYMTH MHOMKWHY ippanioHANBHUX UYHCeT
yepes M, o R \ @ = M: rawxyTs, 1o MEOkHHa M ippamnioHaJIsHHUX YHCeN
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JIOIIOBHIOE MHOYKMHY ) paimioHanbHMX uuces o MHoxxMHM R yeix pgilffcaux
yuceJl.

HE110 Bei MHOYKMHM, SIKI MM PO3IJIf/Ia€Mo, € NiIMHOYKMHAMM AKOICh Tak
aBaHol yHigepcanvhoi muoxcunu U (Ha pucyHry ii saseudail 300parkyioThb
V BUIIAJL NPAMOKYTHHEA, a Bel IHII MHOMKHMHM — KpYraMu BeepeJMHi 1iLoro
OpAMOKYTHHEA), To pisHumpo U \ A HABHUBAIOTH JONOBHEHHAM MHOMKMHKM A
(puc. 7). Tobro

a(lﬂﬂﬁﬂ"“”-ﬁ}lf MHONUHU A HABHBACTLCH MHOMHHA, AKA CHJAJACTLCH

3 yeix elleMeHTIiB, SIKi He HAJEKATHL MHOKMHI A,
ajle AKi HaJsexkaTh yHiBepca bHil MHozkuHi U.

JlonoBHeHHA MHOM¥MHM A nosHavaoTs A (unTaiTb: <A 3 puckoos» abo
«TOTIOBHEHHA A»).

Hanpurnag, aemo U = Ri A = [0; 1], To A=(~e;0)U(1; +e0). (A uso-
To MPHEJAAY 3PpVYHO BHEOPHCTATH TPajHIliiiHY iMIOCTpaIliloc MHOMKHHM JTiH-
CHMX YMceJl Ha YMCJIoBii mpamiii — puc. 8).

Puc. 7 Prc. 8

HE 3anuTaHHA A8 KOHTPOSo

1. HapepmiTe NpUEJIaJH MHOYKHMH, VKAKITh JeKilbEa e/leMeHTIB KOiKHOI
MHOKHHH.

2. fk mosHaAYaAOTH MOPOYKHIO MHOYKHUHY, MHOYKMHHM HATYPAJILHUX, [LIMX,
panioHAIPHUX, JiMCHUX Yyucesn?

3. JlaiiTe o3HAYeHHA PIBHOCTI MHOKWH. HaBegiTh NMpPUEJIaIW JBOX PiBHHUX
MHOKHH.

4. JlaiiTe osHaueHHA miaMHOKHMHHM. HaBemiTe mpurnagn. IlpoimroctpyiiTe
1€ IOHATTA 3a gonoMorow kpyriB Eitnepa—Benna.

5. JlaiiTe oaHAYeHHA NepeTHHY, 00’€IHAHHSA, Pi3HUIl JBOX MHO:kuH. Hage-
miTe mpukaagu. [IpoimocrpyiiTe 3a momomoroio kpyrie Eitnepa—Benna.

6. IloscHiTh, [0 HABWBAIOTEH JOMNOBHEHHAM OJHI€I MHOYKHMHH [0 iHIIOI; JT0-
HnoBHeHHAM MHO:xMHH. HasemiTe npuknamu. [IpoinrocrpyiiTe nii mouarTsa
3a JIOIIOMOTOI0 BiJIMOBiTHUX PHCVHEIB.
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-
1

2°

3%

4°.

5%

6°.

7°

8°.

9.

107,

Bnpaeu

3anuuriTe 3a JOMOMOT0K0 (PIrypHHX AY#KOKE MHOYKHHY:

1) 6ykB y cnoBi «anrebpas»; 2) napHMX OJHOZHAYHHMX HATYPAJIBHHX UH-
cell; 3) HeMAPHHMX OJHO3HAYHHMX HATYPAJIBHHX 4YHcesd; 4) oJHOZHAUHHMX
MMPOCTHX YMCEl.

3a AKOI0 XAPAKTEPUCTHYHOKI BJIACTUBICTIO 3anMcaHi Taki MHOMKUHU:

1) {noneainok, BiBTOpPOK, cepeja, YeTBep, II'ATHUIA, cyboTa, Heainsa};
2) {ciuens, JuoTnii, GepeseHsb, KBiT€Hb, TPpaBeHb, YepBeHb, JUIEHb, CEp-
1leHb, BepeceHb, YKOBTEHb, JIUCTONA], IPY/IeHb};

3) {ABcrpaunis, Asia, Avmepura, AuraprTuja, Adpura, €spona}l;

4) {po, pe, mi, ¢a, cons, ad, ci};

5){0,1, 2, 3,4,5,6, 7,8, 9)?

HasegmiTe IpMEJIa M MOPOXKHIX MHOMKHMH.

A — MHOKMHAa HATYPaAJIbHHX 4YHcelN, AKi posMimjeHl Mixk guciaamm 15
i 35. BanumriTeh MHOMXHHY A 3a JonmoMorow (irypHux ayiok. fki 3 un-
cen 18, 28, 36, 40 manexaTte MuHO:xuHI A? Bignosiges sammmriTe 3a jJomo-
MOTO0 3HAKIB € 1 €.

SanuuriTe 3a JONMOMOTOK (PIrypHHX AV3KOE 1 MO3HAYTE MHOYKHHY:

1) aTypaibHUX JUIBHUKIB uuena 12;

2) HaTypaibHUX AUIBHHEIB uncna 30;

3) ninux gineHUKIB yucna 6;

4) npocTUX JiMLHUEIB uuena 12.

Bigomo, mo M = {1; 2; 5}, N ={1; 4; 5; 7; 9}, K = {4; 7; 9}. SanumiTs
3a JonomMoro (QirypHux ay:kok abo sHaka O:

1) nepern M i N; 2) neperun M i K; 3) nepernn N i K; 4) o6’egnannsa
M i N; 5) o6’epuanna M i K; 6) o6’egnanna N i K; 7) pisawmigo M i N;
8) pizammro M i K; 9) pizammio N i K; 10) nonoBrenra K go N.
IlosicHiTh, YOMY BUKOHYIOThCS Taki piBHOCTI:

1NAUD=A4; 2JAUA=A; 3)ANOT=; 4) AN A-=A.
SanuimiTe MHOYKHHY BCiX ABONU(MPOBHX YHCeN, SKEi MOMHA 3allMCATH 3a
ponomororo nudp 0, 1, 3.

Bigmomo, mo A — MHOXMHa HaATYpalmbHHX [iJBHUEIB uwmena 12,
a B — MHOMHHA LIIHX JJbHHUKIB gncia 6. S3anummiTe MHOKHHI:

1) AU B; 2) AN B; 3)A\ B; 4) B\ A.

Hexait Ai B — geari muoxxunau. [loBefiTh yEasaHi piBHOCTI Ta Mpoiiio-
cTpyiiTe ix 3a gomomoroio kpyriB Eitnepa—Benna:

1) AU B =B U A — nepecmaghuii 3axox 0na 06’cOHAHHA;

2) AN B=BNA — nepecmaéHuil 3aK0H 014 nepemumy.
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11.

12",

13.

14",

15%

16",

177,

B opniit MmuokmHI 40 pisEmux enemMenTiB, a B apyriii — 30. Crinskm ene-
MeHTiB Moske OyTH B ix: 1) mepermsi; 2) o0’eguanni?

Hexait A, B, C — peari mHoxkunu. JloegiTh ykasaHi piBHocTi Ta npo-
imoerpyiiTe ix 3a gonomorop kpyrie Eitnepa—Benna:

1)(AUBYUC =AU (BUC) — cnonyuruit 3aKoH 0as 06'€0HaHHA;
2Y)(ANB)NC=AnN(BnNC) — cnonywruit 3akon On8 nepemumy;
NANBUCO)=ANBYUANCQC);
4HY9AUBNC)=(AUB)N(AUC);

5 AUB=ANB
6)ANB=AUB
KoxxHMit yueHb y EJaci BHBYAE aHrJilicbky abo (paHIY3BBKY MOBY.
AHTIiHCbKY MOBY BMBYaIOTE 25 YVUHIB, (ppaHIy3bEY — 27 YuHiB, a 00u-
aBi MoBH — 18 yuriB. Crinbkn yuHIB v KEnaci?

— 3axonu de Mopzana.

YacTHA »KWUTENIB MicTa BMIi€ PO3MOBIATH TiJIBKH YEPaiHCBKOI MO-
BOIO, YacTWMHA — TLIBKEM pociiickkolo, a YacTHHa — obomMa MoBaMH.
VEpaincbro0 MoBOIO poamMoBisie 95 % sxwmrenis, a pociiickkono — 85 %.
CEKiNBbEM Bi/ICOTKIB KHTEJIB MicTa po3MoBise oboma MoBamMu?

JoBemiTe piBHOCTI 1 mMpoimocTpyiiTe iX 3a Jonmomororn EpyrieB Eitnepa—
Benna:

DA\NB=A\(ANB); 2)AnNB\NCO)=ANB\NANO).
3anuuriTe MHOXXHMHY BCiX TpaBHMJIBHHMX JIpobiB %, me a € A, b e B

1A=1{2; 3:4;: 6}, B=1{1; 8; 4: 5; 6}.

HAxi Tpunudposi yncia MoYkHA 3alIHUCATH, SKINO:

A={3; 1; 2} — mHO:kMHA MUdp I8 MO3HAYEHHS COTEHb;

B ={2; 8} — MuoxkuHa nudp 118 M03HAYEHHS IecATEIB;

C = {b; T} — MHOkHMHA UQP IS NO3HAYEHHS OJUHUIL?

Crinmbku Takux uncen ofep:xkumo? CropobyiiTe copMyIoBaTH 3arajibHe
[IPABUIIO IMJPaXVHEY KLIBKOCTI TAKMX uMcell, AKI0 B MHOMHHI A —
nm enementis (O ¢ A), v mHOoxkuHI B — n enemenTtis, y MHOxxuHI C —
k enemenTis.
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1.2. YucnoBi MHOXMHU. MHOXUHA AIMCHUX YMcen

Tabaunsa 2

1. YucnoBi MHOXHMHM

Jiticni uyncaa R

Uncna, Axi MOYKHA TOAATH Y BATJIAAI HECKIHUEHHOTO JECATEOBOTO Apoby

|

Pangionansui uncaa @

Ippagionaasui yucaa

Moxaa mosaT™! y BUIJVIAI HECKOPOT-
HOTO Apoby E, ae m — mine,
n

1 — HATYpPAJbHE YHCIO.
BanncyoTh y BUIJIAL HeCKiHYeHEOro
NepioiNYHOTO AecATEOBOro poby

1
g:(;,333...:0.(3))

He mokEa mojaTn y BOTAAAL HECKO-
m .
poTHOTO Apoby o’ Ae m — mire,

1l — HATYpalbHE YHCJIO.
3anucyoTs Yy BUIVIAJL HECKIHUEHHOTO
HENepiojaHoro AeCATKOBOTO Apoby

(V2=1,4142135...)

Iimi yncna Z

JlpoBori uncaa

BrmouatroTs HaTypaabHI uncha,
urcsia, 1M DPOTHIIEKHI,
Ta gymeno 0

Yucna, cknaseni iz mitoro umncia
YACTOK OfHHHML

(E — sBHuUalHNH pib,
1,283 — pecarrosuii gpib:
123

1,23= 100

Hatypaasui uucaa N
(miai ponaThi)

Ymecxo 0

Ilim eix’emmi
yneya

V mrimkaOMY EypCi
MaTeMATHEH HATYpPaJbHE
YICJI0 — OCHOBHE HEOZHA-
YyBaHe MOHATTS

Tare uncrno, mo byas-axe
UICI0 IPH A0JABAHHI JI0
HBOT'O HE 3MIHIOETHCH
(e+0=0+a=a)

YHucna, OpoTHiaesRHL
HATYPAJIBHIM
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Ilpodoencenna maba. 2
2. Moaynb AIRCHOTO YMCAa Ta HOro BAACTUBOCTI

OsHaueHHA lNeomeTpuuHMil 3MicT MOIYIA
Modynem popaTHOTO YMCIA HAZH- b 0 a
BAETHCHA CAME € YHCJ0, MOJJayJiem t I I
in’e " ; b S ; B 0 A x
BiI’€MHOTO YHCIA HASHBAETHCHA YHC-
JIo, oMy NPOTHJEKHE, MOAYIH HYIA |a|=0A, |b|=0B
JIOPIBHIOE HYJIIO. |a —b|=AB
a npua>0, Ha woopmumaTuiit npamiit mogynas —
|a|= 0 anﬂ:O, e BUICTAHL BiJl HOYATKY KOODIHMHAT
J10 TOYKHM, 1O 300paXKye JaHe YHCIOo.
—anpua<0 : ;
Modyne pisnuyi 0eox uucen a
i b— ye gidcmaHb Min moukami a
i b Ha xoopdunamHiit npamiit
Bunacrusocti
1. “_a | = 0‘ Modyne 6yde-axozo0 uucna — Hesid eMHe HUCTO

2. | —a_l =|a | Modyni npomunexcHux wucen piemi

- Benuuuna yucna He nepesuwyye eeit-
3. |la<|a -roﬁro'— €as<
| I l6|<a<lal YUHU (1020 MOOYNSL

4. [pub>0|al<bo -b<a<b)| la|=b  |a|=b

5.|Hpnb;0|a|>b®a€—baﬁoa2b la|>b| |a|<b ||a|>b

=b 0 b a

6. “ P b"l =1a l] b | Modyaw a'oﬁymfry dopienioe Gobymry modynie
MHOMCHUKIB

lal Modyav Opoby dopienioe modynio uucenvHUKQ,
:m(’”&(}) ‘ nodinenomy Ha modyne IHaMeHHUKA (AKIO
3HAMEHHWME He JIOPiBHIOE HYIIIO)

8. Iaulzlaln. [a|2=a2 |a|2h=a2k

lla+b|€|a|+|b|‘ Modyne cymu me nepe-

: suwye cymu modynie
Ualiai...ia“ |<la,|+]a,| + ... +] aL|| Podainia

a

b

T

10. | la|-|bl<|a+b|<|a|+]b]
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EEE [oscHeHHR i O6rpyHTYBaHHA

1. UYwmcaori muEOxHHEHH. ¥ Eypci MaTeMaTMKEH BH 3ycTpidaliicA 3 PisHUMH
YHUCIAMM: HATYPATBHUMH, IIJIMMH, pallioHAJBHUMM, ippanioHaIbHUMM, JTili-
CHUMHM. YABJEHHSA IMPo YMcJia ¥ JIOACTBA CEJAJAIUCH MOCTYIIOBO, Iij BILIW-
BOM BMMOTr npakTHku. Hanpurnam, namypanvhi wucia 3’ aBuivcd y 8B’ A3Ky
3 HeOOXiJIHICTIO mipaXyHEY npeaMeTiB. AJe A Toro mob gaTé BiANoBigb
Ha 3anmuTaHHA «CKITBEM CipHMEIB y MOpoykHII KopoOii 3-mij cCipHHKIB?»,
MHOX¥MHM HaTypasdbHuX uncen N = {1; 2; 3; ...} He0OCTATHBO — [IJIA 1BOTO
noTpibHO MaTH 1ie ¥ yncao Hyab. Ilpueagryioun 1o MHOKMHEM N HATYpaJb-
HuX gncen uncyo 0, oJlepryeMo MHOKUEY He6id emnux yiaux wucen. Ii uac-
To nosHauawTh Z, = {0; 1; 2; 3; ...}. OxEuX TiLMEEHN HeBiA eMHMX HiNUX YMces
BHABHJIOCA HEJIOCTATHBO /IJIfA po3B A3yBAHHA 3a/la4 NMPaKTHEM (a oTike, i Ma-
TeEMATHYHWX 3824, 1[0 BigoOpakKyioTh 3ajlaHy peaJbHY cuTyario). Tak, pna
Toro o6 oXapaKTepU3yBaATH TEMIIEPATYPY TMOBITpA BUIE i HMIKYEe HYJIA 49U
PYX Tijfia B NPOTHIEXKHUX HANPAMEAX, MOTPiOHI NMpOTHIIENkHI 0 HATYPAJH-
HUX yucna, Tooro 6id emui yucaa. Jlna naTypansHOro Yucia n MpoTHIeKHNM
BBaKAIOTH YHMCJIO —H, 8 AIA YHCIAa —N MPOTHIEKHMM BBAYKAIOTH YHCJO .
Hyne BBa:kaoTh YMCJIOM, TPOTHIIEKHUM CAMOMY cOOi.

HaTtypansHi unMcna, HYJB 1 UMcsa, TPOTHIIEHI HATYPAJBHHUM, CEJIANA-
IOTh MHOYKMHY Z yilux uucen.

BumiproBaHHA BeJIMUYMH NMPHBEJO 10 HEOOXiTHOCTI pO3IIMpPEHHA MHOMKH-
HY I[LIMX YWces 1 BBeeHHA payioHaivHux yucen. Hanpurnan, cepennsa 6a-
raTopiuHa TeMIepaTypa TOBiTpsA B ciuni B M. Xapkosi cranoButs —7,3 C,

TpUBAJIiCTE YpoRY — 45 xB, abo % roj.

TakuM YHHOM, BUOMpaOdy AKYCh OJWHHII0 BUMIPY, MU OJE€PIKYEMO YHC-
JIOBe 3HAYEHHA BeJWYMH, 1[0 MOKHA BHPA3UTH 3a JOMOMOIOI0 Pi3HHUX parfio-
HAJBHUX YMcesl — HimmxX i gpoboBux, AoAaTHUX 1 Big eMHUX.

Iimi i gpoGoBi ymena cKJIaJal0Th MEOXKHARY Q) payioHaNbHUX Ylcel.

. - m
Byns-sike panioHa/IbHe YHCJIO MOYKHA 3AlUCATH Y BUIVIALL gpoby —, e
n

m e Z, n € N (TobTo unceIbHHE Il € LHiIAM YHCJIOM, 8 3HAMeHHHE 71 — Ha-
TYPaJIBEHUM ).
PanjionasibHe uMciio MOYKHA 3amMcaTH pisHuUMH apobamu. Hanpurnagn,
1 2 3 10 2 -2 -8 -10 126 120 5 10 50
o iy St S 1,2:_:_:_! 5:_:_:_'
2 4 6 20 T 7T 28 35 10 5 100 1 2 10
flx BHAHO 3 HaBeJeHWX NPHEJIAIB, cepel ApobiB, 110 300parKyOTh JaHe
panioHaIbHE YHCIO0, 3aBXAH € €ANHHNA HEeCKOPOTHHH Apib (ana mimmx um-
cell — 1e Jpib, 3HAMeHHHME AKOTO0 JopiBHIOE 1).

BayBasKMMO, 1[0 palioHAJIbHe YHCJIO, 3allicaHe Y BUIJIAHL Apoby %, e

m e Z, n € N, Mo¥Ha 3allMcaTH TAKOM Y BHIIS/l cKEiHYeHHOro abo HeckiH-
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YEeHHOT'0 MepioIMYHOIo JecATEOBOro Apody, MOJLIHMBINM YHMCEJIBHUEK HA 3HA-
3 1
menHuk. Hanpuknag, I=0,75, §=0,3333....

JlomoBuMMOCA, IO CKIHUYeHHHWH JecATHOBHII Api0® MoykHA 300pakyBaTH
V BUINIAJI HECKIHYEHHOro, y SAKOro IicJf OCTAHHBOI'O JAECATHOBOrO 3HAKA,
BiIMiHHOTrO BiJi HYJfi, HA Micili HACTYIIHHX [€CATKOBMX 3HAKIB 3aIHMCYIOTh

HYJI, HAIIPUKJIAJ, ~—0 75=0,75000....

Llini yucna Takok AOMOBHMOCH 3allMCYBATH Y BHUIVIALL HeCKiHYEHHOI'O
JeCATKOBOIO Apo0y, Yy AKOro crpaBa BiJi KOMM Ha MicI(i JecATKOBMX 3HAKIB
cToATh Hymi, Hanpuraag 13 = 13,000.... Takum uymHOM, OVIB-AKe pamio-
HaJIbHE YMCJI0 Moske OyTH 3anmucaHe SK HecKiHYeHHWIl TepiogumuHWil api6.
Haragaemo, 1o y HecKiHY€HHOTO NEpPioAUYHOTO Apoly, MOYMHAIYH 3 JeAKO-
To Micif, yci JecATKOBI 3HAKH NMOBTOPIOIOTHeA. I'pyny mudp, mo moBTOpPIO-
€ThCA, HA3UBAIOTH Nnepiodom dpoby; y sammci apoby mepioj HABOAATH Y IYHKAX.

Hanpuknay, -~ 0,3333...=0,(3), —~0 136363636...=0,1(36).

Omxe, KomHe payioHalbHe ywucno Moxce Oymu 3anucame y euzaidi He-
cKiHYeHH020 nepioduynozo decanmkoeozo dpoby i, HABNAKU, KONCHUIL HECKIH-
yeHHuil nepioduynuil decsumrosuit Opi6 3adae payioHabHe YUCTO.

3ayBaykuMO, [0 OyIb-AKWI NepioHYHMI JecATEOBUI Apib, AKMIT Mae
CBOIM IepiojioM [eB’ATKY, AOPIBHIOE HeCKIHUEHHOMY JeCATHOBOMY Apoby
3 MepiojIoM HYJNb, V AKOTO JeCATKOBHI pPO3pAJI, L0 Nepeaye nepioay, 30iab-
HMIeHUi HA OAMHMWII0 MOPIBHAHO 3 BiNIOBIJHMM PpO3pAAOM Iepiioro apody.
Hanpurnaz, HeckinuenHi nepioguari gpobu 0,2(9) i 0,3(0) € samucom ogHOrO

i Toro camoro paiioHAJILHOTO YMCJIa & IlilicHo, ypaxoByiouH, 1110 CyMa He-
10
CKiHYeHHO cIajHOl reoMeTpHYHOI nporpecii 3 nepmuM 4Ji1eHOM @, i 3HaMeH-

a
HUKOM ¢ obuncioeThed 3a GopMyso S=—'- MaeMo:
1

_q,
_5‘

+...=0,2+-100 1 —02+——03 0,3(0).

10

V nopaneinioMy, 3anMCcyiOYM PaliOHAbHI YHMeIa 3a JONOMOrOI HECKiH-
YeHHHMX MepiolMYHUX JecATEOBUX ApobiB, JOMOBMMOCS He PO3IVIAJATH He-
criHUYeHHI nepiofguuHi apobu, mepioj SEUX JOpPiBHIOE JeB’ SATH.

Ko:xnue pamionaibHe 4MCJ0 MOKHA 300pa3HUTH TOYKOI0 HA KOOPJAUHATHIN
npaMiit (Tobro Ha npaMiil, Ha Akiil BUOpaHO MoOYATOK BiITKY, HogaTHHIT Ha-
npaM i oguHHnIo BuMipy). Hanpuknanm,
Ha pucYHEY 9 306pasieHo Jekinbka paitio-

0,2(9)=0,2999... ‘0’2+E+m+ =

0 1 2,5 x

|
B+

HAJTBHHUX YHCes (0; 1; —l; 2,5).
2 Puc. 9
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Are Ha KoopaMHATHINH nmpAMiil poaTalmo-
BaHI TOYKHM, fAKi 300pakaloTh UHcaa, 1[0 He
e panionansEnMu. Hanpuknag, 3 Kypey aJ-
rebpu BiJIoMO, 1110 YHCJIO V2 nee panioHab-
HuM. lle rax 3BaHe ippanioHanbHe YHCIO.

fArxmo nobyaysBaTm KBajparT i3 CTOPOHOIO,
_ 1:‘ M pisrolo 1, Ha kooppuuaTHiIll npamiit x
- (puc. 10), To iioro giaroHass JOpiBHIOBATHME
0 1 V2 x J2. Toxi, nposiBmm myry koma 3 LeHTpoOM

Puc. 10 : ) .
v Touni O i pagiveom OM :JE, OJEPHHMO

trouky M, koopivHaTa skoi gopiBoe /2. Kpiv umcna JE, BH TAKOM BY-

cTpivasmes 3 ippanioHaIBHUMH YHUCJIAMY J:;, J10 Tomo.

Panionanesi Ta ippanjioHasbHi YMCaa CEIAJAIOTE MHONURY QillcHUX Wil
cen R. Ha xoopaunaThiil npamMiit koxxHOMY JAificHOMY uMcy Bijnosijgae egu-
HA TOYKA i, HABIAKY, KOXHINA TOYLl KoOpAMHATHOI npaMOl BijnoBijae exune
giticHe yuesio (y TakoMy pasi KaykyTh, [0 Mid MHOMKMHOI TiHCHUX uucel
1 MHOXMHOIO TOYOK ROOp}_l;PLHﬁTHOI I:[pﬁMOi BCTAHOBJIETHCA B3AEMHO OJHO-
3HAYHA BiINOBiIHICTE).

Koxcne diiiche wucno moxcHa sanucamiu y euzasdi HeckinyeHHozo decan-
K068020 dpoby: payioHanbHi Yucaa — Y 6uznadi HeCKiHYeHH020 nepioduiHoz0
decamroeozo dpoby, ippayioHanvii — i 6uzaAdi HECKIHYEHHO020 Henepioduy-
Hozo decamixosozo dpoby.

Harazmaemo, 1o a8 MOpiBHAHHA TIMCHWUX YHceNd i BUKOHAHHA Till HaJ
HUMH (V BUNAAKY, KOAH Xo4da 6 oflHe 3 HMX He € pallioHaJIbHUM) BHEOPHC-
TOBYIOTH HabnmsxeH1 3HAUYeHHA IUX udHcel. 30KpeMa, wol nopieHamu dea
dilicHux uucna, mpeba posensdaniit nocaidoéHo ix HAOIUNEHI 3HAYEHHS
3 nedocmauero 3 mounicmio do yiaux, decamux, comux i m. 0. donu,
noxu He odepmcumo sxecv Habaumcene 3HaYeHHS 00HO0zo Hucaa, Gintvule
3a eidnosidne Habaumxcene 3HaverHns Opyzozo. Todi me wucno, HabauUNCEHe
3HaYeHHA AKozo Oinvuwle, i eeaxaembes Oinvwum. Hanmpurnam, AKIO

0.=/3=1,7320508..., ;3:1%:1,7500000..., 10 o <P (ockimbkm 1,73 <

< 1,75).

Jlna Toro mo6 BUKOHATH [OfaBaHHA YW MHOYKEHHSA POBTIAHYTHX YW-
cen o i [}, MOCHiIOBHO 3aNMCyIOTE iX HaOMMyKeH1 3HAYEHHA 3 HEJAOCTAYEH Ta
3 HaAJIWIOEOM (3 TOYHICTIO A0 ILINX, AECATHX, COTHX 1 T. J.) i BHKOHYIOTH
Iii HaJ ojleprKaHMMHM PpallioHANTFHHMH YHCJIAMH. ¥ Pe3yIbTaTi MOCTiJ0BHO
OTPHMYIOTE 3HAUYEHHA CYMH UM A00VTEY 3 MOTpiOHOI TOYHICTIO.
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o B o+ f afl
l<a<2 1<p<2 2<a+p<4 1<af <4
,T<a<1,8 1,7<p<18 34<a+ <36 2,80 < off < 3,24

1,73 << 1,74 1,L75<p<1,76 | 3,48 <a + P < 3,60 | 3,0275 < aff < 38,0624

1,732 < < 1,733 (1,750 < B < 1,751 (3,482 < a + [} < 3,484 3,031 < aff < 3,034483

Ar 6aunmo, o + 3 = 3,48..., off = 3,03... .

V kypci MaTeMaTHMYHOrO AHAJI3Y AOBOAWTHLCSH, 10 YV BUIIAIKY, KOJM HA-
OmmkeHl 3HAYEHHA yncel o i 3 mocymiloBHO GepyTh 3 TOYHICTIO JI0 IiJINX, Jie-
CATHX, COTHX i T. /I., TO 3HAYEHHA CYMH o + [} 3 HeJocTavero i 3 HAJTHIIKOM
NPAMYE JI0 OZHOTO ¥ TOro caMoro uucja, ke NpUiMalTh 38 3HAYEHHS CYMM
o + [} (aHasoriuHo o3HaYaOTH i A006yTOK off).

2. Moayas pilicuoro uncia Ta itoro Baactusocti. Harajaemo osnavenus mo-

Ay,
ﬂfﬂﬂy}l(’ﬁl’ IJOOATHOIO YHCJA HASHBACTLCH caMe Ie 4YMcjo, MoayJiaem

Bi/I’¢eMHOIO YHCJIA — YHCJI0, HOMY HPOTHJIEKHE, MOAYIL HYJA A0PIBHIOE
HY 10,
Ile osHayeHHs MOYKHA KOPOTEO 3AIIMCATH JIEKLIbKOMa crocobamMu.
anpm a>0,
anpu a =0, anpua>0
|a|=<0npna=0, abo |a|= " abo |a|= " abo
—anpua<(, —anpu a<0,
—anpu a<0,
anpu a =0, .
|a|= ’  Ba notpebm mMm GymeMo KopHcTyBaTHCA GyAB-AKMM i3
—anpua<0.

IMX 3amuciB o3HaYeHHs MoayaA. JLns Toro mob 3uaiiTh | a |, 3a ozHaverHAM
HeoOXi/IHO 3HATH 3HAK YMCJIA ( 1 BUKOPHCTATH Bianosigny dopmyny. Hanpnu-

knag, | 5|=5,|-8|=+-3) =3, |[V3-2|=-(3-2)=2-43.

Ha woopoumaThili npamiii mMoayas wumMc-

Jia — 1e BL][.'TH!L[) Bi,] NOYATRY ROOpDIMHAT ‘b (I) ‘ll
[0 TOYKM, N[0 300paKaE 1e YHCJIO. J‘B (') A x
HiticHo, akmio a > 0 (puc. 11), To Bigcransb

OA=a=|al. Pmc. 11

Slkmo b < 0, To BigcTans OB = -b=|b|.
Modynv pisnuyi deéox wucen a i b — ye eidcmanv misic movKami
a i b na xoopdunamuii npamit.
® JIns foBegeHHA MOKHA CKOPHCTATHCA THM, II0 TIPH MapasleTbHOMY Tepe-
HeCeHHI B3/I0BJK oci KoopmHAT Ha b oguEUIE abcipca BigmoBigHOI TOUKM
sMiHIOETBCA Ha b: 1o abelinen 3a1aH01 TOYEH J10/la€TheA Yuceio b, TobTo npu
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b > 0 Toura nepeHocHUThCA Bripaso, a mpu b < 0 — ymieo. Ilosraunmo Ha
KOOpAMHATHII npamiit yuena a, b, a — b Bignosigao Toukamm A, B, C. Ha
pucyHEY 12 1i ToukM 300paskeHo [JiA BH-

? 4 (.." nageya > 0ib < 0, xoua HaBe/leHe JaJTi 00-

o1t

0 a a—b X TpPVYHTYBAHHA He 3aJI€3KUThH BiJ] 3HaAKIB a 1 b.
Ilpu napanensHOMY T€peHeCeHHI1 B3JI0OBH
Puc. 12 <
oci Ox Ha b ommEMIL Touka O nepeiige
B TouRy B, a Touka C (3 koopguHaTO0 @ — b) — y TOUKY 3 KOOPAHHATOIO
a—b+ b=a, Tobro B Toury A. Toxi CO = AB. Ane Bigcrans CO — ne
BijicTanb Big Toukm a — b jo mouaTky koopamsat, TobTo CO =|a — b |,
aomke,i AB=|a—-b|. O
BuropucToByouM O3HaAYEHHA MOJAYJIA Ta IOro reoMeTpHYHMII 3MicT,
MOZKHA OOI'PYHTYBATH BJIACTHBOCTI MOJYJIA, HaBeJeHi B Tabmuii 2.

Hanpwuksajg, ypaxoByioun, mo | @ | — me Bijgcrans Bijg Toukm a mo Tou-

km O, a BiicTaHb MOKe BUparkaTHCA TLJIBKH HEBIJI' EMHHUM YHCJIOM, OJIEPHKYEMO
l a | 2 0’
T06TO MOOYIL OYdb-SK020 YUCHA € HEBID EMHUM YUCTOM.

VpaxoByoumn, o0 TOYKEH @ 1 —a po3TalIoBaHiI HA OJHAKOBIH BifcTaHi Bif

Toukn O, OIEPIKYEMO
|-al=]al,
e O3HAYAE, M0 MOAYJi NPOMUNEHCHUX YliceNl Di6HI.

flkmo a > 0,10 |a|=a, a akmo a < 0, 1o a < | a|. Orxe, 3aBwaM

a<|al,
TOOTO GeAUNUHA YUCAQ He Nepesulye 6eNUYUHI (1020 MOTYIA.

SIKII0 B OCTAHHIO HEPIBHICTE 3aMiCTh @ TCTABUTH —d 1 BpaxyBaTH, IIj0
| ~a | =] a |, To omep:xyemo mepiBricTs —a < | a |. 3Bizen @ > —| a |, mo pazom
i3 mepiHicTio a < | a | cBiunTE, MO N8 GyaB-AKOrO AificHOrO YWCNA 0 BU-
KOHYEThCA TO/IBiifiHA HEpiBHICTH

—|lal<a<]|al (1)

Ilpu b > O mepisHicTs | @ | < b o3Hauae, MO YKMCTO G HA KOOPAWHATHII
npAmii posuimiere Big Tourn O Ha BifcTaHi, fAka He nepesumye b (puc. 13),
ToOTO B mpomixkKy [—b; D]. HaBnakm, AKI0 YMcI0 a HATEKUTH IBOMY TPO-
MizEKy, To6T0 —b < 0 < b, ToO | @ | < b. OTxe,

mpu b>0 |a|<be -b<a<h. (2)
3ayBajKMMO, [0 OCTAHHE TBEP/FKEHHA
cupaBegnmuBe i mpu b= 0 (Tozi obom HepiB- la|=0b la|=b
HOCTAM B3aJ0BOJNBHAE TiNBKH OJHE 3HAYEHHA
a=0). la|>®| |a|l<b ||a|>b
Ananoriuro pu b > 0 mepiBricTs |a | > b
Oo3HAYAE, M0 YMCJIO @ HAa KOOPAWHATHIH MpA- s 0 b #

Mill 3HaxoguThcA Bix Tourkm O Ha Bigcradi,
Aka 6inepima abo gopisaoe b (puc. 13), Tobro Pae. 13
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B IIbOMY BHIAAKY a < —b abo a > b. HaBnakm, AKI0 YMCI0 @ 38J0BOJBHAE
opmi#t i3 nux wepisHOCTEd, TO | @ | > b. Omre, npu b > 0 wepiswicTs | a | > b
piBHOCHJIBHA CYKYNHOCTI HepiBHOcTel a < —b abo a = b, 110 MmoxHa 3anncaT
TAK:
npu b>0 |a|Z2beoa<-baboa>Db.

BnacTuBocTi Mmoayaa gobyTEY 1 Moayaa apoby (ikcyioTh BioMi mpaBuia
il HaT YMcJIaM¥ 3 OJJHAKOBHMHM i piBHUMH 3HAKAMH:

modyae dobymiy dopienioe dobymicy Modynié MHONCHUKIE, TOOTO

la-b|=]al|bl;

modyne Opoby dopienioe MmoOynio wucenvHura, nodileHomy Ha modyae
3namenHuKa (AKII0 3HAMEHHWE He JIOPiBHIOE HYJI0), TOOTO
i | 3 lﬂ |
E e |_b|_ (b i U)-

DopMyNy /1A 3HAXOKEHHA MOAYJIA A0GYTEY MOYKHA Y3aralbHWTH IJIA
BHIIAJKY JE€KiJTBKOX MHOMHWEIB:

|la,¢a,*...ca |=]|a, |*|a,|-.. | @ | (3)
Sxmo y dopmyai (3) Basatk a, = a, = ... = a, = a, ojepyemo Gopmyry
la"|=]al.

3acTOCOBYIOUM OCTaHHIO (QOPpMYJIY clipaBa HaJiiBo npu n = 2k i Bpaxo-
Bywoun, mo a®* > 0 npu Beix sHaveHHsX @, ojepikyemo | a [ =| a? | = a®.
Omaxce,

| @ [2* = a?.
Jns obr'pyHTYBaHHSA HepiBHOCTI
la+b|<[a|+]|0] (4)

sanuineMo HepiBHicTs (1) jansa uyucen a i b:
Hal|<a<|al; -Hb|<b<]|b]|.
Homarouu mousieHHO I[i HEepPiBHOCTI, 0JIepiyeMO
—a|+|bD)<a+b<|al+]|b]|.
Vpaxosyioun HepiBHicTs (2), Maemo
la+b|<|al+]|b]
T00TO MOAYNL CYMU He nepesuwiye cymu modynie dodankis.
Slkmo B HepiBHOcTi (4) 3amiauTu b Ha —b i Bpaxysatu, mo | —b |=| b |,
TO OJIep:KHMO HepiBHiCTE
la-bl<|al|+]|b] (5)
HAxmo sanuecatn ymeso a tak: a = b + (a — b) i BUKOpHCeTaTH HepiBHiCTH
(4), To onepsxuno wepisuicts |a |<|b| +|a — b . Bsigen

lal-]b|<|a-b]| (6)
flkmo B HepiBHocti (6) saminuTu b Ha —b i Bpaxysatu, mo | —b|=| b |,

TO OJEePHKHMO HepiBHICTE
la|-|b|<|a+b], (7

TOOTO MOOYAb cymil d6ox wicen He MeHUle PI3HUYL ix MoOy.ie.
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Minaroun micuavu 6ykeu a i b y HepiBHocTax (6) i (7) Ta BpaxoByioun,
mo |a — b|=|b - al, maemo Taxox HepiBHOCTI

|b|-]a|<

<|laxtbh]|

(8)

Opep:xani HepiBHOCTI (4)—(8) MOKHA KOPOTKO 3anMCcaATH TAK:
lla|-|bll<|atb|<|a|+]|b]

I [lpuknagv po3e’'A3aHHA 3aBgaHb

Ipmecaan 1

JloBeiTe, 1m0 cyma, pisHuIA, H06YTOK, HATYPAIBHMII cTeNiHb

i yacTra (AKIO MIFHHEK He JIOPIBHIOE HYJI0) IBOX PAILIOHAJL-
HHX YHCEJ 3AB/K/IH € PAIIOHAJTHHHM YHCIIOM.

Pozé'szannua
P Hexait zajano aBa pamioHa bHUX

m . Iy .
yuesaa n=— i r,=—=, gem, im, —
H] "2
uimi, a n, i n, — HATYpaJbHI uMciIa.
OckinbkM cyma, pisHung, H00yTOE,
HATYPAJIBHMI cTelniHb 1 YacTEa JIBOX
3BUUYANHUX JpobiB 3aBIM € 3BUUYAli-
HUM JpoBOM, TO OIepyKAHUI pe3y.ib-
TAT BaB¥KAM OyJe palioHAJTBHUM
yucsiom. Hanpurnaz,

ﬂ'l] mz m,n +n1m
r4r,=—t+—2=—12_"12
B Ry ng
Ae mn, +nm, — uine
n,n, — HATypaJjbHe. <

qyHuCI0, a

Hpuxaax 2

Komenmap

Byap-fike  paiioHaJbHE  YHCJIO
..om

MOYKHA 3allMcaTH fAK JApi6 —, e m —
n

mine, n — HaTypaiabHe umcyo. Illo6
JIOBECTH TBEP/KEHHA 3ajadi, JocTaT-
HBO JIOBECTH, IO CyMa, PiBHWIA, [0-

M . nt
OyTok i uacTka aBOX JpobGiB Bugy —
n

Oyae apoboM TAaKOro caMoro BHAY.

HoBeiTe, 10 aaa OyabL-1KOro HATYPAJIBHOIO YHCIA T YHCJIO

Jn a60 marypansue, a6o ippauionaisue.
Komenmap
s joBejleHHs TBep/ KEeHHS 3a/la4i MOYKHA BUKODPUCTATH MeTOJ| Bif cy-
[IPOTUBHOIO: NMPUIIYCTUTH, 1[0 3ajlaHe A0JaTHe YMCIIO € PallioHATLHUM HeHa-
TypaJbHUM (To6TO JpobonM), i OTpUMATH cYIepeuYHICTE 3 YMOBOK 860 3 AKUMCh

BijiloMuM haKTOM.

Sanucyrodn Jn ¥V BHATJIA/II HECKOPOTHOTO Jpoby, €/iJ ypaxoByBaTH, IO
NIpHM HATYPAJLHUX 3HAYEHHAX 71 I[e YHCJIO0 3aByAN Oy/e HeBiJ eMHHM.

Pos3é’azanusa

P Ilpunycrumo, 1o Jn me e ippanjioHaTbHUM 4YuciioM (TOJI Ije YHCIo pa-
HioHAaNbHE) 1 He € HAaTypalbHUM uyuciaoM. OTike, Ile YHCII0 Moe OYTH TLIBKHU

p

paIioHaIFHUM HECKOPOTHHM ApoboM Jn =%, Je p i ¢ — HaTypaJbBHI YHcia
q
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< e )
%, r06m0 n=2"L,

(g # 1). Ba o3HAYEHHAM KBAJIPATHOIO KOPEHs MAEMO 1=
q qq

Vpaxosyoumn, 1o ¢ # 1, ogepikyeno, 1o api6 ﬁ, AKUN JIOpIBHIOE HATY-
paJIbHOMY YMCIY 1, HoBUHEH 6yt ckopoTHuM. OTiKe, Y HATYPAJIBHUX MHOMK-
HUKIB, 1[0 CTOATHL Y YMCEJBHUEKY i 3BHAMEHHUKY 1boro Apoly, NoBHMHeH OyTH
CILILHUI HATYpaJIbHUH JLIbHUE, AKWUH BijgpisHserbes Big 1. Ane B yucesnb-
HUKY CTOATH TLIBKEM MHOMKHUEHU P, 8 B 3HAMEHHUEY — TLIbKEM MHOMKHUKH (.
Toai umena p i ¢ MalOTL HATYPAJIBHUN ALIBHUE, AKHH Bigpisuserwcsa Big 1,

To6TO /1pi6 £ € cropoTHMM pobomM, Mo cynepeunTh yMmoBi. Taxum umHOM,
q

HAllle NPUIYIEeHHA HenpaBuibHe, 1 s Oy/b-AKOro HATYPAJILHOIO YHCIA 1

yucno Jn a6o HaTypaJbHe, abo ippanionansue. <)
Hanpuknan, ockineskHn YyMcia J§ i V10 me € HATYPaJBHUMH YHCJIaMU
(14-J§<2, 3<410 <4), 10 V3 i V10 — ippamioHaJBHI YKcia.

Ilpurnan 83* JloseniTs, Mo cyMa J3+ J5_ — YHesIo ippanioHaliibHe.

Pozeé’azanna

3++/5=
=r — panionansHe. Toji \/5 =r —Jg.
IMiguicimy obuBi YaACTMHM OCTAHHBLOIL
piBHOecTi g0  KBajparta, MAaEMO
5=r?—2rJ3+8. Bsigcn 2r3=r?-2.

P IlpunyctvMo, 10 9MCIO

ri-2
Orsxe, V3= o Ate mpaBa yacTHHA

i€l piBHOCTI — paljioHA/IbBHE YHCIO
(OCKiMBbKM 3a NPUNYIIEHHAM r — pa-
I[ioHAJIbHE YHCJI0), a JiBa — ippartiio-
vasbHe. OpepskaHa  cylnepedyHicTh
03HAYAE, 1[0 Hallle MPUIYIIEHHA He-
OpaBUJbBHE 1 YHCHO 3+V6 — ippa-
nioHanbHE, <

Tpuxnag 4

Komenmap

Insa pmoBegeHHS TBepKEeHHS 3a-
Jadi MOYKHA BUEOPHCTATH METOJ «Bij
CYIPOTUBHOI'O» — MPUIIYCTHUTH, IO
3a/laHe YMCJIOo € PalioHAJIBHUM, i OTpH-
MATH CYIEepPeYHICTh 3 AKUMCH BiJIOMUM
dakToM, HAOPUEKNIAJ] 3 TUM, 10
J§ — ippalioHaJbHe YHCJIO.

Aunanisyiouu ojep:kaHi BHpasu,
BUKOPHUCTOBYEMO pe3yJIbTAT [PUKJA-
ay 1: akwo uwucno r — payioHanvHe,
mo wucna r* —2 i 2r ma ix wacmka
mexe 6ydymov payioHANbHILMIL.

BaszHauKMMO, 110 3HAMEHHUE OTPH-

MaHoro Japoby 2r= 2(J§+Jg) #0.

Poss’sikiTh pisnauns' | 2x + 5| = 7.

! Pozp’sizsyBaHESA piBHAHE i HePIBHOCTEH, 10 MICTATE SHAK MOAYJIA, AOKJAHIIIE

posrasaayTo B § 8.
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Po3zeé'azanna

Komenmap

I enoci6

P 2x+5=7a60 2x + 5= -1,
2x = 2 abo 2x = —-12,
x=1#ab60 x=-6.

Bionoside: 1; —6. <

SajiaHe piBHAHHA Mae BHIVIAJ
|t| = 7(y nanomy Bunagry t = 2x + 5).
Oro 3py4HoO po3B’A3yBaTH, BUKOPHUC-
TOBYIOYM TIeOMeTpUYMHMN BMicT MoO-
nynsi: | 2x + 5 | — ne Bigerams Bigx
Toukn O go Touxm 2x + 5. Ane Bij-
craHb 7 mozke OyTu Bigknagena sig O
Ak npasopy4 (ogep:xyemo uucio 7),
Tak i giBopyu (opeprcyemo uucsio —7).
Omxe, pisaicts | 2x + 5 | = 7 Mokim-
Ba TOJl i Tinbku ToAi, koym 2x + 5 =7
a6o 2x + 5 =-T.

II crioci6

> [2x-(-B)|=7,

NN
-12 —5 é x
Prc. 14

2x =2 abo 2x =-12,
x =1 abo x = —6.

Bidnoside: 1; —6. <|

Ilpuxnanx 5
Poze'sazanna
P -6< x2-5x<6,
x2—5x <86, x2-5x—6 <0,
{x2—5x >-6, {x2—5x+6 >0,
(x+1)(x-6) <0,
{(x—m(x—6)> 0,
Pose’asyroun 1i HepieHOCTi (pHuc. 15),
OTPHMYEMO
1< x<6,
{x <2abox=3.

3 reomeTpuuHOi ToukM 30py |a — bl
€ BiJicTaHb MiK TOYEamM#u a i b Ha Koop-
JAVWHATHIN TpAMiii. 3anmumremMo 3ajaHe
piBEAEESA Tak: | 2x — (-5) | = 7. Toxi
piBHicTE | 2x — (-5) | = 7 ozmauae, mo
BijlcTaHb BijJ ToOYkH 2X 10 TOYEH —H fJo-
piBaIoe 7. Ha Bigcrani 7 Big Tourkm —5
3HAXOAATHCA ToukH 2 i —12 (pmc. 14).
OToxe, 3aaHa PIiBHICTE BHEOHYETHCH
ToAal 1 TimBKEWM TOAI, Ko 2x = 2 abo
2x = —12, TobTo 3agaHe piBHAHHA PiB-
HOCHJIBHE I[ifl CYKYVITHOCTI PiBHAHB.

Poss’ sasxiTe HepiBricTs | 2 — 5x | < 6.

Komenmay

SajlaHa HEPiBHICTHE MAa€ BHIJAJT,
| #| < 6 (v mamomy Bumagky t = x? — 5x),
i 1i MoxxHa pO3B’A3YBaTH, BHEOPHMCTO-
BYIOYH TE€OMETPHUYHHII 3MIiCT MOIYJIA.
3 reoMeTpuYHOI TOYKM 30Dy, | | — me
Bigcrass Big Tourm O mo Tourwm f. Ha
Bigcrani 6 Big 0 sHaxogaTeea umcaa 6
i—6.
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Oroxe, -1 < x < 2 a6o 3 < x < 6.
Bidnoside: [-1; 2] U [3; 6]. <

=
1.

2 8 2

Prc. 15 3aMIHHUTH Bi/IIIOBITHOIO CHCTEMOIO.

3anuTaHHA ANA KOHTPOS

IloAcHiTE, AKI YMciIa BXOJATH J0 MHOYKHH I[LJINX, pamioHaJBHUX 1 JIiil-
cHMX ymnces. HasemiTe npukaagu. 306pasiTh BiANOBIAHI TOYUKH HA KOOP-
JUHATHIN mpAMii.

IlosicHiTh, YMM Bipi3HAIOTHCS 3AIMCH Y BUIJIA/I HECKIHYEHHOIO /eCcHT-
KOBOro Jpoby parioHalbHOINo Ta ippanioHaJIbHOTO YHUCe.

IlosicHITE, AK MOPIBHIOITE JAificHI YMcIa.

HaiiTe osHaueHHsA Moy A JiticHoro uucina. a) ChopmymoiiTe BIacTUBOC-
Ti Moayssa. 6°) O6rpyHTyiiTe BIACTHBOCTI MOAYJIsA AificHOro YucJia.

Topi mepisrocri | ¢ | < 6 3am0BOMB-
= ! x HAKTH yei Ti i TIIBKEM Ti TOUKH, AKI
+ 3HAXOJATECA B mpoMizkky [—6; 6], TobTo
—6 < t < 6. JIna poss’AzyBaHHA 0/€p-
JKAHOI To/BiiTHOI HepiBHOCTI ii 3py4yHO

2.

37

Bnpaen

IlosicuiTs, YoMy 3ajaHe JilicHe YHUCJIO0 He MOyke OYyTHU paljloHATBHUM:

1) 1+2; 2) J3-5 3) J10;

4) 7 +3; 5) 2-5.

HosemiTh, o cyma (pisauis, 1o06yTok i yacTka) pallioHaasHOIO Ta ippa-
[[IOHAJILHOT'O YHMCe 3aBK/IM € YUCJIOM ippallioHalbHuM (100YTOK i 4acTka
TLNBKHM YV BUIIAKY, KOJHU 3a/iaHe pallioHaJbHe YHUCJIO He JOPiBHIOE HYJII0).
HoBemiTh, 1110 3ajaHi [milficHi yuesia € ippallioHAIBHUMU:

1) J2+4/3; 2) V5+2;
3) J7-43; 4) J7-2.

Kopucryounch reoMeTpuYHEM 3MICTOM MOAYJfA, 300pasiTe HA KOOP/IH-
HaTHIl IPAMiA MHOXXHMHY YHMCel, SKi 38/I0BOJMBHAIOTh HEPIBHOCTI:

1| x|<2; 2) | x|>6;

3)|x-38|<0,5; 4)|x+1]|<0,3.

Pozs’axiTe piBHAHEA:

1)|8x+1|=4; 2)|4x-2|=6;

M| |lx-1]-2|=1; 49||2x+3|-5]|=8.

PozB’a%iTh HEPIBHICTE:

1)|2x-7|<1; 2)|8x+5|>7;

3 |2x-1|+3]|>5; 4 | 4x+ 7| 11| < 4.
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§2  oyHKUI

2.1. NoHAaTTA YncnoBoi GyHKLII.

Haunpocriwi BractTMBocTi YUUCAOBUX GYHKLIN

Tabnuunsa 3

1. NoHATTA YyrucroBOoi GyHKLT

Yucnosorw Qyuryico 3 obnacmio eusna-
yenHa D HABMBAETHCA 3AJEKHICTH, NMPH
AKi KOKHOMY uMcay X i3 mHOXHEM D
(oGnacTi BH3HAYEHHA) CTABHTHCHA Y Bi-
TMOBITHICTE €/IHHE YHCJO .
3anucyioTh IO BiIIOBIAHICTE TAK:
y =1 (x).
IMosnavenns i mepminu

D (f) — obnacTe BUBHAYEHHA
E (f) — obnactes 3HaYeHL

X — apryMeHT (HezalleskHA BMiHHA)

y — OVHENLA (3a7e3xHA 3MiHHA)

f — dynrnia
f (x,) — smavennsa Qynrnii f y Toumi x,

2. padik dyHKuUil

f(x)

I'pagixom Quuryii [ HABHBAETHCA MHO-
JKHHA BCIX TOYOK KOOPAMHATHOL ILJIOILH-
M 3 woopmuuaTamu (x; [ (x)), ge nepia
KOOpJIMHATA X «Ipobirae» Bco o06JacTb
BHU3HaYeHHs (YHEILII, a Ipyra KOOpJIuHA-
Ta — Ije BifnoBigHe sHaueHHS (QYHEINL [
y TouIi X

3. 3pocratodi | cnaaHi GyHKUil

y/

o
V]

D

I(x;)

f(x)

0x xx

dynrmia f (x)
3poCTAOYA HA MHO:KMHI P:
AKmo x, > x,, 70 f (x,) > [ (x))
onda Beix x € P
(mpm 30inbIIeHHI apryMeHTyY BigmoBigHi
ToUEM rpadika migHIManThCH)




§ 2 Qynkyli 29

ITpodosxncenna maba. 3

2 Pynxuis f (x)

f(xy) cnajHa HA MHOKMHL P;

AR x, > x, 10 [ (x,) < f(x,)

f(xy) ana Beix x € P

(npwm 36inbleHHi aprymeHTy BignmoBimmi
TOYKH rpadika onycKarTbes).

R\

x, X, 0

4. MNapHi i HenapHi GyHKUIT

y/
y=2x* Dyuruia f (x) napua:
LD f(=x) = f ()
JUIfl Beix x 3 obJiacTi BUSHAYEHHS .,
I'padix napsoi ¢QyHruii cumeTpuunuii
BigHoCcHO oci Oy

Pyrenia [ (x) HenapHa:
[ (-x)=-F (x)
I8 Beix x i3 obnacTi BU3HAYEHHA.
x I'padix HemapHOl PYHEUIT cMMeTpHYHMIT
BiTHOCHO MOYATKY KOOPAHHAT — ToukH O

BN [MoscHeHHS i O6rpyHTYBaHHA

1. Ilomarra dyEEUil. 3 moHATTAM (QYHENII BM 03HallOMHJINCA B Kypci an-
rebpu. Haragaemo, mio saneskHicTh 3MIiHHOI y BijJf 3MiHHOI X Ha3WBAETHCH
(yHKYi€H, ARI0 KOXXHOMY 3HAUYEHHIO X BiJIIOBi/la€ €JMHE 3HAYEHHA ).

V kypei anrebpu i mouaTkiB aHaNMi3y MH OyZeMO KOPHCTYBATHCA TAKHM
O3HAYEeHHAM YHCJIOBOI (PYVHKILII.

IIHCJ'J.UGUIU qbynh'qino 3 oﬁﬂacmm susnHavennn D HaZHBAETHCH 3aJ€K-

HicTb, HpU AKIH KOKHOMY uMcay X i3 muoxuan D craBuThCH V BiANOBijI-

HiCTH €IMHe YMCJIO Y.

DyHKIT M03HAYAIOTE JaTHHCHEUMH (iHKOoM rpenbkuMHK) OykBamu. Pos-
rnfaHeMo JoBLieHY dyEELI0 f. Yueno y, akxe Bignosigae uueny x (Ha pu-
CYHKY J0 ONyHKTY 1 Tabii. 3 e NOKAa3aHO CTPLIKOK), HA3UBAIOTh 3HAYEHHIM
dyuELi f v Touni x i nosuauaioTs [ (x).
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Ob6nacme 6u3HaueHHa (QUHKYIL [ — e MHOXKMHA THX 3HAYEHb, AKMX
Mozke HabysaTu aprymenT Xx. Bona nosuauaerses D (f).

O6aacme 3HaveHv QUHKYIL [ — e MHOMKHHA, AKA CKJIAJAEThCHA 3 yeix
umcen f (x), ge x HasnekuTh 06acTi BUsHaYenns. 1T nosuauaiors E (f).

Haiiuacrimme ¢gyurnio sagaoTrs 3a jonomoroio ¢opmynu. ko nemae
JO/aTEOBUX oOMerkeHb, TO 00MACHII0 6UIHAYEHHA (QYHKYITL, 3ad0aHol opmy-
JI010, B6ANCAIOMb MHONCUHY 6CIX 3HAYCHb 3MIHHOL, NpU AKUX YA hopmyna mae
amicm. Hanpuknaj, skmo ¢yHELig 3aaHa (PopMYIIOK0 y=J; +1, To i 06-
aacTh BusHaveHHA — x 2 0, Tobro D (y) = [0; +e<), a obaacTs 3HAYEHL —
y 2 1, mobro E (y) = [1; +eo).

Inogi dyuknis Moxke 3agaBaTHcs pisHUMU (POPMYJIAMY HA PISHUX MHO-
xupux =0,

—xnpu x <0.

OYHEII0 MOKHA 38JaTH He TLTBKH 3a JOMOMOro (hopMyJIH, a i 3a JIoTo-
Mororo Tabmmili, rpagika umu croBecHoro omucy. Hanpuknanm, Ha pucyHry 16
rpadiuno 3ajaHa QyHENDIA Yy = [ (¥) 3 obnactio BusHauenna D (f) = [-1; 3]
i mEOxmHOW 3HaueHnb E (f) = [1; 4].

SHaueHH#A, 1o npHitvMae ¢pyrrnia [ (x) B gearii Touni x, MmAoxwEHKM M,
Ha AKIN 08 QYHEIIA 3a1aHa, HABWBAETHCA HAUOLIbwuM (HaltmeHuwuM) Ha Wik
Uk : s MHOXKHHI, AKINO Hi B AKIH IHOIH ToYI MHOMHUHA
Py . i 4 ' (yHEILIA He Mae Oinbmroro (MeHIIOro) 3HAYEHHSA.
“" _y-ﬂ): . Tobro mna Beix x € M BUEOH iBHi

: yeThCA HEPIBHICTH
b | - f () < f (x,) (Bignosigro f (x) > f (x,) Anst Hail-
g i | | | wmermoro 3HaueHHs). [HOAI e 3amHUCYIOTH TaK:
2- | a1 L mn?xf(x)= f(x,) (BignoBigHO nﬁ'n f(x)=1(x,)).

Hanpurnag, pnsa ¢yuknii y = f (x), rpadiuno za-
: ..;] nanol Ha Bigpisky [—1; 3] va pucyury 16, maii-
LT ol 112138 > yemme smauenns nopiBHioe 1, a Halibinbme — 4.
Prc. 16 Tobro n:f; f(x)=4. {!_ﬂlg}f{xhl,
2. Tpadir ¢pysruii. Haragaemo, mo
zpadirom Pynryii y = [ (x) HASMBAETECH MHOKMHA BCIX TOYOK KOOp-
OMHATHOI Waommuuu 3 woopaumatamu (x; f(x)), me mepuma KoopIHMHA-
TA X «npobirac» BCcI0 00aacTh BH3HAYeHHS (PYHKIL, & APYra KOOpPIMHA-
TA — e BianoBigHe snavenus QyHruil f v Touni x.
Ha pucynkax go nyakry 4 tabnuni 3 nasegeno rpadiku dyurnii y = x?
Ta y:%, a Ha pucyHky 17 — rpadik dyurniiy =| x|.

JKMHAX 3HAYEHDb aprymenty. Hanpukna, y=]x|={

HaBegemo Tarox rpagik ¢yHEOIL y = [x], me [x] — mosHauenna yinoi
yacnuiiL Yvcaa X, To6To HaRbLIBIIOro ITOro Ywncesa, AKe He IEPEBHINYE X
(puc. 18). OGnacte BusHauyeHHA uiel ¢pyarnii D (y) = R — MHOEHMHA Beix
JificHMX gmcesn, a obmacTs 3HaveHb E (y) = Z — MHOXXWHA BCiX MiIHMX YHCe.
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y/ YUa
8t y=I[x] —o
y=|x|
2+ p—0
1 ;—'é
= S :
0 x 0 1 2 3 x
S |
_— _..2
Pue. 17

Ha pucynxy 19 naBegeno rpadik
uncsnoBoi ¢yHEUii y = {x}, me {x} — mo-
3HavueHHA Jpoboeoi wacnuHu uvcaa x (3a /?

osHaueHHAM {x} = x — [x]).

3. 3pocrarui Ta cmamgEi Qysrmii. Baxx- -2

JMBUMHM XapaKTepPHCTHEAMH (PYHEIH € ix
3POCTAHHA Ta CHAJaHHA.
Oyaruina [ (x) HASHBAETHCA 3pocmaroiorw Ha MuozxcuHi P, awimo 6iae-
IMOMY 3HAYEHHID APTYMEHTY i3 Ii€l MHOKMHM Bianmoeinae Oinbine 3HA-
yeHHHA (PYHRIL,
T00TO /1A OyAb-AKMX ABOX 3HAYEHD X, i X, 3 MHOkuHU P,
AKIO X, > X, 10 f (x,) > [ (x,).
Hanpuknan, pyaknis f (x) = 2x spocraloua (Ha Beiit 006J1acTi BU3HAYEHH A,
T00TO HAa MHOkUHI R), ocklibkw, AKI0 X, > X, TO 2X, > 2X,, o13xe, f(x,) > [ (x,).
Bignosignai Touku rpadika spocrarwdol GYHEIIT npu 30inblneHHi apry-
MeHTY migHimMaloTsesa (puc. 20).

v -
Y/ ‘\.;‘. f(x) Yy
V4
2
f(x)
7 (x)1 A
fx) o % %
O0x, x, x
Prc. 20 Puc. 21

Ha pucynry 21 naBesieno rpadik spoctatouoi dyuruii y = x°. Ilificuo,
npu x, > X, MaeMo x; >x,, Tobto f (x,) > f (x,)-
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Dyuknin [ (x) sasuBacTben cnadnorw na muoxcuni P, axmo 6iabino-

My 3HAYEHHIO APTYMENTY i3 uiel MHOKHHM BiANOBiNac Mene 3HAYCHH

(pyHKuiL,

100670 A5 6y/b-AKUX JBOX 3HAYEHDb X, i X, 3 MHOKHHU P,
ARIo X, > X,, To f (x,) < f (x,).

Hanpuknag, ¢pyuknis f(x) = —2x conagua (Ha Beidi obnacti BU3HAYEH-
Hst, T06T0 Ha MHOKHHI R), ockinbkM, fKwWO X, > X,, TOo —2X, < —2X,, OTKe,
f(x,) < f (x,). Bignosigui Touxu rpadira cnaguol pynknii npu sbinsmenni
aprymMeHTy onyckaimorbes (puc. 22).

ﬁ\ ya yn
\
2 y==x*
S ) 1@
f(x2)
—Xx 0 =x x
x, x, 0N\ x

Puc. 22 Pmc. 23

Pozrnaparoun rpadik pyernii y = x° (puc. 23), 6baunmo, mo Ha Beiit 06-
nacTi BUBHAYEHHA 1A (PYHKI[IA He € Hi 3pocTapyolo, Hi cnajgHor. Alle MOMK-
HA BHJLJIMTH MPOMIXKKHW 00JacTi BU3HAYeHHA, e 1A (PYHKI[IA 3pocTae i jge
cuajgae. Tak, Ha npomizkky [0; +eo) pyHEDIA ¥ = x* 3pocTae, a HA MTPOMIKKY
(—co; 0] — cnagae.

3azHAYMMO, IO JJIA 3pOCTAlYHMX 1 cnagHuxX (VHEIIH BHEOHYIOTHCA
BJIACTMBOCTi, 00epHeHi /10 TBep/ 3 eHb, N0 MIiCTATHCA B O3HAYEHHAX.

Arxwo Qyuryia spocmae, mo Ginvwomy 3HaALeHHIO QPYHKYIL 8idno-
eidae Ginvule 3HAYEHHA APzl MeHmY.
Arxwo Qyuryia cnadae, mo Ginvuromy 3HaveHHI0 QYHKYIL idno-
eidae MenuLe 3HAYEHHA apzyMeHmy.

@® O6rpyuTyeMo mepiny is mMux BIACTHBOCTell MeTOIOM Biji CYIpPOTHBHOIO.
Hexait ¢ynknia f (x) spocrae i f (x,) > f (x,). [lpunycrumo, mo apry-
MeHT X, He OiIbie aprymesty x,, To6to x, < x,. I3 nsoro npunymenns
O/IePIKYEMO:
akmo x, < x, i f(x) spocrae, To f(x,) < f(x,), mo cynepeuurs ymo-
Bi f(x,) > f(x,). Orxe, Hame npunyneHHs HenpaBuiIbHe i, AKIIO
f(x,) > [ (x,), T0 x, > x,, mo i noTpi6uo Gys0 KOBECTH.

AmnanoriyHo MoxkHa OOI'DYHTYBATH i Apyry BiaacTuBicTh. O

Hanpuknaja, skmo x® > 8, tobro x® > 2%, 7o, ypaxoBylouM 3pOCTAHHS
dyurnii f (x) = 2%, ogepsxyenmo x > 2.
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4. Tlapnui i Henapui ¢ynxnii. Posrnaremo ¢yrENii, 00nacTi BU3HaAUeHHA
AKMX CHMMETPHYHI BiJIHOCHO TOYATKEY KOOPJMHAT, TOOTO pasoM 3 KOMKHHM
YUCIOM X MIiCTATH i uneno —x. Jlna Takux ¢GyHEIiI BUBHAYEHO MOHATTA Nap-
HOCTi i HEeIapHOCTi.

DOyuruin [ HASHBAETLCHA NAPHOI0, AKILO JUIA Oyas-akoro x 3 1 obaacri
pusHavenun [ (—x) = [ (x).

Hanpuknaz, pyskuis y = x* (tobro dyukunis f (x) = x¥) — napua, oCKLIbEM

f(—x)=(—=x)=x*>=f (x).

HArxwmo ¢yuruia f(x) napua, To go il rpadika pasoM 3 KOMKHOIO TOY-
ko0 M 3 xoopaunaramu (x; y) = (x; f (x)) BxoauTh Takoxk i Touxa M,
3 xkoopauuaTamu (—x3 y) = (—x; [ (—x)) = (—x; f (x)). Touku M i M, pos-
mimgeni cumerpuyuHo BifHocHO oci Oy (puc. 24), Tomy i rpadik napuoi
yuKuii posmimenuii cumeTpuyno BitHocHo oci Oy. O

Hanpurnaj, rpadgik napuoi ¢yernii y = x* (puc. 23) cumerpuunumii Bij-

HOCHO oci Oy.

Dyuxuis [ HASHBACTHCH HENAPHOI0, AKIO MIH Oyab-AKoro x 3 i obJaacri
euzHavenns [ (—x) = —f (x).

Hanpurnan, QyHEDIA y:l (TobTo PyHEIDIA f(_ﬂ:l) — HeIapHa,
x x

OCKLIBEH

fex)="L=-1=—f(@).
—X x

HArxmo ¢yurnia f (x) senapua, To mo 1i rpadika pasoMm 3 KOKHOI TOY-
koo M 3 kooppuuatamu (x; y) = (x; f (x)) BxomuTs Takoxk i Touxa M,
3 kooppuHaaramu (—x; y) = (—x; f (—x)) = (—x; —f (x)). Touxu M i M, pos-
MillleHi CMMeTPHYHO Bi/IHOCHO MOYATEY KoopauHaT (puc. 25), Tomy U
rpadix Henapuoi QyukUii po3Milennii CHMETPUYHO BLIHOCHO MOYATKY
Koopauuat, O

Yy Yy

f(x) M

f(x
M, (=) M
—ig
' 0 x x
—x 0 =x x
M, -~ (x)

Puc. 24 Pre. 25

Hanpuknan, rpadgik Henapuol GyHEIIIT g,.':l (muB. nyHET 4 Tabn. 3)
x

CHMETPUYHMI BiJHOCHO IIOYATEY EOOPAWHAT, TOOTO BigHOCHO Touku O.
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E [(lpuxknagu po3e'A3aHHA 3aBdaHb

Hpuxaax 1
Dy=a*+x;

Pozé’azanna

1) P O6meskeHb s 3HAXOIKEHHS
3HaYeHb BUpasy x° -+ x HeMmae,
orwe, D (y) = R. <

2) P Obnacre BusHaveHHs QYHELIT
y=—5

X +x

3a/]aHa  OOMesKeHHSM

x*+x # 0, OCKLIBKM 3HAMEHHUE
Jipoby He Mozke JIOPIBHIOBATH HYJIIO.
3’scyemo, koau x° + x = 0. Maemo
x(x+1)=0, x =0a6o x=-1.
Toxi obiacTs BU3HAYEHHSA MOK-
Ha sajgaTu obMmesxkeHHamu x # 0,
x # —1 abo zanucaTH Tak:
D (y) = (e 1) U (—1; 0) U (0; +o9). <]
3) P O6nacre sBuzHaueHHs QYHKIGT
Y= Jx+5 3agana  obmeskeHHAM
x+5 = 0, Tobro x > —5, oCKLILEHN
i1 3HAKOM KB&/[pATHOI'0 KOPeHs I10-
BUHEH CTOATH HEBiJI e€MHUII BHUpas.
Omsxe, D (y) = [-5; +=).<]

BuaigiTe 06sacTh BUsHAYEHHSA (PYHEIII:
2) y=——;

3) y:Jx+5.

Komenmap

Ockinbkn Bel ¢QyHELIT 3aj1aH0
dopmysnamu, To ix obiacTi BUsHAUEH-
HA — Ile MHOYKMHA BCIX 3HAYEHb 3MiH-
HOl X, IpU AKMX Mae 3Mmict dopmya,
To6TO BHpas, AkM# cTOiTH Yy mpaBii
yactuni Gopmyau y = f (x).

Y kypei anrebpu 3sycrpivanucs
TLILEW JBa 00MeNeHHA, AKiI HeobXij-
HO BpaxoBYBaTH Npil 3HAX00HeHHi 00-
Jacmi 6UHAYEHHA:

1) saxwo eupa3 3anucavo y euznadi

X +x

dpoby %. mo 3namenHux B # 0;

2) saxkwo 3anuc eupasy micmune
KeadpamHuil KOpiHb JA , Mo nid-
KopeHesuit eupa3 A = 0.

V Beix iHmuxX BUNagkax, AKi BaMm
JIOBOIMIIOCH PO3TJIAJATH, 00JIACTIO BU-
3HAYeHHA BUpasy 6yiu Bei gilicHi ymce-
nal.

Tpuxaaxg 2° BuaiigiTe obiacts 3uavenb Gyurnii y = x% — 3.

Poze’azanusa

P Cknagaemo piBrsamHA x° — 3 =a.

BoHo piBHocnisHe piBHAHHIO X° =a + 3,

AKe Mae posB’aAskM, armpo a + 3 = 0,

ToOTO TpH a = —3. Vi mi gnesa i crna-

JAyTH 00JacTh 3HAYEHB (PYHKIIL.
OTsxe, obnacTh 3HAYEHB 3aJaHOL

GyvHEIIT

E (f) = [-3; +eo) (10610 y > -3). <

Komenmap

[MosHauunMo 3HaYeHHSA 3aJaHOL
dyurnii f (x) (robro x? — 3) uepes q
i 3’sacyemo, A AKMX @ MOYKHA 3HA-
iTu BijnoBigHe 3HaueHHA X (IpH ILO-
My 3HAYeHHI X 3HaveHHd f (x) = a).

Toxi Bei unena a, oia AKUX icHye
xo4a 6 o/1uH Kopiub piBuaus [ (x) = a,
VBiliIyTE M0 00JiacTi 3HAYeHb QYHKINIT
f (x). MHO:xuMHAa Beix TakUX @ i cKIajge
o0bacTh 3HaYeHb (PYHKIIIL.

! Hapani B kypei amrebpu i nouatris asanisy 10 gnacy 8’siBisATBCA HOBI BHpasun

3 obmesxerEavu: tg o, ctg a, arcsin a, arccos a, {'IE, a®, e o — HeliIe Y4Hcio.
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Kopucro nam’saTaTH, 1o

obnacmo 3navenv Qynryii y = [ (x) 3bizaemovesa 3 MHOICUHOIO MUX
3anavenv a, npu axux pienannsn [ (x) = a mae pose’aaxu.

Npurnax 3"

Hosegite, mo npu k # 0 obaactio 3uavens Jginilinol (yuryii

y = kx + b € MmHOHHA Beix gificHMX umceJL

Poszé’'azanna
P SAxmo kx +b=a (ge k # 0), T0

pO3B’A30K LLOro piBHAHHSA x=f—f—’ ic-
Hye ausa oyab-axoro a € R (k # 0 3a
YMOBOI0O). <.

Takum umHOM, 3HAYEHHAM 38]a-
HOI (pyHEIIT Moske OyTH OyIb-fAKe Jii-
CHe YWCI0, OTHe, il 0bJacTh 3HAUEHb

E(f) = R.

Ipuxnax 4“

Komenmap

Iloznaunmo 3HAYEHHA 38JaHOL
dyuruii f (x) (robro kx + b) uepes a
i 8’scyemo, Uil AKMX @ MOMKHA BHA-
UTH BiANoOBijlHe 3HAYEHHSA X, Take, 1110
f(x)=a.

MuoskuHa BeiXx TakUX 3HAYEHb
a i 6yge ckaajatu o6JiacTh 3HAYEHD

Gyurnii £ (x).

HosegiTs, mo niniiina ¢yuxuin y = kx + b npu k > 0 € spoc-

Taw4ow, a npu k < 0 — conaauoro.

Poze’azannsa

» Hexaii x, > x, (toai x,— x, > 0).
Posrnsmemo pisnumio f(x,) — f(x) =
=kx, + b — (kx, + b) = k (x, — x,).

Ockinekn x, — x, > 0, 1o mnpm
k > 0 maeno f (x,) — f (x,) > O, orxe,
f(x,) > f (x,) — dysrnis spocrae.

IIpu k<0 maemo f(x,)—
= f(xl) = 0’ oTHe, f(-rg) {‘f(xl)_
dyurnia cnagae. <

Ilpuknan 5° JlosexiTs, mio:

Komenmap

Jlna  oOrpyHTYBaHHA  BpPOCTAH-
HA abo cnajgaHHA QYHEIID KOpHCHO
nam’ATaTH, mo 018 doeedenHsa Hepie-
noemi f(x,) > f(x,) wu f(x,) <7 (x)
docmamubo 3HAUNIU 3HAK  PI3HULE
f )~ (x)

Bagana ¢ymemia  f(x)=kx + b
Oyae 3pocTaruorw, AKI0 3 HEPIBHO-
cTi X, > X, BUIIMBaTHMe HepiBHIiCTh
f(x,) > [ (x,), a p1a goBemeHHA ocTaH-
HBO1 HEPIBHOCTI JOCTATHRO 3HAHTH BHAK
pisammi f (x,) — f (x,). Aranoriuno 06-
I'PYHTOBYVIOTH 1 cIaJaHHA (QPyHEII.

1) cyma aBox 3pocTarounx Ha MHOXHHI P QyHEKNi 3aBXK/IH € 3pocTaio-

4010 (PYHKIiCI0 HA Hill MHOKHHI;

2) cyMa OBOX cHadHHMX HA MHOKHHI P (QyHKIiH 3aBKIH € CIAXHOIO

(dyHKIicI0 HA Wili MEOMKHHI,
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Poszé’'azannsa

1) P Hexait dyurmii f(x) i g (x)
€ 3pOoCTAlDYMMHM Ha OJHii 1 Tii ca-
mi#t maOXmHL P. SIkmo x, > x,, T0
f(x)>f(x)ig(x,)>g(x)
JlojarouM MOYJEHHO OCTAHHI He-
PiBHOCTI, OJI€p7KYEMO

f(x)+g(x)>f(x)+g(x).
Ile i ozHauae, mo cyma QVHEILIH
f(x) i g (x) € spocrauo QpyHE-
niero Ha MHOMMHI P. <]

2) P Hexait ¢pysroii f(x) i g (x)
€ ChnaJHUMHM Ha MHo:kHMHI P.
Toxi 3 wepiBHOCTI X, > X, MaemMoO
f(x)<f(x)igx,)<gx,).
Ilicna mouyneHHOro [ONABAHHA
OCTAHHIX HEPiBHOCTEM O/IEPIKYEMO:

f(x)+g(x)<1(x)+g(x),
a 1e ii o3HAYaE, Mo cyma (PyHEII
f(x)ig (x) e cnagHOIO (PYyHEIIE
Ha MHOMMHL P. <

Komenmap

s jpoBejleHHsi BPOCTAHHA CYMM
ABoX spoctapoumnx pyurnii f (x) i g (x)
JIOCTATHBLO JIOBECTH, 1110 HA MHOMKUHI P
3 HepiBHOCTI X, ~ X, BUILIMBAE HepiB-
HiCcTh

f(x) +g(x)>f(x)+ g (x).

AuasnoriyHo JJif JOBeJEeHHA TOro,
10 cyMa [JIBOX CHaJHUX QyHKILIN
€ cnaJHow (YHEII€0, JOCTATHBO [10-
BECTH:

AKIIO X, > X, TO
f(x) +g(x,)<F(x)+g(x)

Ilpuxnax 6  JloBemiTe, 10 3pocTarua abo cnagHa (YHKIIA HAOYBAE
KOKHOTO CBOro 3HAYEHHA TLIBKH B OJHIN TovIl 11 o0aacTi BH-

SHAYEHHHA.

Pozé’szanus

P Hexait ¢pyurnia f (x) € spocraio-
4010 1
f(x) =1 (x). (1)
ITpunyerumo, 1o
X £ Xy

fAxkmo x, # x,, T0 abo x, > x,,
abo x, < x,. Ypaxosyiouu 3pocraH-
Ha f(x), y BUnagky x, > X, MA€EMO
f(x)>7F(x,), mo cynepeunts pis-
uHoeri (1). ¥V Bunagky X, < X, MaeMo
f(x) <f(x,), mo Tarosx cynepeuntn
piBrocTi (1).

Omsxce, Hallle MPUNYIEHHS HeIpa-
BUJIBHE, i piBnicTs f (x,) = f (x,) Mos-
JIMBA TiNBKM NPU X, = X,.

Komenmap

JloBegeMo Ie TBEp KE€HHA MEeTO-
JIoM Bij cynmpotuBHOrOo. LA mBOTO JTO-
CTATHBO IPUITYCTHTH, 1[0 BUKOHVETHCA
NpOTHIIE}KHE TBepAykeHHA ((QyHEILA
Moke HabyBaTH OJHOTO ¥ TOro Camo-
ro 3HAYeHHA NPHHAWMHI y IBOX TOY-
Kax), 1 omeps:kaTm cynepeuHicTb. lle
o3HAYATHMeE, 1[0 Halle IPUIYIIeHHA
HelpaBHUJILHE, a IPaBUJILHNM € 3aJaHe

TBEP/FHEHHA.
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Tobro spocraioua QyHELis Haby-
BAE KOYKHOI'O CBOI'O 3HAYEHHSA TiIBKK
B OJIHi# Touni if 0bnacTi BUZHAYEHHS.

AunayioriyHo  JIOBOJUTHCH  TBEp-

JokeHHs 1 s cnajgaol QyHEMil. <

[Ipuxnan 7

JocmigiTe, Aki i3 3aJaHnX QYHEIIN € MapHEUMH, AKI HeapHH-

MH, 8 AKi — Hi MIAapHUMH, Hi HeNapHUMH:

1) y=—'~,:

X+
Pose’asanus
1) P O6nacts BusHavyeHHS QYHELIT
y:ﬁ: x #—1, TobTo BOHA He cH-
MeTpuuHa BigHocHO Toukn O (TOU-

ka Xx =1 Bxomgure g0 obnacti
BH3HAYEHHA, 8 X = —1 — Hi).

2) y=x4

y=x*+nx
Komeumap
Jns JLOCJI IKeHH A GyHELIT
y = f(x) Ha nmapHicTh UM HemapHicThH
JIOCTATHLO, IO-Teplle, YIEeBHUTHUCH,

1o obsacTe BUsHAYeHHS 1iel GyHKIT
cunMeTpu4HA BifHocHO Touku O (pasom
3 KOYKHOIO TOYKOI X MICTHTh i TOUKY

- - 3 —x), i, Ho-pyre, NOPiBHATH 3HAYEHHS
-1 0 1 =x F(=x)if (x).

Omxce, 3ajiaHa (QYHKIIA He Moyke
6yTH Hi napHoIO, Hi HeNapHOW. <

2) P O6nacres BusHAueHHS GYHEIIT
y=x" D (y) = R, To6ro BOHa cu-
MeTpuYHa BijjHocHO Touku O.
[ (=x) = (%) = x* =  (x). a oT3xe,
dyurnis napua. <

3) P O6Gnacte BuzHAYeHHS (GYHEIIT
y=x*+x: D (y) = R, orsxe, BoHa
cuMeTpuuHA BigHocHO Toukm 0. <]
[(2)=02+(2)=—2"~x=

=—(x* + x) = - (x),

oT:e, (PYHKILA HellapHA.

HEEl 3anuTaHHA ANA KOHTPOo

1. Illo mHasmBaeThesa umcroBow QyHENIE? HaBegiTs NIpuEIagM Takux
dyHEH.

2. Ha nmpuknagax mnofdcHiTh, 0 Take 00JacTh BU3HAYEHHS (PYHKII, 006-
JacTh 3HaYeHb (PYHEILIL, HAMGLILITe Ta HaliMeHIIIe 3HAYEHHA (PYHKIIT Ha
muoxkuHI M. fki obMmesxenHsa HeobxigHO BpaxyBaTH, mob 3HaliTU 06-

r

JacTh BU3HAYEHHA (PYyHENII y=-——7 3HaimiTe il o6IacTs BUSHAYEHHSA.
x
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3. Illo masmBaeThesa rpadirom ¢yurnii y = [ (x)? HaBegiTe npuk.naiu.

4. Slka pysrnis HasuBaeTbes spocrapovon? Hasexite npukiagu.

5. §lka ¢pyHENiA HasuBaeThes cnagao? HasegiTs mpukmagm.

6. Slka ¢ynruis sasuBaerbesn napuow? Hapegites npurnagu. Sk posminge-
Ho rpadik napuoi ¢pyHruii Ha koopaunatHiil mnommui? Hasegits npu-
KJI8/H.

7. fka Qynrnia HasuBaeThea HenapHow? Hapemits npurnagu. fk poami-
1ieHo rpagik HenmapHol (QYHEINII Ha koopauHATHIN nmiommai? HasemiTs
NPUKJIAIH.

I Bnpasm
1°. BualijiTe 3HaYeHHs (QYHELI] B yKa3aHUX TOYKAaX:
1) j"(;\‘)=:t'+l y Toukax 2; —1; 3; a (a # 0);
X
2) g (x) = x* — 3 B rourax 0; 1; —2; b;
3) ¢ (x)=vx+1 y Tourax 0; 3; —1; m (m > 0).

2. BuaiigiTe 0b6yiacTs BU3HAYEHHA (PYHEIIII, 3aaH0l (GOPMYJIO0:

y=2x0+3 2)y=Vyx+3; 3)y=——; 4) y=——;
x+1 x"+1
5) y=vxi-1; 6) y=vai+l; 7) y=Jx-1+J5-2x; 8) y:—"x+3;
x
2 _ 2 |
9%) yz,”“—g; 109 y=Y£=2. 114 - A ;0 12%) y=Vxl+x+1.
x—3 x+1 |x|-2

3. BuaiifiTe 0bJiacTh 3HaYeHb (QYHEILIL, 3aaH01 (hOpMYJIOIO:

Df®=86  2f@=x 3)f@)=2x% 1) f@)=Vx;
Ypy=-83x+1; 6Yy=x*-6; Tyy=|x|+8.

4°, Jlns ¢yurmili, ski sajgano csoimu rpadgikamMu Ha pucyHky 26, yramxiTh
ob/iacTh BU3HAYEHHSA, o0JiacTh 3HAYeHb, HaAlOLIblle Ta HaliMeHIIe 3HAa-
yeHHA HA Beiil obsacTi BUBHAYEHH S, IPOMIYKEKYM 3POCTAHHSA i cniaJjanus Ta
3HaAYEeHHA KOyHOI GyHELIIT npu x = 1.

5. O6rpysTyiiTe, 1o 3ajaHa GyHELNiS € spocTaro4doro (Ha 1i o6iacTi BU3HA-
YyeHHS ):

Dy=3x; 2y=x+5 3Yy=25 4)y=25 5 y=x.

6. JloBexmiTh, 1110 Ha 3aJJaHOMY NPOMIZKKY (PYHEILiA 3pocTae:

1) y=-2, ge x > 0; 2) y=—1, ge x < 0.
x x

7. Ob6rpynTryiiTe, o 3a/iaHa GYHEILA € cnia HOo0 (Ha 11 061acTi BUSHAYEHH):
1) y = —3x; NY==x=1; BVYy=-3% 4") gy =—=°.

8°. JloBexiTh, 0 HA 3aJaHOMY NMPOMIKKY (YHEI[iA cnajae:

1) y:i, me x < 0; 2) y=§, me x > 0.
x X
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9. Ilosesites, mo dyuknia y = x* va npomiskky [0; +o) spocrae, a Ha npo-
MisKEKY (—oo; 0] cnajae.
10°, Kopueryiounch TBep/IKeHHAMH, J0BeeHUMH B npukiagi 5 (c. 35), yka-
WKiTh, fAKi i3 3ajaHUX (QYHEILI € 3pocTal0unMHU, a SKi — choaJHUMHE:
Dy=2*4+x 2y=-x-25 3) y=x+Jx; ) y=—2*— 2.
117, Kopucryouncs TBepAyKeHHAMH, AoBeleHNME B pukiaazai 6 (c. 36):
1) obr'pyuTyiiTe, mo piBHAHEA X° + x = 10 Mae eamHMIl KOpiHBL X = 2;
2) nigbepiTs KOpiHbL piBHAHHSA J; +x=6 i gmoBemiTh, 1[0 IHITHUX Kope-
HiB Ile piBHAHHSA He Mae€.
12. O6rpyuryiiTe, 110 3ajaHa (PYHEILIA € NAPHOIO:

1) y = x5 2) y=iz,+l; 3) y=vJa?+1; 4) y=\ﬂx|+x4.
x
13. ObrpysnTyiiTe, o 3ajaHa (PYHKIIS € HEIAPHOO:
1) y= x5 2) y=—"2s y=x|x Hy=2-x

x
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2.2. BJIACTUBOCTI | FPA®IKM OCHOBHUX BUAIB DYHKLIA

Tabaunsa 4
YmMoBu Bunactusocti
JLISL KO- i HapHicTh
R r ik
edirieH- pag D(y)| E(y) | iwuenap- isz:;cmnr:{as
TiB HiCTh s
1 2 3 4 5 6
1. NiiviHa oyHkuia y =khx + b
k=0
b0 apocTrae
x Hi
napHa, Hi
HernapHa
k<0
50 R cnajae
%
R
y npu k > 0
w+
Q& (k > 0) JpocTae
b=0 x
HelapHa
y = kx 0 npu k <0
“\ (k<0) criadac
£
Ly
RS0 b y=>b
b mapHa TocTiiHA
y=>
0 x
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Ilpodoexcerna maba. 4

1 | 2 [ 3 | 4 | 5 | 6
2. ObepHeHa NPONOPLIMHICTb, GyHKLIA y=£ (k+0)
X
yn -
5 A I=E
CIIA/IA€ HA KOMK-
o HOMY 3 ITpo-
A9 o 1 = MisKEiB (—o0; 0)
\ i (03 +o0)
vA x#0| y#0 | nenapua
.
yres
gpocTae Ha
k<o 1 s
i % MiEEIB (—o0; 0)
| i (03 +o0)
E
3. QyHKUis ¥y = ax® (a # 0)
yf
CIIaIae Ha
OPOMIKEY
a>0 y=ax® [0; +e) (—oo; 0], spocrae
HA TMPOMIiKKY
[0; +e°)
0 x
R napHa
YA .
0 e 3pocTaE Ha
5 TIPOMiKEY
a<0 y=ar (—==; 0] (—e=; 0], cagae
Ha TMPOMiKEY
[0; +eo)




42  Poapin 1. ®YHKLUII, PIBHAHHA | HEPIBHOCTI

ITpodoexcennn maba. 4

1| 2 [ 3| 4 | 5 | 6
4. KeappatuHa dyHkUiA Iy =ax? + bx + ¢ (a #0,x, =_£)
1
Yy
/ crajiae Ha Mpo-
%o y saraib- | miskky (—oo; x,]
- S » ( £
a-0 \0 = e +=) HOMY BH- | gpocTae Ha IpO-
e nagry — | miskky [x,5 +o0)
Yo Hi napna,
Hi Henap-
yp R =
Yo npu b =0
¢ Pynxuis ;ﬂ::”e(fi.nio'
a<0 / (—=; y,] y=ax’+c y 3 Xl
napua crajia€ Ha Mpo-

/ 0 x \ x MisKKY [x,; +o0)

HEEN [loscHeHHS 1 O6GrpyHTYBaHHA

1. Jlimiima dyverwis y = kx + b. Jliniitnow ¢pyHkyiclo Ha3MBAETHCA (PVHE-
nisg eupy y = kx + b, pe ki b — peski uncna.

O6r'pyHTYyEMO OCHOBHI XapaKTepHCTHEH IIi€l (yHEIi: obmacTs BHBHA-
YyeHHA, 00J1acTh 3HAYEHB, MAPHICTh YH HENAPHICTH, 3POCTAHHA 1 cNIaaHHA.

O6aacme 6uU3HAYEHHS — MHOXWHA Beix gificamx umcenm: D (y) = R,
ocKinbEM (hopmyna kx + b mae amicT npwM Beix AificHMX 3HaueHHAX X (TOOTO
AyA Oyab-AKOro AIICHOTO X MM MOXKeMO obumcauTH 3HauyeHHA kx + b).

Obaacmv 3HaYeHb MiHIMHOL QYHEIIL Oy/1e pisHOO 3aJIe3KHO BiJl BHAYEHHA
roedimierTa k.

HArmo k = 0, To dysruia Mae Burnaj y = b, Tobto ii 06macTe 3HAUEHB
CKJAaJa€TheA 3 oHOTO yHcsa b. ¥V takomy BHnagry rpadikom giniiiHol pyHE-
uii y = b € mpama, mapanensHa oci Ox, saxa mepetnHae Bicek Oy y Touni b
(pume. 27).

fArmpo k # 0, To E (y) = R (obrpyaTyBaHHA HaBeJeHO B PO3B’A3aHHI NpH-
EJIaay 3 jo myHETY 2.1).

ITapuicme i Henapuicme MiHIAHOI QYHKIII CYTTEBO 3aN€XHUTH BiJ 3Ha-
yeHb KoedinienTis b i k.

Ilpu b=01i k # 0 dyErUia y = kx + b mepeTBOpOEThCA HAa (YHELiIO
vy = kx, Aka HemapHA, OCKLIBKH JJA BCiX X 3 1i o6aacTi BUBHAYEHHA

f(x)=k (—x)=—kx=—f(x).
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Omixe, rpadik ¢pysrnii y = kx (puc. 28) cumerpuannii BijjHOCHO Toukw O,

Ilpu k = 0 opepsxyemo pyHELD0O I = b, AKA € IAPHOIO, OCKLIBEM JIJIA BCiX
x 8 ii obnacti BusHavenHa [ (—x) =0 = f (x). Tobro rpadix ¢ysruii y =>b
cUMeTpUYHMIT BijHOCHO oci Oy (puc. 27).

v
,E_’r
¢ /(k>0)
v )
: x
b y=> 0
“'\\{ (k<0)
0 z )
Pue. 27 Pue. 28

V zaranpromy Bunagry npu k # 01 b # 0 pyaknia y = kx + b e 6yge Hi
TNapHOIO, Hi HenmapHow, ocKiMbEu [ (—x) =k (—x) + b = —kx + b# [ (x) i Takomx
f(—x)=—-kx + b=—(kx — b) = —f (x).

Bpocmannsa i cnadanna niHiHOT QYHEIN] 3a/1€UTh Bijl 3HAUEHHA KOe-
dimienTa k.

Ilpu k = O opepsxyemo dyHELI0 iy = b — mocTiiHY.

Ilpn k > O ¢yeknia y = kx + b 3poctae, a npu k < 0 — cnapae (ob6rpys-
TYBAHHA HABE/IEHO B PO3B’fAzaHHI npuEIaay 4 1o nyHETY 2.1).

V¥V kypci reometpii 6yno obrpyaToBaso, mo rpadikom JdiHiitHOT QyHERIT
y = kx + b 3aBRIOH € MIpAMA JiHIA.

Ockineen py x = 0 pyEEIDiA HaOyBae 3HaUYeHHA Y = b, TO YA npava 3ae6-
wou nepemunae eice Oy y mouyi b. I'padirm miuiiEHNX QYHKIOIA HaBeJeHO
B Tabmmii 4.

2. OyHRUiA y=£ (B # 0). Ils pveEELiA Bupa>kae obepHeHOo Nponopyiilny

3anemcHicno.
Ob6nacnme eusnavenna: x = 0. lle MmoxHa 3anucaT¥ TakoXkK Tak:
D (y) = (=03 0) U (05 +oo).
O6nacmv 3Havens: y # 0. lle MokHa 3anHcaTH TAKOXK TaK:
E (y) = (—o°; 0) U (05 +<0).

Jns obrpyaTyBanHsa obiacTi sHaYeHb (QYHEIIT ‘l,;r:£ nosHauuMo = a.
x o
Toxi iz miel piBHOCTI OfiepHHUMO gk ansa Beix a # 0. Tobro ansa seix a = 0
a

icHye 3HaueHHSA ng, Opy AKOMY yzﬁz =a. Orxe, y HabyBae Beix Jiil-
a x

CHEA L

CHHUX 3HAYE€HBb, AKiI He PiBHI HYJIMO.
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DPynryia Henapha, ocKiNBEHN il 06J1aCTI0O BUBHAYEHHS € MHOYKHMHA, CHMe-

TpUYHA BijHOCHO Toukwm O, i f(—x):i:—ﬁz—f(x). Omxe, 1i rpagik cume-
X

TPUYHMI BijHOCHO nodaTky koopausar (puc. 29 i 30).

Y ya

k
V=% _k
k ==
M’ (k< 0)
N 1
01 x 0 x
Puc. 29 Puc. 30 Puc. 31

3pocmakta i cnadaHna GyHrnil 3anesxuTs Bl sHaka Koedinienra k.

® Slxkmo x, > x, (Tobro x, — x, > 0), To gnA MopiBHAHHA 3HauYeHb [ (x,)
i f (x,) posrnsiHeMo iXHIO pisHMIIO:
B kxy—kx, —k(x,-x))

fe) - Flx)=1—=
2

X XXy X)Xy

(1)

Ha npomiskry (0; +<c) snauenna x, > 01 x, > 0, orsxe, x x, > 0. Ha npo-
MiKEY (—oo; 0) snavenna x, < 01i x, < 0, omxe, x,x, > 0.

Vpaxosyiouu, mo x, —x, > 0, y koskHOMYy 3 mpomimkkis (—eo; 0) abo
(0; +e) mpu k > 0 3 pisnocti (1) orpumyemo f (x,) — f (x,) < 0, a npu
k < 0 opepsxyemo f (x,) — f (x,) > 0.

Ilpu k > 0 Ha KoxHOMY 3 poMizKKiB (—oo; 0) Ta (0; +o) akmo x, > x,, TO
f(x,) < [ (x,), orsxe, hyHENiA cnajae HA KOMKHOMY i3 IMX NMPOMiMKKiB.
Ilpu k < 0 Ha KoxkHOMY 3 npoMisKKiB (—oo; 0) Ta (0; +o0) akmo x, > x,, TO
f(x,) = f (x,), orsxe, dyHELis 3pocTae HA KOKHOMY 3 IMX npoMmikkis. O

3 Kypey aarebpw Bijiomo, mo rpadik GyHERLI] y= L] (% # 0) nasuBaeTbca
X

zinepbonorw (BoHa cknajgaeTbhes 3 aBox Bitok). Ilpu k > 0 Bitku rinep6osm
sHaxogaThed B I i 11l xoopiuuaTaux uBeprax, a npu k < 0 — y II i IV uBep-
Tax (puc. 29 i 30).

3ayBaxeHHsA. XapaKTepUs3yiouH 3pOCTAHHA YU cnagauusd GyHKLIT y= L
x

(k #0), cig nam’aTaTH, N0, HATPHEIAM, QYVHEILA y:1 (puc. 31) cunajae uHa
x

KOKHOMY 3 NpoMizkEiB (—ec; 0) Ta (0; +ec), ame Ha Bcill 06s1acTi BUSHAYEHHA
(x # 0) ua pyEELia He € cnagHoP (1 He € 3pocTaruo). [lificHo, SKINO B3ATH
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x,=-lix,=1l,Tox,>x,anef(x,)=f(1)=11i f(x,))=f(-1)= -1, Trobro
Oi/BIIOMY BHAYEHHIO APryMeHTY He BiJloBijla€ MeHIIe 3Ha4YeHHA (PYHEILIL

i Ha Bciit ii o6nacti BusHAYenHs QyHENiA f(x)=1 He e cuagHOO.
x

I3 wiel sk MpUYMHEN He MOKHA CKA3aTH, 1[0 GyHENIA f(x)= L crajae mpu
x
x € (—o03 0) U (03 +o0).

3. ®ymkuia y = ax® (a # 0). Sk BigjoMo 3 Kypey anredpm, rpadirom miei
¢QyHELII € napafona, BiTEM fAKOi HanmpsAMJIeHi Bropy npu a > 0 (puc. 32)
i Bama npm a < 0 (puc. 33). Ockinben npyu x = 0 snavenns y = 0, To rpadik
3aBYK/IM IPOXOANTH Y€pe3 MOYATOK KOOPAWHAT.

" VA
y=ax?
(a>0)
0 x e *
y=ax*
(a<0)
Prue. 32 Puc. 33

O6aacme éuzHaveHHa: x € R, ockinbku sHavenHs y = ax® mMoskHa 00-
YUCJTUTHU NIpY Oy/Ib-AKUX 3HAYEHHAX X.

PyHKkyia napHa, ockinbru [ (—x) = a (—x)? = ax® = f (x). Orxe, ii rpadir
cuMeTpuuHMN BifHOCHO oci Oy.

Iumi BnacTuBocTi copMysioeMo, ckopucTaBiruchk rpadikom GyHERILT
y = ax? (puc. 32 i 33). Ix mosxna 06rpynTYBaTH aHATITHYHO (IPOBENITH Take
OOr'pyHTYBaHHA caMocTiiiHO) a0 cnMpanYuch Ha BIacTUBOCTI QYHEMIT i = &%
i HA reoMeTpHYHI NMepeTBOpPeHHA 1i rpadika, Aki Oyae po3rIAHYTO B MYHE-
Ti 2.3.

O6nacmu 3Haverv. Ilpu a > 0 rpadir npoxoIuTs Yepes MOYATOE KOOP-
JMHAT, a Bel Horo iHimi Touyku postammoBadi Bumfe oci Ox. fArmio sHadyenHs
X 30LNIBIIYETHCA 0 HECKIHYEHHOCTi, TO i 3HaYeHHSA Y Tesk 30LMBIIYETHCH IO
HecKiHYeHHOCTI (+<<), oTixe, y = 0, o610 E (y) = [0; +e0).

Amnanoriudo ipu a < 0 rpadik Tarox NpoXoaUTh Yepes IMOYATOK KOOPIH-
HAT, aJe Bel iHmm Horo ToukH 3HaXOAATHCHA HHMk4Ye oci Ox. fIKIMo 3HaYeHHA
X 36LIBIIYETHCA 0 HeCKiHYEHHOCTI, TO 3HAYEHHS I 3MEHIIYEThCH JI0 MiHyC
HecKiHYeHHOCTI (—=), oT:xke, y < 0, To6ro E (y) = (—==; O]

3pocmanna i cnadanng. Ilpu a > 0 Ha npoMizkky (—ee; 0] dyHENIA cna-
Iae, a Ha npoMiskky [0; +) — 3pocTae.

Ilpu a < 0 Ha mpomiskky (—; 0] ¢dyHELiIs 3pocTae, a HA MPOMIKKY
[0; +e<) — cnajgae.
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4. Kepaapatuuna Qpyexuis y = ax® + bx + ¢ (a # 0). 3 xypey anrebpu 9 xia-
cy Bijlomo, o ¢GyHELiA BUAY Y = ax’ + bx + ¢, ge a, b, ¢ — pgilicHi uncna,
npudony a # 0, HasuBaeTbes Keadpamuunorn. 1i rpadirom e napabona, BiTEM
sikol HanpsimJeHi Bropy npu a > 0 i Bauzs npu a < 0.

Abcrnyca BepmuHM 1iel napabomm x, =-;:;. Jlnsa obr'pyHTYBaHHA IBOTO

JOCTATHBLO B 3a/1aHill popMysri BUIIIMTH NOBHMIT KBAaIpaT:
2
y:axz+bx+c=a(x2+£x+£)=a(x+i) +—4“"_"2, T06TO
a a 2a 4a
dac—b* B
da  A4a

(D = b — 4ac — puckpuMiHAHT KBajgpaTHOro TpudwieHa ax® + bx + ¢).

Harajsaemo, mjo sanesxHo Bij sHaka guckpuMinanta D napa6osa abo ne-
perunae Bick Ox (D > 0), a6o vHe neperunae (D < 0), abo goTuraerhes Jio Hel
(D = 0). Ocuopni BapianTu posmimenss rpadika ¢ysruii y = ax®* + bx + ¢
(a # 0) 306pazeno B Tabauii 5.

z
—axt = b e
y=ax +bx+c—a(x+z) +Ygr I€ Y=

Tabnuna 5
D=0 D=0 D<0
y/ Yy \ Yy
\ \ ”
c
c
a>0 \ Xy R _ Yo
0 (1] -
AL w0 i ™ =
y/ yi Yy
Yo
s xu(yl:l=0) 0 Xy
a<0 {){ E A x 0 x Yo x
]
9 ¥/

OxaparTepnayemo BiaacTHBocTi QyHENLIL y = ax® + bx + ¢ (a # 0), cnn-
parounchk Ha Ii Bilomi Ham rpadikm (camocTiiiHO oOrpyHTYiTEe BigmomigHi
BJIACTHBOCTI aHAIITHYHO).

O6aacme eusnaverna: D (y) = R, ockinbkW 3HaveHHA y = ax’ + bx + ¢
(a # 0) MokHa obumcanTH pH OYAb-AKHMX 3HAYEHHAX X.

Obaacme 3navetv. Ilpu a > O Qynrnia HabyBae BCiX 3HaYeHb U = U,
Tobto E (y) = [y, +oo).

ITpm a < 0 pynknia Habysae Beix 3Ha4eHb ¥ < y,, 70010 E (y) = (—=; y ).
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ITapuicme i Henapwicnie. Ilpnm b = 0 omep:kyeMo NapHy EBaJpaTHIHY
¢yuELi0 Y = ¢ (x) = ax? + ¢. [Tificro, ¢ (—x) = a (—x)* + ¢ = ax® + ¢ = ¢ (x).

¥V saransaomy Bunagry (aemo b # 0) pysrnia y = f (x) = ax? + bx + ¢
(a # 0) e € wi napeHolo, Hi HenapHow, ockimbkm f(—x)=a (—x)° +
+ b (—x) + ¢ = ax® - bx + ¢ # f (x) (i ve popisHIOE —f (X)).

3pocmanns i cnadanns. Ipu a > 0 Ha npomizkky (—oo; x,] GyHELIA cna-
Jiae, 8 HA mpoMiskKy [x,; +eo) — 3pocTae.

Ilpn a < O Ba mpomiskky (—eo; x,] (pyHEIiA 3pocTae, a Ha MPOMIMKKY

[x,; +eo) — cmapae.

Ockinekn npu x = 0 3HaYeHHA Y = ¢, TO 2padin 3a6udu nepemunae 6ico

Oy y mouyi c.

Bignosigai rpadgikm npu D >~ 0 HaBegeHo Takoxk y Tabimi 4.

BN [lpuknagm po3B’'A3aHHA 3aBAaHb

Ilpukxan 1 IlobyayiiTe rpadik dyHEIII:
Dy=2x+1; 2y=-3x-1; 3)y=4.
Pozé'azanna Komenmap

1) P TI'padir dysrmii  y/
y = 2x +1 — npa-
Ma. <

h.Y
1

2) P Tpadix ¢ysemii  y4

y=-3x-1—mpa- \jo1
Ma. < \ x
x| O 1
y |-1|4 @

T

3) P I'padix ¢ynarnii y = 4 — npa-
Ma, mapanaenbHa oci Ox, AKa mpo-
XOOuTH Yepe3 TouKy 4 Ha oci Oy.

| 0|1 y
4

Vei sagani ¢pyHELIL TiHiHHI, oTHHe,
ix rpadgikamMm € nmpaMmi.

IIlo6 mobGygyBaTh mpaAMi B 3a-
BAaHHAX 1 1 2, JocTaTHBO MOOYAYBATH
aBi Toukwm muX npavux. Hanpurnapm,
MoykHa B3ATH X =0 1 x =1 i 3naimu
BigmoBigHEi 3HaweHHA y. OdopmuaTn
i o6unCcIeHHA 3PpYYHO YV BUTJIAL TaG-
JIMYEHW:

| o | 1

P

Y zaBmaHHi 3 PpO3TIAJAETHCA
OKpeMHil BHNAJOK JiHIHHOI (PYHEIII
(y =b). IIna mobymoBu mboro rpadi-
K& KOPHCHO TaM’ATaTH, 0 NpAMa
y = 4 — ne mpama, mapaienbHa oci
Ox (npu Oyap-AKOMY 3HAaYeHHI X BHAa-
YeHHsA I JopiBHIOE 4).
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Ipuxaax 2° 3a nasejgennM rpadikom GyHEMIIT y
y = kx + b yraxite snaxn k i b. T&
. %“ﬁr
')ﬂé x
0| \
Pozé’azanns Komenmap

P Ilpu x = 0 snavensns y = b - 0 —
3a pucyHroM. Ockinbku 306pareHo
rpadir cnagHol niHifiHol ¢yHELIL, TO
k<0<

Bidnosidv: b > 0, k < 0.

IMpuxnax 3

Posze'szanna
P TI'padix samanoi ¢yaEnii — na-
paGona (Buay y = x?), BITEM AKOI Ha-
TpAMJIEH] Bropy.
AbGcpca BepIIMHM:

xoz—iz— =3 :2'
2a 2.1

Tomi y,=y(2)=22-4-2+3=-1
i rpadik Mae Taxui BUTJAI:

ylh

A

o\

I'padik pyurniiy=~kx + b — npsa-
Ma, fka neperuHae pics Oy y Touni b.
Ha pucyHky us Touka JeuTh BHUILe
HyJsA, oToRe, b > 0.

Jlinitina ¢ynknia y = kx + b npn
k > 0 spocraloua, a upu k < 0 — cuaj-
Ha. Ha pucynry sobpaikeno rpadik
crnajuol pyurLii, omxe, k < 0.

Ilo6yayitTe rpadik! ¢pyarmii y = x* — 4x + 3.

Komenmap

dyurnia y = x* — 4x + 3 — Ba-
ApatuuHa (Mae Buriajg Y = ax® +
+ bx + ¢, ge a # 0). Orxe, ii rpadikom
6yme napabona (Bugy y = ax?), BiTEn
Arol HanpsmieHi Bropy (a = 1 > 0).

Ab6cnuca BepimmuHuM napabonu 06-
YUCIIOEThCA 38 (QOPMYJIOI0 X, :—E%.
a opAWMHAaTa Yy, — L€ BiANOBiHe 3HAa-
4YeHHA 3ajaHoi (QYHEOII mpu X = X,
10670 Y, = Y (%,)-

flemo moTpibHO YTOYHHTH, #AK
OPOXOAUTE Tpadik, ToO MOKHA 3HANTH
KOOPAMHATH KiMBKOX JOJATKOBHX TO-
9oK, HampuEaafd, mpu x = 0 ofmepsxye-
MO Yy =c = 3.

! Tlobynosy Tarmx rpadikis 3a 100O0MOro0 reoMeTpHYHIIX NepeTBOpeHb rpadika
dyrEnil ¥y = x? posraapaTHMeMo B IYHETI 2.3.
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3anuTaHHA A8 KOHTPONo

fka ¢ysruia HasuBaeTbea JiHilHOW? Haspite BnacTuBocTi JiHiliHOI
dyurnii. Aka ninia e rpadgirom miniitaol ¢pyuruii? Hasegite npukiagmn
ninifiHux yHELiN Ta IX rpadikis.

fka ninisn € rpagirom QyHELil y=-'5 (& # 0)? HapegiTe npurnajgu rpa-
X

dikiB pyHELiH y=£ npu k > 0 i npu k < 0. 3a rpadicammu BRamKiThL
X
BaacTUBOCTI i€l pyakmii npu k > 0 i npu k < 0. JloBegiTh HemapHicTh
k
QyHELIT V=g (k = 0).

fka ninis e rpadirom dyurnii y = ax® (a # 0)? Sk posmimeno ueit
rpadix npu a > 0 i upu a < 0?7 Hasegite npurnagu rpadikis pyarmis
y=ax’upu a > 0inpua < 0. 3a rpadikamMu BEazkiTh BJacTHUBOCTI 1iel
¢yuruii npu a > 01inpu a < 0.

TlosepiTs napuicrs Gyaruii y = ax? (a = 0).

fka ninis € rpadirom QpyrUii y = ax® + bx + ¢ (a # 0)? fk posminieno
et rpadgik npu a > 0 i npu a < 0? fk suaiitu abenuey BepiiuHU rpadi-
ka QyHenii y = ax® + bx + ¢ (a # 0)? Hasezgite npuriagu rpadikis miel
¢yurnii npu a > 0 i opu a < 0. 3a rpadiramu BEakiTh BiacTuBoCTi 1iel
¢varnii npu a > 01iopu a < 0.

2"

Bnpasu

IobynyiiTe rpadix pyHELii:
Dy=3x-2;2)y=-x+4:3)y=-2;4)y=-5x; 5) y =0; 6) y = 4x.
Yu e cepen nux ¢yHELNIN napri a6o Henapui? Bignosige o6rpyuryiiTe.
3a Hasegenumy rpadiramvu QpyHruiil y = kx + b (puc. 34) yraxits 3ua-
K4 ki b y Ko'KHOMY BUIIAJKY.

// e e

\O x 0/ L

P i S 4

Prc. 34
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ITobyayiiTe rpadik dyrrmii (3-5).

8. 1) y=-2 2) y=2; 3) y=-1; 1) y="2.
X x x X
4°. 1)y =-2x% 2) y = 3x% 3) y = —3x% 4) y = 5x*.
5, Dy=2a*-6x+T; yu=-a*+4x+2;
y=2x"-2x+1; 4) y = —3x* + 6x.
6". 3a maBegenumu rpadgiramm pyernii y = ax? + bx + ¢ (a # 0) (puc. 35)

YEQKITh 3HAKHK @, b 1 ¢ y KOJKHOMY BHIIAJIEY.

yh

AN

i

/

y y

\

0/\50
A

[T\ Y~
a (i]
Punc. 35
7°. Ha pucysry 306paskeno rpadiru QpyHEIii

y=vJx+3 i y=x — 3 (puc. 36). Yraxirs
MPOMiKOK, Ha AKOMY BHMEOHYETHBCH HEpPIB-

miets Jx+3<x-3.

2.3. Nobyposa rpadikie GyHKLIN 32 AONOMOro0 reoMeTpUHHUX
nepeTBopeHb BifomMux rpadikie GyHKUIN

Tabauna 6
MNepeTeopeHHs rpadika dyHKUIT i = f(x)
" Dopmyna o
Ne ey o] Ipuxnazg IleperBopenns
1 2 3 4
Cumerpia BigHOCHO oOCI1
1| y=—f() . e
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Ilpodoexcenna maba. 6

4

y=1(x)

Cunerpisn BifjHOCHO oci
Oy

y="F(x-a)

IMapanensue nepexe-
cenus rpadika ¢Qysrnii
y = (x) ysposa oci Ox
HA @ OJMHHMILL

y=Ff(x)+c

Ilapanensue nepese-
ceHHsi rpadika pyHRUil
y =71 (x) ysgoBx oci Oy
HA ¢ OIMHMIb

y = kf (x)
(k > 0)

Poarar abo cTuck rpa-
Gdixa Qyurnii y = f(x)
yajgos:x oci Oy

(npu k > 1 poarsr,

npu 0 < k < 1 — crHCcE)

y=1(ox)
(. > 0)

Poatar abo cTuck rpa-
dira ¢ymruii y = f(x)
ya3aoBx oci Ox

(opu o >~ 1 — cTHCE,
npu 0 < oo < 1 — poarar)
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Il podoexcenna maba. 6

4

T y=f()]|

Bume oci Ox (i ua ca-
Milt oci) rpadir QyHrnii
y=f(x) — Gesa 3mium,
Huiue oci Ox — cume-
Tpist BiiHocHO oci Ox

8 | y=r7(x)

2
y=2x-1/
‘l

IMpapopyu Bix oci Oy (i
Ha camiit oci) rpadik
dyurnii y=f(x) — Ges
3MiHM, 1 Ta camMa 4YacTH-
Ha rpadika — cuMerpis
BisiHOCHO oci Oy

EEE [puxknagu i obrpyHTyBaHHA

Posrnsinemo crocobu mnobypoBu rpadikisB QyHEIiH 3a I0MOMOrow reo-
MeTPpUYHUX NepeTBopeHsb BiioMmux rpadikis GpyHEILNA.

1. Ilo6ynmosa rpadira dysruii y = —f (x). I[lopiBafAemo rpadikm yHENIR
y = x?rta y = —x* (auB. nepmmii psagor Tabmn. 6). OuesngHo, mio rpadix GyHE-
mii y = —x? MosxHa ofepxkaTH 3 rpadira GyHELI § = x? cHMeTPUYHUM Bio-
OpazeHHAM ¥oro BifHocHO oci Ox. Ilokaskemo, ujo 3aBxkan rpadik GyHEIIT
vy = —f (x) mosxHa onepsaTh 3 rpadira pyHELii i = f (x) cuMeTpruHMM Bifo-

OpaskeHHAM BiJHOCHO

oci Ox.

® JliiicHo, 3a o3HaueHHAM rpadik ¢ysENnii y = [ (x) cknagaeTsea 3 yeix To-
4ok M KoopIMHATHOI IVIOIWHA, AK1 MaTh KoopauHaTH (X3 i) = (x5 f (x)).
Toxmi rpagik pyeELIi y = —f (x) ckaagaeThea 3 yeix Touok K KoopauHAT-
HOI ILIOIIMHM, AEi MaoTh koopauHaTH (X3 1) = (x5 —f (x)).
Tourn M (x; f (x)) i K (x; —f (x)) poaminjeHo Ha KOOPAMHATHIN IIOLIMHL
cuMeTpHYHO BigHOCHO oci Ox (puce. 37). Omxe, koxHa Touka K rpadika
¢yurnii y = —f (x) ogepsxyeThea cMMeTpUYHMM BijoOparkeHHAM BifHOC-
HO oci Ox pesaroi Toukn M rpadira ¢pyreuii y = f (x). Tomy

zpadin ¢pyuryii y = —f (x) mozxna odepicamu 3 zpadira Qyuyit
vy = [ (x) dozo cumempuunum éidobpascennam eidnocro oci Ox. O

Ila BracTUBiCcTE H03BOJISE JerKo 0O pYHTYBaTH mobyaoBy rpadika GyHK-
uii y = | f (x) |. Maewmo:
f(x) mpu f(x) =0 (rpadikr He BMIHIOETLCA);

y=|f(x}l={

—f (x) npu f(x) < 0 (cumerpis BigHOCHO OCi Ox).
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2,
®

1
y=1(x) "
M
1
i <
0 lx x
—1(x) 75/—\
y=—1(x)
Puc. 37
Omsxe,

y.n‘
y=|2x-1]
1
o/ x
f-1
y=2x-1/
Puc. 38

zpadiv Gyuxyii y =| f (x) | mosxce 6ymu nobydoeanuii max: wac-

muna zpadiva Qyuryii y = [ (x), axa ne’scumev eéuwye oci Ox (i na

camin oci), sanuuraemoven 6e3 aMiHW, @ ma LAcCMURA, AKA e ums

Hudcve oci Ox, 6i006pasicy emoves cuMempuino 6LOHOCHO YLEL oci.
Hanpuxnaj, ua pucyHry 38 i B Tabiuni 6 (pagox chomuii) 3 BUKOpHC-
TAHHSAM 1[bOI'0 MpaBuia 300paskeno rpadix Gyurnii y =|2x — 1 |.

Ilo6ynora rpadira dpyaruii y = f (—x).

Hna nmobymoBu rpadika ¢pyeENII ¥y = f (—x) ypaxyemo, 1o B 03HAYeHHI
rpadika QYHENIT mepima KoopAWHATA [JA TOYOE rpadika BHOMpPaeTh-
cA JIOBLIBHO 3 006sacTi BU3HaYeHHA (PyHENIL. koo BuOpaty AR mepmy

roopauHaTy (—x), To rpadgir QyHEIil
vy = [ (—x) cknagaTmMeThes 3 yeix To-
yok 1 KOOPJAWHATHOI TJIONWHHU 3 KO-
opmuratanu  (—x; y) = (x5 f(x)),
a rpadgir ¢ysrmii y = f (x) — 3 yeix
rouok M (x; [ (x)).

Touru M (x; f (x)) i T (—x; [ (x)) pos-
MilleHO HA KOOPAMHATHIH IJIOIMHI CH-
MeTpHuYHO BigHOCHO oci Oy (puc. 39).
Omsxe, kosxHA Touka T rpadika PyHE-
mii y = [ (—x) ofepxyeThcA CHMeTpPHY-
HUM BifobpaskeHHAM BigHOCHO oci Oy
gearoi Toukm M rTpadira GyEEDIT
y = [ (x). Tomy

y
y=Ff(-x) y=F(x)
T f(x) M
-x 0 x x
Puc. 39

I zpadix Qyuryii y = f (—x) moscna odepicamu 3 zpadiva QyHKyii
y = [ (x) ttozo cumempuvunum eidobpasicennam eidnocno oci Oy. O
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I1s BIacTHUBiCTE M03BOJIAE Jerko obr'pyHTYBaTH MobyaoBy rpadika GyHE-

uii y = f (| x |). Maewmo:

f(x) opu x = 0 (rpadik He 3MiHIOE ThCA);

v=1l1x)-{

Inakme kaxyum, as Toro nob orpumaty rpadik y = f (| x ) npu x <0

f(—x)npu x < 0 (cumeTpia BigHOCHO oci OY).

(To6ro niBopyu Big oci Oy), nmorpibHO BifoOpasuTH CHUMETPHUYHO BiJHOCHO
oci Oy Ty uactury rpadirka ¢pyeruii y = f (x), aka JjgexuTsr npaBopyd Bij
oci Oy. Taxum unHOM, yacTuny rpadika ¢pyuruii y = f (x), Aka posramosana
JgiBopy4 Bij oci Oy, ysaraJi He BUKOPUCTOBYIOTE y 1100y 108l rpadika GpyHrmil
y =f (| x ). Orsxe,

zpadiv Qyuxyii y =f( x |) 6ydyromv max: wacmuny zpadixa
Qyuryit y = [ (x), axa nexcumv npaeopyy 6id oci Oy (i na camii
oci), sanuurarome Ges 3miHW i came yro wacmuny eidobpascyroms
cumempuuno eidnocro oci Oy.
Hanpurnan, sHa pucyHEy 40 Ta B Tabn. 6

/
(pAJOK BoCcEMMIT) 3 BMEOPHCTAHHAM I[HOTO TIpa- y
BHJIA 306paskeno rpadik ysrmiiy = 2| x| - 1.
3. Ilobypoea rpadixa dyeruii y = [ (x — a).
® Ins roro o6 nobyaysary rpadik GyHrmii 0 y=2|x|-1
y =7 (x — a), BubepemMo fK nepiry Koop- N7 2
nuHaTy Touku N nporo rpadika 3HaYEHHA ‘“5\ 2
x + a. Toxi rpadirx dyurnii y = f (x — a) s
cKkIajAETbCA 3 yeix Touok N kooppumar- Y=2x—1/
HOI oy 3 KoopauHatamu (x + a; y) = ‘."
=(x +a; f(xta-a))=(x+a; (), ’
Pue. 40

a rpadix ¢pysrnii y =f (x) — 3 yeix To-
uor M (x; f (x)).
Aruo Toura M mae koopaunatH (x; ), a Touka N — roopausat (x + a3 i),
TO neperBopeHHs To4ok (X3 y) > (x + a; y) — ue napasesbHe IIepeHeceHH T
roukn M ysmossk oci Ox Ha a omumuips (To6T0 Ha BeKTOp (a,_O))
OckinpEn EoskHY Touky N rpadira ¢yeEOii y = f (¥ — a) ogep:xyIOTH
apajelbsHUM NepeHeceHHAM Aeakol Tousn M rpadira GyHEmii y = [ (x)
yamoBik oci Ox Ha a oguHHALE (puc. 41), To
zpadirx Qyuryii y = f (x — a) moxcna odepicamu napanenvHUM ne-
peHeceHHAaM zpadira Qyuryii y = f (x) yadoessc oci Ox Ha a odu-
Huyb. O

Hanpuknan, y TperboMy paaky Tabiuni 6 zobpaskeHo rpadgik GyHEIIT

¥y = (x — 2)? (Buronaso napaseiibHe NepeHecenHs rpadika y = x* na +2 oxm-
HuIli B3j10B:% oci Ox) ta rpadik dyuruii y = (x + 3)? (BukoHaHO NapaneibHe
nepeseceHHd rpadika y = x° Ha —3 oguHMIL B31oBik oci Ox).
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y/ ) Y
;;\ !
X & A <
y Y f(x)+b y=f(x)+b
& a8 L
M N
f(x) > f(x) M y=1(x)
0 x x+a ; 0 x ;
Puc. 41 Puc. 42

4. Ilob6ynosa rpadika dpysruii y = f (x) + b.
® T'pajik pyurnii y = f (x) + b cknagaeTbes 3 ycix Touork A KoopaMHAT-
Hol momuen 3 KoopauHaTtamu (x; y) = (x; f (x) + b), a rpadir Gyurmii
y = f (x) — 3 yeix Touor M (x; f (x)).
Ane armo Touka M mMae koopauHaTH (X3 y), 8 Touka A — KOOpPJHMHATH
(x; y + D), To mepeTBopeHHA TOUOK (X3 1) — (x3 vy + b) — 1€ mapanenbHe nepe-
HeceHHA Touku M yspoBsx oci Oy Ha b ogyEMIE (TOOTO HA BEKTOP (6‘5))
Ockinbkyu koskHa Touka A rpadika dyuruii y = f (x) + b ogepryernes
rapajie/lbHUM nepeHeceHHsM Jedarol Touku M rpadika pyuruii y = f (x)
yanoB:x oci Oy Ha b ogmuunus (puc. 42), to
I zpadix pynxyiiy = [ (x) + b mosicha odepricamu napaneivHum nepe-
Hecennam zpadira Pyuryiiy = [ (x) yadoesc oci Oy na b odunuys. O
Hanpuknan, y yerBepTomMy psaaky Tabiuii 6 3o06paskeno rpadik GpyHEIIT
y = x? + 2 (BukoHaHO napaJesbHe NepeHeceHHs rpadika ¢yHruii y = x® "Ha
+2 opuuuni B3oBsk oci Oy) Ta rpadik ¢yHELI] y = x* — 1 (BUKOHaHO Hapa-
JenbHe lepeHeceHHs rpadika ¢yHrLii y = x* Ha —1 yszposx oci Oy).

5. Ilo6yvmoma rpadika pyaruii y = kf (x).

® TI'pagir ¢pysruii y = kf (x) (¢ > 0) ckna- y/
gaeTbea 3 yeix Touor B (x; kf (x)),
a rpadgix pyEELii y = f (x) — 3 yeix To-
yor M (x; f (x)) (pmc. 43).
HaszBemo  nepemeopenHam  pozmsezy
e30oex oci Oy 3 woepiyienmom k (me
k > 0) take meperBopenHsa ¢irypu F,
Ipy AKOMY KOXKHA 11 Toukra (x; y) mepe-
XOAUTE y TOURy (x; ky).
IlepeTBOpeHHA poBTATY B370BK oci Oy 7
sajaTh popmymamu: x = x; ¢ = ky. 1i Prc. 43

Ef (x)

f(x)
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Y/ ¢opMyJIH BHPaXKaoTh kKoopauHATH (X5 ) TOU-
kn M, y ary nepexoauts Touka M (x; y) npu
ky E— M' (x5 y) repeTBOpPEeHHI poa3TATY B3/IoBik oci Oy (puc. 44).
IIpn ubomy BijOVBAETHCA POBTATYBAHHA Bij-
piska AM y k pasis, i B pesyabTaTi Touka M
nepexonuTh y Touky M'. (3ayBa:xkumo, 110 iHO-
7] M (x; y) Jii BEA3aHe TepeTBOpeHHA rpadika QVHEIII
y = [ (x) HasuBalTB po3msfeomM TiTBEW npu

0 A 2 k>1,anpu 0 <k < 1 iioro HasuBaIOTH CHLLLC-
-
Kom y3doen oci Oy y % pasiB.)
Puc. 44 Ak 6auunmo, koxkHa Touka B rpadika QyHEil

y = kf (x) opepsyerbes 3 Touku M mneperso-
peHHAM posTary B3joB:x oci Oy. Ilpu upomy saranpua dopma rpadika He
sMiHIOETBCSA: BiH poarsaryerbes abo cruckaeTbes Bafosxk oci Oy. Hanpu-
raaj, skmo rpadgicom ¢yuruii y = f (x) 6yna napabona, To nicis pos-
TAryBaHHA a6o ctuckyBaHuA rpadik sanumaeTses napabosnopo. Tomy

zpadix Qyuryii y = kf (x) (B > 0) odepacyemven 3 zpadixa Qyr-
yit y = f (x) iozo posmazyeannam (npu k > 1 posamaz y k pasie)

abo cmuckyeannam (npu 0 <k <1 cmuck y i pasie) yadoeic
oci Oy. O

6. Ilob6ymoea rpadira dyuruii y = [ (ax).
® Ina nobynoeu rpadika dyuruii y = f (ax) (o > 0) Bubepemo sk nepury

KoopauHATY ToukH C 1poro rpadika sHAYEHHA i Tomi rpagdik pyHEMIT
y=7F(ax) crnagatumerbea 3 yeix Touor C 3 KOOpJUHATAMU
(i;y)=(%;f(ﬂi))=(§;f(x)), a rpadir dyrrmii y = f (x) — 3 ycix To-
uor M (x; f (x)) (puc. 45).

Hassenmo nepemeopernam poamaszy esdoexc oci Ox 3 koegiyicumom « (ne
o > 0) Tare nepersopenHs ¢irypu F, npu axomy kosxkHa i1 Touka (x5 Y)
[epeXOoUTh ¥ TOUYKY (03 I).

IleperBopenns posTsary B3joB:;k oci Ox sajgaernea dopmynamMu: X = oX;
Y =y. 1li dopmym BupazkaioTs koopauHaTH ('3 Y) Touku M', y ARy
nepexomuts Touka M (x; y) npu neperBopeHHi po3TAry BsjaoBx oci Ox
(puc. 46). IIpu usoMy nepeTBoOpeHHi Big0yBaeThCA pO3TATYBAHHA BiIpis-
ka BM B o pasiB, i B pesymbrati Touka M nepexoguts y Toury M.
(BayBaskumMo, M0 iHOJI BKAazaHe MOEPEeTBOPEHHS HA3WUBAIOTE PO3TATOM

1 2 : o
(v — pasiB) tineen npu 0 < o < 1, a npm o > 1 floro HasMBAaKOTEL CHLILC-
o
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Kom yadoexc oci Ox (y o pasis). 5

K Gaummo, koxxHa Touka C rpadika

dyurnii y = f (0x) opgepsxyerbesa 3 Toukn M rpadika GyHrEmii y = f (x)
TepeTBOPeHHAM Po3TATY B3joBxk oci Ox (nmpm mpomy sarasgbHa ¢opma

rpadgika He sMiHIOETECA). Tomy

zpadix Qyuryii y = [ (ax) (o > 0) odepsicyemven 3 zpadina Qynx-
yii y = [ (x) dozo posmazyeaunam (npu 0 < « < 1 posmaz é i pa-

3i6) abo cmuckyeannam (npu o > 1 cmuck 6 o pasie) y3doedc

oci Ox. O

y/

/

BN [lpuknagu po3B’'A3aHHA 3aBAaHb

IMpukaan 1 Tlobyayiite rpadix dysrnii y=—— —

Po3e’azannsa
| 4 Y/

Y/
M (x;y) M (x5 ')
yojé--u r—---m——ﬁ»?
0o x T

Puc. 46

3
Komenmap
Mu moskemo mobymyBaTH Tpadik
dyuEnii y=f(x)=l. Toxi rpadix

dyuEnii V=—3 —f(x+3) f(x—(=3))

MOJKHA o,u;epma’m napaJjieJIbHUM Iepe-
HeceHHAM rpadika ¢yHELL y = [ (x)
v3aoBx oci Ox Ha —3 opuHuLi (TO6TO
BJIBO).
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IMpuxaax 2

Posze’saannsa

P TlocrigoBro 6yayemo rpadikm:
1. y=2x-2 yr
0

1 x
/
2. y=|2x-2| y)
2

0| 1 x

IobyyiiTe rpadix dynrnii y = | 2x — 2 |.

Komenmap

CrnagemMo IJaH MOCJiJOBHOI T0-
OyoBHu rpadika sagaHoi GyHEIIL.
1. Mwu moskemo mobyaysaTH rpadik
dyurnii y = f(x) = 2x - 2 (npa-
Ma).

2. Ilorim MokHa nobyaysatu rpa-
dix pynruiiy = ¢ (x) =|2x - 2| =
=| f(x) | (Bume oci Ox rpadix
dyuenii y=2x-2 sanuinaeTbeH
Oez smiHuM, a uacTuHa rpadika,
poaTainoBaHa HuKk4e oci Ox, Bijio-
OpaskaeThCs CUMETPUYHO BiIHOCHO
oci Ox).

3. [Ilicna mporo mMokHA MOOYIYyBATH
rpagik pyHEIIT
y=—|2x-2|=-9(x)
(cmmeTpisa rpadika GyHEIIT
y = ¢ (x) BigaOCHO oci Ox).

Hpuraan 3° Ilobyayiite rpadix pyarnii y= 1’4 —| x|

Poszé’azanna
P Bamumemo 3a/1aHO1
(YHEIII Tak:
y=a-|x|=y~(|x[-4).
IlocnigoBuo Gyayemo rpadikmn:
y

PiBHAHHSA

Komenmap

CraagemMo 1miaaH MocTiIOBHOI I1O-
OyaoBu rpadika zaganoil Gpyrmii. [Ina
Toro mob MoykHa OYI0 CKOpPHCTATHCHA
NEePEeTBOPEHHAMH TpadiKkiB, HaBeIeHH-
M# B Tabmuni 4, migropeHeBHil BHUpas
(PVHEIII 3anmMIIeMo Tak:

y=y-(x]-4).
1. Mwn mosxemo mobyaysatm rpadik
dymxnii y=F(x)=x.
2. Ilorim moxxHa moOyayBaTh rpadik
dynruii y=g(x)=v—x=7(=)

(cvverpis rpadika gymruii f (x) Bia-
HocHo oci Oy).
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3. y=4A(x-4)

d
2
:DDE?
)

4. y=y-(xI-4

Hl 3anuTaHHA ANA KOHTPOIK

sxaTH rpadik QyHEIIL:

Ilicns uworo MoxkHa MOOYyBATH
rpagikx GyHELIT

Y=9@)=y-(x-4)=g(x-14)
(napanensHe nepeHeceHHA Tpadi-
ka ¢yeEnii g (x) ysposx oci Ox
Ha 4 OgMHMIL).

Ilorim y:ke MOXKHA NOOYAYBATH
rpadik 3ajaHol QYHEIII

y=y-(x[-4)=o(|x)= 4[]

(mpaBopyu Big oci Oy BigmoBigHA
yacTuHa rpadika GyHELii y = ¢ (x)
saJuInaeThes 6e3 aMiHM, 1 Ta caMa
YacTHHA BiJoOpa’rkKyeTbCcA CHMe-
TPUYHO BigHOCHO oci Oy).

1. Ha npurnajax moscHiTE, Ak MozkHAa 3 rpadikxa ¢yrEnii y = f (x) omep-

Dy=—-f(x)s 2)y=1f(—x) y=1F(x—a)
Dy=Ff(x)tc S)y=~Ekf(x), nek > 0; 6)y={f(cx), ne w> 0;
NDy=f@; 8)y=Ff(x|.

2*. OOrpyHTYyiiTe reoMeTpHYHI MepeTBOpeHH, 3a JION0OMOrol AKHX i3 rpadgika
dyuruii y = f (x) moxkua ozepsxatu rpadikm BrasaHux Buie (QYHKILN.

B Bnpasn

IlobyayiiTe rpadikm ¢yukLiil Ta Bignosignoctei (1-7):

Dy=|x-5 2Dy=I|x|-5;
2 Ny=22-9; 2)y=[|22-9;
Vy=(x+17% 2)y=(x|+1)

y=(x+12-38;

1 1

4. 1) y=——70y 2) y=|—

x+2 x+2

5. 1) y= -2,

x

|; 3) y=

2) y=3-%;
x

3)y=|lx| -5 4") |yl =x - 5.
3 y=|x*-9; 4% |yl=x2 - 9.
4) y=|(x + 1) - 3|.
d i 9 1yl=—1_
12’ 9 lel=5-
3) y=—2 Ay g B
x—1 III
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6. 19 y=vx-3; 2)y=vx-3; 3)y=\Ix|-3; 4) y=|Jx-3};
5 y=[FT-3: 6 [yI=vE8; 7 |yl=vF-s.

7. 1) y=—x; 2) y=—Jx+4; 3) y=—ffx; 2 y=—Vx-1.

8. Pysraia y = f (x) zagana Ha npomizkry [0; 12] i mae rpadik, 306paske-
Hnii Ha pucyHky 47. Ilobyayiite rpadikm ¢pyHELiM (Ta BianoBigHOCTEH
9*1i 10%:
) y=-f(x) 2y=f(x; y=lf@ Dy=Ffx|);
Bly=2f () 6Yy=f@; ) y=lren 8 y=f(lx)
9 |yl=Fx): 10|yl =F(x.

.‘._vzr__ ‘ L] ‘ ‘ ‘ L] 0 ;vfi'_’_f
I o™ O Y ) O 0
~ 0 4 8 1'0; ;2:x‘ I[_l}a\ %_Llﬁoii&_

if'_'__ﬁ__ ™M [T NN {;J—

Puc.47 T Pmas

9. Buxonaiire sappanna supasu 8 nna ¢ysknii y = f (x), sagasoi Ha npo-
miskry [—14; 0], rpadik sxoi zo6paskerno Ha pucyHRyY 48.

2.4. ObepHeHa PyHKUIA
Tabauma 7

1. NoHATTA 06epHeHoT GYHKLIT
Swmo Qpyuruia y = f (x) HsadyBa€ KOKHOrO CBOro 3HAYECHHS B €MMHIilN Touwi il
obaacTI BU3HAYEHHNA, TO MOKHA 3aJIATH (PYHKLIIO ¥ = g (x), AKA HABMBACTLCH
obeprenoro 0o Qyuryit y = f (x):

f ana koxksOoro a € D (f),

/—\ axmpo f(a)=b, o g (D) =a

@ @

i T4 E(f)=D(@: D =E (g

o

Dynryit f (x) i g (x) 63aemno obepHeHi
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Il podoencennn maba. 7

2. Brnactueocti obepHeHoi GyH Kuil

1) TI'padikm npamoi Ta obepHeHOT
dyaEuiii  cumeTpuyHi  BiHOCHO
npamMoi y = x

2) $rxmpo dysrnia [ (x) spocrae (cna-
[IA€) HA JIETKOMY MPOMIEKY, TO BOHA
Ma€e obepHeHY (PYHKIiIO HA WHOMY
NPOMIZKKY, KA 3POCTAE, AR [ (x)
3pocTae, i cnagae, sempE f (x) cma-
A€

3. NpaktnynKi cnocib sHaxopxeHHR Gopmyan GyHKLT,
obepHeHol A0 QyHKUIT i = f (x)

AsropuTM

Ipurnaz

3’scysaTi, um Oyge (pyHKuiz
¥ = f (x) oGopoTHO¥O HAa Beiil obmac-
Ti BH3HAYEHHS: /ISl I[LOI0O JIOCTAT-
HbO 3’fICYBATH, YM MAE€ PIBHAHHS
vy = [ (x) eguaAI KOpiHB BifHOCHO
aMiHHOI X.

Hxmo =i, TO BHAIMATH (AKIII0 MOYK-
JMBO) MPOMIKOR, /ie icHye obepHe-
ua GyEKUia (HanpukIaz, e Moke
OyTm mpomixoOE, Ae (YHEILA
y = [ (x) 3pocrae abo cnajgae).

3 piBvocti y = [ (x) BupasuTH X
yepes y.

B opepskaniii ¢gopmyni BBecTH
TPAOMILIiTHI TO3HAYEHHA — APry-
MEHT MO3HAYHTH 4Yepes X, a pyHE-
1uir0 — uepes y.

3HaiigiTe (QyHELi0, o0epHeHY /10
GVvHENIL y = 2x + 4.
P 3 pieHOCcTi I = 2x + 4 Mo3KHA OfI-
HOBHAYHO BHUPA3UTH X Uepe3 Y:

1
=—y—2.
==y
Ils dopmyna 3agae obepHeHY

(VHEIIfO, ale B Hill apryMeHT TO3HA-
9eHO Yepes Y, a PYHEIIII0 — Yepes X.

IlozEaunmo B ofep:kaHiil (opmy-
JIi apryMeHT Yepes X, 8 QyHELil — de-
pes y.

Maemo dyHEILI0 y:%x—z obep-
Heny jo ¢GyHEOII y = 2x + 4. <
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EEE [MosicHeHHR 1 O6rpyHTYBaHHA

1. [Ilomarra obepuenoi gyEruii. Bigomo, mjo 3amekHicTh MIAAXY Bij yacy
A Tina, AKe pyXaeTbes PiBHOMIPHO 3 MOCTIHHOI MBHIKICTIO U, BUPaKa-
eTbeA (opmynoro S = v t. 3 uiei popMysM MOMHA 3HANTH 0OepHeHY 3aJ1erK-
HicTe — 4Yacy Bij npoiienoro maxy # =S, DyHEI1LiI0 t(S)=£ HAZUBAIOTH
I,

Yo 0

obepreroio do pynkyii S (1) = v,t. 3azHaumunMo, 1110 B POrJIAHYTOMY IPUKJIAL
xoxkHOoMy 3HavenHio { (¢ = 0) Bignosizae egune sHaveHHs S i, HABIIAKM, KO-
Homy sHavenHo S (S > 0) signoBigae egune 3uavenus f.

Posrnsinemo npoueaypy ojep:anHs obepHeHol (YHELII B 3arajibHOMY
BHIIAIL.

Hexait ¢pyurnisa f (x) HabyBae K0<HOro CBOro 3HaYeHHsA B €IUHIiN TouIi
ii obsacti BusHaveHHs (Taka QyHELiA HasuBaeTbesn obopomHorn). Topi pnsa
KoskHOro uuena y, = b (3 obnacri snavens Qynknii f (x)) icuye eaune sna-
YeHHsA X, = a, Take, mo [ (a) = b. Posrnssemo HoBY dyHENi0 g (X), fAKa
KOskHOMY uucay b 3 obnacti sHavens Qyuknii f (x) craButh y BifnosiguicTs
umcso a, Tobro g (b) = a pnsa roxkuoro b 3 obnacti 3Hauenb QyHrLii f (x).
V¥V usomy Bunagry ¢yHrLia g (x) HasuBaeThes obepHeHowo J0 dyHELIT [ (x),
a ¢pyurnisa f (x) — obepuenorw g0 pyHELIT g (X).

3 osHaueHHs obepHeHol GyHENIT BUILIMBAE, 1[0 00JI8CTH 3HAYEHE NIPAMOI
dyuknii E (f) e obnactio BusHauenns obepruenoi ¢pyuknii D (g), a obiacts BU-
sHavenHs npsamoi ¢pyrrnii D (f) € obnactio sHavens obepuenoi pyukuii F (g).

Orixe,

EM=D®,D(=E ()
2. BaacTuBocTi obepHeHOT PyHRIGIT
Bnacmusicmyu 1. I'padixu npamoi i o6epHenol QyHKyill cumempusi-
Hi @idHOCHO npamoi y = Xx.
@® VpaxoBywuHM HaBeJeHY BHIIE NMpoUeAypy mobympoBm (yHENiI, obepHeHO1
a0 pyeEELIL ¥ = f (x), maemo: armpo f (a) = b, To 3a o3HaueHHAM rpadira
¢yuEnii Toura M 3 koopauHaTtamu (a; b)

HasexuTh rpadiry ¢yl y = f (x). y &

Ananoriurso, ocrkinern g (b)) =a, TO ;\ y'i'

Touka M, 3 xoopamuaTamu (b; a) Hane- S Y

#ATH Tpadiry QysEUii y = g (x). Tourn bfhttas

M (a3 b) i M, (b; a) posmimeni na koop- - p—

HO mpamMoi y = x (puc. 49).

IificHo, mpaMa y = X € Biccoo cuMeTpii a le(b; )
cuctemMu koopgmHaT. OTiRKe, NpH cHMe- A / D, X
Tpii BigHOCHO mpAMOi y = x Bick Ox Bijo-

6paskaeThea Ha Bick Oy, a Bick Oy — Ha Pmc. 49

D
JUHATHIA MIOIMHI CHMETPHYHO BiIHOC- /
Ay

0

Vi
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Bice Ox. Toxpi (manpurnag, npu a > 0 i b > 0) npamoryraur OAMD
i3 croponamu OA = a i OD = b Ha ocAxX KoOpAMHAT BijoGpakaeTheA HA
npamokyTHuk OA M, D, iz cTopoHAMM HA OCAX KOOPAMHAT, Y SAKOIO
OA,=0A = a i OD, = OD = b. Takum umHOM, NpU cuMeTpii BigHOC-
HO npamoi y = x Touka M (a; b) sigobpaskaereca B Touky M, (b; a)
(a Touka M, — y Touxy M). Or:e, npu cumeTpii BigHOCHO NpAMOI § = X
Ooyap-aka Touka M (a; b), mo wanexnTh rpadiry dyurnii y = [ (x), mae
BizmoBigry Toury M, (b; a), axa HanexwTs rpadiry GyHrnii y = g (x),
a 6yb-akxa Touxka M, (b; a), mo vanexwuTs rpadiry pyurnii y = g (x), mae
BigmoBiyy Toury M (a; b), axa HanesxuTh rpadiry ¢yarnii y = [ (x).
Orpumyenmo, o rpadiky B3aaeMHO obepHeHNX (YHEIII cCHMeTpHUHI BiJI-
HOCHO mpaMoi y = x. O

Bracmusicmo 2. Axwo Qyuryin f (x) apocmace (cnadae) na deano-
MY NPOMINCKY, MO 60HaA Ma€ obepHeny QYHKYIIO HA YbOoMY NpoO-
Midcky, axa 3pocmae, axwo [ (x) apocmae, i cnadae, axwo [ (x)
cnadae.

@® [lificHo, Armo ¢yveEENiA f (x) 3pocTae (cnajae) Ha AeAKOMY IMPOMIKKY,
TO 38 BJACTHBiCTIO 3pocTawdoi (crmajgHol) GYHEMIII KOKHOTO CBOTO 3HA-
yeHHA BOHA HAOyYBa€ B €{MHIi TOYIl 3 OO MPOMiZKEY (JuB. npukaa 6
JIo TyHETY 2.1), oTske, BoHAa Mae obepHeRY (DYHEIIIO g (X) Ha IBOMY ITPO-
Mizkky. O6rpyaTyBath, mo GyHELIA g (x) spocTae, Ao [ (x) spocrae,
MOKHA METOJIOM BiJl CYITPOTHBHOTO.

Hexaii uncna a, i a, BXoaaTe o obnacTi BusHaveHHA QyHEOIL [ (x) i

a, > a,. (1)
Hosuauumo f (a,)=0,, f(a,) =b,. Axmo ¢yukuia [ (x) spocrae, ToO
f(a,) = f (a,), To6T0 b, > b,. Ba osHauennsiM obeprenoi dyukuii g (x)
uucna b, i b, BxoaaTe 0 1i obnacTi BusHAYeHHS i
g(®)=a,g(@)=a, (2)
fArayo npunyeruTy, njo GyEELDia £ (X) He € 3pocTanyo0, TO 3 HEPIBHOCTI
b, > b, He Moske BHILIMBATH HEPIBHICTHL & b)>¢g (b,) (irarme pynruia
g (x) 6yge zpocTanuo), oTe, MO¥e BHEOHYBATHCH TLIBKHM HEPIBHICTH
g (b)) < g (b))- Ane Tozi 3a dpopmynamu (2) ogepsxyemo a, < a,, IO cy-
nepeunTh yMoOBi (1). OTsxe, Halle IPUNYIIEHHA HepaBUIbHE, 1 QPYHEILA
£ (x) spocrae, axmo f (x) spocrae.

Amnanoriuno o6r'pyHTOBYEThLCH, 1110 YV BUNAAKY, koau ¢yuenia [ (x) cna-
Iae, obepHeHa 1o Hel ¢pyHENiA g (x) Te:k cnamae. O

3. IlparTnusmii cmoci® sHaxom:kenHa dopmynn ¢yHENIL, obfepHeHOI 0
dyurmii y = { (x). 3 o3EauenHA obepHeHO1 (PYHEII1 BUIIIMBAE, 1[0 JJIA OTPH-
MaHHA 00epHEeHO] 38 1e3KHOCT] HeoOXi/[HO 3HATH, SK 3HAYEHHS X BUParKA€ThCH
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yepes sHaveHHdA Y. Ile MokHa 3pobuTH, poss’azaBmM piBHAHHA Y = [ (X) Bij-
HocHO 3MiHHOI x. flkmio sazanHa ¢yHENIA 000poTHA, TO PIBHAHHA MaTHMe
€/IVHUIT po3B’A30K JI/iA Beix y 3 obmacTti 3HaveHs QyHEMIL f (X), i MU oeprkn-
Mo dopmyay x = g (y), Aka 3agae obepHeny (yHEIi0. Ase B 1ii dopmyni ap-
I'YMEHT NOo3HAYeHo 4Yepe3 Y, a (PyHELiI0 — 4Yepesd x. SAKI0 NOMIHATH MO3HA-
YeHHA HA TPajWIliiiHi, TO oJep:KuMo 3anuc (PYHEII, obepHeHol g0 (QyHEIIL

yv="r(x).

IIi mipkyBaHHA pazoM i3 BIANOBIJHMM AJTOPHTMOM HABEJEHO B TA0GJIH-
mi 7 i 3peanizoBaHO B HACTYITHMX NPHEJAJAX.

E [(puxknagm po3s’A3yBaHHA 3aBAaHb

Ipuxxax 1

Posze’'s3anns
P O6nacrs BusHavenns: x # 1. Toxi

. ) 1
3 P1BHOCT1 y=—l MaeMo

xy—y=1,xy=y+1, x=%*1
Y
IlosHauaemo aprymeHT 4Yepes X,
a (yHELIIO — Yepez y 1 ojiepiryemMo
dysruio y=2*1, o6epreny g0 saza-
x

HOl. <

HMpuxaan 2

Poaé’azanna
P 3 pisuocti y = x npu y > 0 ozep-
SKYEMO x=J_rJ_t;. Toxi npu y > 0 ogHO-
MY B3HauYeHHI0 [ BiJoBifamTe [mBa
saavedHa x. OTike, Ha Bcift obmacTi
BH3HAYEHHA X € (—oo; +oo) yHENIA
y = x? He € obopoTHOMW, 1 A71A Hel He-
MOJKJIHMBO 3HAHTH 00epHEHY (PYyHEIIiO.

<

SHalIiTh PyHEL0, 00epHeHY A0 QVHEIIL y= -LI
x-——

Komenmap
Ha Bcilt obnacti BH3HaYeHHA
(x # 1) zapgana @yHENIA o6opoTHA,

OCKLIBbKM 3 DIBHAHHA Y=

MOMCHa
x—

OHO3HAYHO BAPA3UTH X depesd i (y # 0
Ha obyacTi 3HAYEHb 3a/IaHOl (PYHEIIIL).

x:y+l
Y

Opepsrana ¢opmyiia 3a/1a€
obepHeHy (DVHEIIIIO, ajse B Hiil apry-
MEeHT II0BHAYEHO 4Yepe3 [, a (yHEK-
i — Yepes X. SMiHIOIOYM ITO3HAYEHHA
HA TPaWIliiiHI, OJEepP)KYyEMO KiHIIEBHIi

Pe3yJIbTaT.

BuaiigiTe dyHELI0, o6epHeny o GyHELIT i = x2.

Komenmap

ObGnacTe 3HAYeHb 3aaHOI (PYHK-
nii: y = 0. Ane mpu y > 0 3 piBHocTI
y = x* He MOYKHA OJJHOSHAYHO BHIPA3H-
TH X uepe3 y. Hanpurnag, mpu y =4
ojepxxyemo x = 2. Yepes me Mu He
MOJKeMO 3HaYeHHI I =4 mocTaBUTH
¥V BiANOBiZHICTE €AWHE YMCIIO, 106 mo-
OvaveBaTn oGepHeHY (PyHEIiTO.
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puraag 3
Pose’azanns
P 3 pisuocri y = x* npu y > 0 oxep-
HYEMO x=:tJ;. VpaxoByiouH, 1o 3a
ymoBowo x = 0, maemo x=J§.

Ilosnauumo aprymeHT uepes X,
a (QyHEILi0 — yepe3d y i ojep:xuMoO,
o dyHELi€w, obepHeHoo 10 GyHKLIT
y = x%, aka sagaHa TinsKu npu x = 0,

Oyze pyHELIA y=-J.;. <

BayBarkeHHA. ¥ npuriagax 2 i 3 Mu dak-
THYHO PO3TJIAJAEMO pisHI (PYHEIII (BOHM MalOTh
pisHi 00nacTi BU3HAYeHH#A), X04a B 000X BHIIAI-
Kax Ii GYHEIIT 3a1a10ThCA OJHIEI i TIEH caMO0
dopmynor. Sk Bigomo, rpadirom GyHEMIIL iy = x*°
(npurnan 2) € mapabona, a rpadikoM (QyHEIII
y=x?nmpn x > 0 (npurnag 3) € TiMBLEM IpaBa

BiTKa 1iei mapabomwm (puc. 50).

H 3anvTtaHHA AR KOHTPOI

HeHY (pyHEIi0?

Buaiigite pyHELi0, 06epHeny g0 GyHELIL y = X% npu x = 0.

Komenmap

MuoxxuHa 3HaUYeHb 38/1aHOT (PYHE-
uii: y = 0. Ilpu x > 0 sagana pyHELisA
y = x* spocrae, oTiKe, HA IHPOMIKKY
x 2 0 Bona mae obepueny (QyHEILiO.
Tomy Ha HBLOMY HNPOMIXKKY piBHSHHSA
x% =y MM 3MOEMO OJJHOZHAYHO PO3-
B’sizatu: npu x > 0 maemo x=J;.

Ila d¢opmyna 3agae obepHEHY
(yHEILiIO, ane B Hill apryMeHT MO3HAa-
yeHo Yepes Yy, a (PYHEIII0 — Yepes X.
SaMiHIOIYH TTO3HAYEHHA HA TPa -
Hi, OIep’KYEMO KIHIEBHMI1 pe3yabTaT.

yh

y=x%,x20

Pue. 50

1. Ba saxoi ymosBm ans saganoi ¢pyuruii y = f (x) Moxkua nobygysatu obep-

2. TlosacHiTe mobymoBy rpadirka obepHeHol QyHEIII HA TpUEIaIl PyHEIIL
y = f (x), ara sagana Tabiunero:
x 0 2 4 6
f (%) 1 3 5 7

3apgaiiTe obepHERY (yHEIIL I = £ (x) 32

JIOTIOMOTOX0 TabIHILi:

X

g (x)
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3.

P

A posmineno rpadiku npsamoi i obeprenol GpyHELil, AKUO IX 100YI0-
BaHO B ojHil cucremi roopaunat? IlpoimoctpyiiTe BifnoBigHy BaacTH-
BicTh rpadikis Ha npUEIaJIi.

O6r'pyHTYyiiTe B3aeMHe poaMiljeHHa rpadikis npamoiiobepHenol hyHKILI.
YUn icaye pyHELia, obepHena o ¢pyHELil y = x%, ge x < 07 IToacwHiTe ne,
CIMpaYMch HA BiJMOBIIHI BIacTHBoCTI obepHeHol ¢yHEIIL. Sknio obep-
HeHa (YHELIA icHYE, TO 38 aiTe i (hopmynoio Buay y = g (x).

Bnpaen

BanuiniTe Gopmyny, sika 3ajae GyHELio y = g (x), obepHeny /10 3a1aHO].

VEamiTe 06/1acTh BUSHAYEHHS 1 MHOJKUHY 3HAaYeHb GyHELITL g (X):

1)y=8x-6 2)y=-8x-6 3) y=2 4 y=—1; 5)y=Vx.

Ha opaomy pucynky nobyayiite rpadgix ganoi ¢pyurnii i ¢pyurnii, obep-

HeHOoI JIo 1aHOo1:

1) y = 2x; )y=x-2 3)y=—7 4) y=—— 6 y=x+L
x x—

BualaiTe (pyHEILiI0, 00epHeHY /I0 JaHOl Ha 3a/IJaHOMY IPOMiKKY, i moby-

ayiiTe Ha ogHOMY puUcYHEY rpadik ganol ¢yHErNil i ¢pyuknii, obepuenoi

Jo Hel:

1) y=%x2 nmpm x > 0;
3)y=(x— 2y opu x > 2;

" §3  PIBHAHHS

2) y=%x2 npu x < 0;
) y=x*-2npu x <0.

3.1. PiBHAHHA-HACAIAKU Ta PIBHOCUABHI NEPETBOPEHHA PIBHAHD

Tabnuma 8

1. MOHATTA PIBHAHHA Ta HOro KOpPEHIB

Oznavenss

Ipurmaax

Pignicme 3i 3MiHHOW HA3UBAEMb-
A PIBHAHHAM. ¥ 3arallbHOMY BHIJIAL
PiBHAHHSA 3 OJHI€I0 3MIHHOIO X 3aIH-
cyiots Tak: f (x) = g (x).

ITixg UM KOPOTKMM 3alHMCOM pO-
3YMIiIOTh MaTeMaTHYHHI 3amuc 3agadi
Mpo 3HAXO/’KeHHS 3HAYEHb apryMeH-
Ty, NIPHA SKUX 3HAYEHHSA [BOX JAaHUX
¢yuEILiil piBHi

2% =—1

x? — 3x + 2 = 0 — kBajpaTHe

x+2=x

— Ji”iliHe piBHAHHSA;

PIBHSAHHS;

— ipparioHajkHe
piBHAHHSA (MicTUTH
3MIHHY IT1i/I 3HAKOM
KOpeHs)
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Il podoencennn maba. 8

Kopenem (abo poss’sizkom) pie-
HAHHA 3 OJHI€I0 3MIHHOI HABMBAETHCSA
BHAYEHHA BMIHHOI, sIKe IepeTBOpPIoE
1le pIBHAHHA HA NPABUJIBLHY PiBHICTB.

Po3p’a3aTH piBHAHHA — O03HAYAE
gHaliTH Bei dioro kopeni abo noBecTH,
o IX HeMAE

X =2 — KopiHb piBHAHHA VX+2=X,
OCKELIBKEM NpHM X = 2 OfIep:Ky€eEMO Tpa-
BHJIBHY PiBHICTB: JZ =2, TobT0 2 = 2

2. OBbaacTb pAonycT

MUX 3Ha4eHb (OA3)

Obnacmio donyemumux 3navensd (aGo
0OJACTIO BHSHAYEHHA) PIGHAHHA HA-
BHBACTHCA CHiIBHA O0GJACTH BH3HA-
yenna ans pysrumii [ (x) i g (x), mo
CTOATH V JiBiil i mpagiit yacTHHAX piB-
HAHHSA

Jlns piBusns Jx+2=x

on3: x+2 > 0, robro x > -2,
ocKinbkM 006JacTh BU3HAYEHHS! (DYHE-
mwii f(x)= Jx + 2 BH3HAYAETHCA YMOBOIO
x+2 = 0, a obinacTio BU3HAYEHHHA
GVHENII g (X) = ¥ € MHOYKMHA BCiX Iiil-
CHHUX YHCeI

3. PiBHAHH

A-HaCAIAKM

fArkmo wkokeH ROpiHB Nepmioro piB-
HAHHA € KOpeHeM APYyroro piBHAHHMA,
TO Apyre PiBHAHHA HASHBAETHCA Ha
cnidkom Mepmoro.

Slkmo 3 mnpaBWMABHOCTI WepIol
pPiBHOCTI BHILIMBAE NPABHIBHICTH
KOKHOI HACTYNHOIL, TO OIEepRYEMO
PiBHIHHA-HACITKA.

Ilpu  euwopucmaHHi  pi6HAHbL-
HacnidKkie He empauarnives KopeHi
noYanKoeozo PIBHAHHI, ale MONCIU-
ea nossa cnopoHHix kKopenie. Tomy
TPH BHROPHMCTAHHI PiBHAHB-HACHIIKIB
TepeBipKA OJEPIKAHMX KOPEHIB mWiT-
CTAHOBKOI0 B TOYATKOBE PIiBHAHHA €
CRJIATOBOK YACTHHOK PO3B’ A3YBAHHA
(muB. nysET 5 miel Tabmmmi)

Jx+2=x.
»  IligHecemo 06uABI uyacTUHU piB-
HAHHSA 0 KBaJpaTa:

(Jx+2)'= o
x+2=2,

¥-x-2=0,

x, =2, x,=-1.
Ilepesipra. x = 2 — wopisb (AUB. BUINE);
x = —1 — croponHii kKopisb (mpu x = —1
OIEPIKYEMO  HENPABWJILHY  PiBHICTH
1==1);%]
Bidnoside: 2.
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I podoexcenna maba. 8

4. PiBHOCUIbHI PIBHAHHA

O3uavyeHHsA HaitmpocTimi Teopemu
Jua pisuauns wasusawTees pie- |1, fxmo 3 oxHiel YACTHHN piBHARAEA
HOCUAbHUMU HA JeARill MHOKHHI, NepeHecTH B iHIIY YACTHHY JI0-
AR #Ha Wili MHOMKHHI BOHM MAa- MAHKM 3 TPOTHIEKHWM 3HA-
10ThL ojHi it Ti cami Kopemi, KOM, TO OJep:KMMO pIBHAHHA,
Lle osnauae, 10 KOMNEH KOPiHb piBHOCHIBHE 3agaHOMYy (HA OyIB-
nepuiozo pi6HAHHA € KopeHem Opyzozo AKIH MHOMHHI)

i, Ha8naKl, KOHeH KODiHb OpYy2020 € KO-
peHem neputozo (cxema pos3s’sA3yBaHHA
PiBHAHB 328 JIONOMOrOI PIBHOCHJIBLHUX
nepeTBOpeHb HABeJleHA B NMYHETI H miel

2. §lxkmo oOMABI YACTHHM pPIBHAHHA
NOMHOKHTH a00 NOOIJIMTH HA
oHe W Te CcAaMeé YMCJIo, AKe He
nopieae HyJw (aGo ma oxmy ii

Tabmii) Ty camy (DYHKILiI0, 110 BM3HAYCHA
i He mopisuioe mymo Ha OJ13 3a-
JAHOIO PIBHAHHA), TO OAEPIKHMO
piBHAHHA, PIBHOCHJIBHE 3AJAHOMY
(ua O]/13 zapasoro piBHAHHA)
5. CxemMa NoLLUYKY NnaHy po3s'A3yBaHHA PIBHAHb
( Poas’aayBamEs pi.mlm]
8a JIOTIOMOT'0F0 34 ZIOTIOMOT'0I0
PiEHAHL-HACTIIKIB PIEEOCHILHEX NEPEeTROPEHE
@ IlepeTBOpEHHES, IO Bpaxysanns OJI3
¢ rapasTyIoTh aﬁepemmm ODOYATKOBOI'O piBHHHHH

@ B6epesxenns ua OJ13

Ilepesipra Kopexis T ‘L IIPaBHJILHOL PiBHOCTL
miICTaHOBKOID IpH NIPAMHEX i 3BOPOT-
BIOYa8TKOBE PiBHAHES @ HWX TEPETBOPEHHAX

[:mcmcynaﬂnﬂm BJIACTHBOCTEH Q)ym{niﬁ’]

@ — IOYATKOBE DiBEAHHS;
@ — PiBHAHESHA, OIEPIKAHE B PE3YJIILTATI NEPETBOPEHHES NOYATKOBOTO;
4, T — cumBoiume 306pakenns HATPAMKY BEKOHAHHX IIEDETBODPEHE

! BactocypaHHA BiacTHBOCTel GQyHENIN [0 posB’szyBaHHA pIBHAHEL pPOSIJIAHYTO
B OYHETL 3.2.
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BN [loRcHeHHS i OOr'pyHTYBaHHA

1. llomarTrs piBHAHHA Ta ioro kopenis. PiBHAHHA B MaTeMaTuIli Haidac-
Tille po3yMilOTh AK AHAJITHYHHMI 3amMc 3a/adYi Mpo 3HAXOKeHHA 3HAYEHb
ApryMeHnTy, NpH AKUX 3HAYeHHA JBOX AaHuX (yHEILH piBHi. ToMy B 3araib-
HOMY BUIIAJI PiBHAHHSA 3 OJHIE 3MIHHOK X BalIMCVIOTH TAK:
f(x) = g (x).

Hailiuacriine piBHSAHHA 03HAYAIOTH KOPOTILIEe — SK PiBHicTH i3 3MiHHOIO.

Harapaemo, o xoperwem (abo po3e’s3kom) pi6HAHHA HA3UBAENbCA 3HA-
YeHHSA 3MIHHOL, npu nidcnMaHoeyi AK020 6 PIBHAHHA YMEOPIENbCL NPABLIb-
Ha pieHicme. Po3é’azamu pieHAHHA — 03HaQYA€ 3HAilMU 8ci {1020 KopeHi abo
dosecmu, wWo ix HeMae.

. = . 1 ;
Hanpurnajn, piBaaaEA 2Xx = —1 Mae eMENH KOpPiHb X = —5» 8 PIBHAHHA

| x| = —1 He Mae kopewnis, ockinbku snavenns | x | He Moske GyTH B eMHMM
YHCIIOM.

2, Ob6aacts ponyerumux saavens (0/13) pisuauna, Axujo sajano piBHAHEA
f (x) = g (x), To cuiibHa o6nacTh BusHavenHs s Gyakii £ (x) i g (x) nasu-
BaeTsca obaacmio donycniumux 3HaveHv uboro pieHanHA. (lnoxi Buropucro-
BYIOTh TAKO TepMiHM «06/1acTh BUZHAYEHHSA PIBHAHHMA» a00 ¢« MHOMHHA J10-
NyCTUMHUX 3HAYeHb piBHsAHHA».) Hanpuknaj, jus pisusuusa x* = x obnactio
JONyCTUMUX 3HAYEHb € Bel jidicHi unena. lle MorkHa sanucaTy, HANPUKJIAJ,
Tak: OJI3: x € R, ockinbku dynruii f (x) = 2% i g (x) = x mawoTs 06nacri BU-
sHavenHs R.

3po3yMiJio, o KoykeH KOpPiHb 3aJJaHOr0 PiBHAHHS BXOJIUThL AE JO 00-
nacti BusHavenns Gysruii f (x), Tak i 10 obnacti BusHaueHHA QYHENIIL g (X)
(iHakime MM He 3MOYKe€MO OTPHMMATH NPABUJILHY YHCJOBY piBHicTh). OTike,
KOMCeH KODiHb PIBHAHHA 0008 A3K080 éxodumbv do OJ[3 yvozo pistanus. lle
JI03BOJIAE B JIeAKUX BUIIAJIKaX BUKopucToByBaTH aHamis OJI3 piBusHus npu
iioro posB’sA3yBaHHI.

Hanpursaz, y piBEAEAEL VX —2 +Vl-x=x dyEELDIA g (x) = X BUBHAYeHA
TIpH BCiX AifiCHMX 3HAYEeHHAX X, a QpyHELiA f(x)= Jx-2+V1-x — Timpen 3a
VMOBM, L0 I/ 3HAKOM EB&/IpaTHOTO KOpeH:A OyAyTh CTOATH HEBiA €MHI BHApa-

x—-220.
su. Otixe, OJI3 mporo piBHAHHA 3312€THCA CHCTEMOID {1 }0: 3 AKOL OJIep-
-x

x=2, .
SKYEMO CHCTEMY { <1 mo He Mae pos3B’askiB. Takum uunom, OJ[3 3aganoro
x
PiBHAHHA He MICTHTH JKOJHOIO YHMCINa, i TOMY Ie piBHAHHA HE MA€ KOPEHIB.
BasHaunMo, 1o 3HaxomyrenHs OJI3 zagaHoro piBHAHHA MOKe OyTH KO-
PHMICHUIM /71 HOTO pO3B’sA3YBaHHSA, aJie He 3aBIK/JIH € 000B’A3KOBHM eJeMeH-
TOM pO3B’A3YBaHHA.
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3. MeToau poss’n3yBaHHs piBHAHL. /[15 po3B’A3yBaHHA PiBHAHB BUKOPWC-
TOBYIOTH METO/JH MOYH020 1 HAONUNCHO20 PO36°A3YBAHHA. 30KEpeMa, JIJIf TOY-
HOro pos3B’A3VBAHHA PiBHAHB YV Kypci MaTeMaTHEH 5-6 KJaciB BHKOPHCTOBY-
BAJIM 38JI€7KHOCTI Misk KOMIIOHEHTAMM Ta pe3yJbTaTaMM /il i BjiacTuBocTi umc-
JIOBMX piBHOCTel; ¥ Kypel anrebpu 7T—9 kiacie — piBHOCHIIBHI IIepeTBOPEHHA
PiBHAHB, a8 A1A HAOIM:KeHOro po3B’A3yBaHHSA PiBHAHBL — rpadivHuil MeTo/I.

I'pagiunmit meroy pos3s’a3yBaHHs PIBHSHEL He A€ BUCOKOI TOYHOCTI 3HA-
XO/e€HHA KOpPeHiB piBHAHHA, i 3a HOro JoNMoMorolw HaiyacTilnme MOYKHA Jic-
TaTH Jumre rpybi HabamikeHHA KopeHiB. IHOAI 3pyuHO rpadgiyHO BH3HAYHTH
KinpkicTh KOpeHIB piBHAHHSA a00 3HaWTH MeXKi, y AKMX 3HAXOAATHCH LI KO-
peHi. ¥V jeAKHMX BHNAJKAX MOXHA rpadiuyHo /J0BeCTH, 10 PiBHAHHA He Ma€
KopeHiB. 3 yKasaHMX NPHYMH y LIELIbHOMY Eypel anrebpu i nouaTkis aHa-
JIiBY 1iJi BUMOIOIO «pO3B’A3aTH PIBHAHHS» PO3YMIETHCS BUMOra « BUKOPHUCTO-
BYIOYHM METOJH TOYHOIO po3B’A3YBAHHA, 3HANTH KOPEeHi JaHOIo PiBHAHHA».
Habmmoxenumy MerojaMy po3B’s3yBaAHHSA pPIBHAHb MOYHA KOPHUCTYBATUCH
TLTBKEM TOi, KOJM Ile 3a3HAYE€HO B YMOBI 3a/iaui (HAaNpHEJIaJ, AKI0 CTABUTH-
cfA 38/IaUa poO3B’A3aTH PIBHAHHA TpadidHo).

IlepeBaskHo npu po3B’s3yBaHHI piBHSAHBL PI3HHUX BHJIB HAM JOBEIETHCSH
BHUKOPHCTOBYBATH OJIVH 13 IBOX MeTo/iB po3B’asyBanus. [lepmmii iz Hux mossa-
rae B TOMY, 1[0 3a/iaHe PIBHAHHS 3aMiHIOIOTEH GLIBII MPOCTUM PIBHAHHAM, fAKe
Ma€ Ti caMi KopeHi, — piBHOCHWJILHUM piBHAHHSM. ¥ CBOIO Yepry, ojiep:kaHe
PiBHAHHA 3aMiHIOIOTE MPOCTIITMM, PiBHOCHJIBHUM HOMY, i T. . ¥V pe3yJbTa-
Ti ojlepskyloTh HalilipocTillle pIBHSAHHSA, sike piBHOCHUJIbHE 3a/JaHOMY i KopeHi
Aroro nerko sHaiTH. I1i KopeHi i TiEEYM BOHM € KOPpeHAMH JaHOTO PIBHAHHA.

Jpyruii mMeros posB’A3VBAaHHA PIiBHAHB INOJATAE B TOMY, IO 3aJaHe
PiBHSHHA 3aMiHIOIOTH MPOCTIIIMM PiIBHAHHSAM, 0 KOPEHIB SKOI0 HAJEKATH
yci KopeHi JlaHOTO PiBHAHHA, TOOTO 3aMiHIOITH TAE B3BAHMM PIBHAHHAM-
HacJigroM. ¥ CBOKO Yepry, ojiepykaHe PIBHAHHS 3aMiHIOIOTEL OLIBII MPOCTUM
PIBHSHHSAM-HACIIKOM JOTH, TOKU HE OJepykaTh HAUINpoCTille piBHAHHSA, KO-
peHi Aaxoro nerro 3HaWTH. Tozl Bei KopeHi 3a71aHOTO PIBHAHHA 3HAXOZATHCH
cepe[l KOpeHIB ocTaHHLOro piBHAHHA. OT:ke, 1M00 3HAWTHM KOpeHIi 3aJaHO-
ro piBHAHHSA, JOCTATHRO KOPEHI OCTAHHBOTO PiBHAHHA MiJCTABUTH B 3ajla-
He pPiBHAHHA. 3a JIOTIOMOTOKI TAKOI NEPEBIpEH BIILNATE KOPEHI 3a/laHOTO
piBHAHHA (BUIYYalOTh TAK 3BaHI CMOPOHHI KOPeHi — Ti KOpeHi OCTAHHLOIO
PiBHAHHSA, AKI He 3a/IOBOJBHAITE 38, JAHOMY).

¥V macTynHOMY NyHETI 6y/le TaKOX IOKA3aHO 3aCTOCYBAHHS BJIACTUBOC-
Teil (pyHEIH 10 po3B’A3yBaHHA pIBHAHL IEBHOTO BHIY.

PiBHsiHHR-HaCHI oKW

PosrnssemMo JokNajHille, SK MOYHA pO3B’A3yBATH pIBHAHHSA 3a J0-
OOMOrol piBHfAHBL-HackiakiB. Ilpu poss’asyBanHi piBHAHL TOJIOBHE — He
3ary0uTH KoOpeHi 3ajaHOro piBHfHHSA, i TOMY B IepIIy 4Yepry MU MOBUHHI
CTeKUTH 38 THUM, I[00 KOX¥eH KOpiHb NMOYaATKOBOTO DIBHAHHS 3aJMINABCH
KOpeHeM HacTymHoro. PakTHUYHO Ie i € 03HAYeHHSAM pPIiBHAHHSA-HACTIIKY:
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Yy momy sunadxy, KOAU KONCHUL KOPIHb NePULOZ0 PIGHAHHA € KOpe-
Hem 0pyzozo, 0pyze Pi6HAHHA HA3USAEMbCA HACIIOKOM NepPuLOZO.

Lle osnauenns jo3Bossic OOI'PYHTYBATH TAKUN OPIEHTHP: A OJ€PIKAHHS
PiBHAHHA-HACHKIIKY JOCTATHLO POSIIAAHYTH 3a/laHe PIBHAHHA AK NPABHJILHY
YHCJOBY piBHIiCTBL i rapanTyBaTH (TOOTO MATH MOMKJIMBICTH OOI'DYHTYBATH),
IO KOJKHE HACTYNHE PIBHAHHA MH MOJKEMO OJCPIKATH AK IPABHJILHY YMC-
JIOBY piBHICTB,

HificHo, AKINO JOTPUMYBATHCH ILOI'O OPi€HTHPA, TO KOXeH KOpiHb Iep-
LIOI'0 PiBHAHHSA IepeTBOPIOE Ile PiBHAHHA HA NPABWJILHY YUCJIOBY PiBHICTB.
Aune Toji apyre piBHAHHA Tesk Oy/e NPaBUJILHOIO YMCJIOBOIO piBHicTIO, TOOTO
posrifAjyBaHe 3HAYeHHs 3MIHHOI € KopeHeM 1 JApyroro piBHAHHA, a e U
oO3HAYAE, 1[0 JApYyre PIBHAHHA € HACJIIKOM II€pIIOro.

2
" - . x =1
SaC‘TDCYGMO HaBeJeHWH OPIEHTHP 0 pOSB'HSYBaHH.H PIBHAHHA =0
x+

(1I0EM 1110 He BUKOPUCTOBYIOUHM BiJIoMy YMOBY piBHOCTI Jpo0y HY.JI0).

HAruo npasuibHO, 1o Api6 AopiBHIOE HY/HO, TO 000B’A3K0BO HOro uu-
ceJIbHUE JopiBHIoe HyM0. OTike, 3 JaHOro piBHAHHSA OJEPIKYEMO PIBHAHHSA-
machigor x* — 1 = 0. Ause Toai npasunsso, mo (x — 1) (x + 1) = 0. Ocranue
piBHaHHA Mae aBa KopeHi: x = 1 ta x = —1. [ligcrasnsroun ix y s3ajane pis-
HAHHSA, 6aYUMO, 1[0 TiIBEU KOPiHb X = 1 38/I0BOJIbHSAE MOYATKOBOMY PiBHSAH-
uwo. Yomy e cranoca?

Ile BigGysaerncs ToOMy, 10, BHEOPHUCTOBYIOUM pPiBHAHHSA-HACIIIKH,
MM rapaHTyeMO TiJIbKM Te, I[0 KOpPeHI 3aJaHOro piBHAHHSA He BTPAYAIOTH-
ca (ko:xHUII KopiHb Ieplioro piBHAHHA € KOpeHeM Japyroro). Aue apy-
re piBHAHHSA, KpiM KOpeHs IeplHIOro piBHAHHSA, Mae Ie i immwuil KopiHsb,
AKUI He € KOpeHeM Inepinoro piBHAHHA. J[ng nepimoro piBHAHHSA Ieil KOpiHb
€ CMOpPOHHIM, 1, 1106 iforo BiJciATH, BUKOHYEMO NEPEBipKY ITiJICTAHOBEOIO
KOpeHiB y nouaTkoBe piBHsaHHA. (Blisin geTansHo NpUYHUHU MOSBU CTOPOH-
HiX KopeHiB poaryisanyTo B Tabmuii 9.) OTske, 1106 NpaBHILHO BUKOPHUCTOBY-
BATH PiBHAHHSA-HACJIIKH /LIS PO3B’ S3yBaAHHSA PiBHAHL, HeoOXigHO maM’ATaATH
1ie OfMH OPIEHTHP: NPH BHKOPMCTAHHI PiBHAHL-HACHLIKIB MOKIMBA NOABA
CTOPOHHIX KOpeHiB, i TOMy HmepeBipka HiJICTAHOBKOK KOPEHIB y IOYATKOBE
PiBHAHHS € CKJIAJOBOI YACTHHOIO PO3B’S3YBAHHA.

Cxema 3acTocyBaHHS IMX OpieHTHpIB mojaHa B Tabmuni 8. ¥V nyukTti 3
miei Tabiwmili HaBeleHO PO3B’A3aHHA PIBHAHHSA

¥ e (1)

JIna Toro o6 poss’a3aTH Iie piBHAHHSA 32 JOIIOMOIO0 PiBHAHB-HACTIKIB,
JIOCTATHBO 3ajaHe PIBHAHHA PO3TJIAHYTH SAK NPaBUIbHY YHCJIOBY PiBHICTB
i Ba3HAYWTH, 110 V BUNAAKY, KOJH JBa YHCIa PiBHI, TO i iXHI KBagpaTH TeX

OyAyTH piBHI:
(Vx+2) =22 @)
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Ot:ke, MM rapaHTYEMO, 10 ¥V BHNAJKY, KoJu piBHicTs (1) nmpaBmibHa,
To i piBHicTE (2) Texk Gy/e MpaBMIBLHOIO, a Ie i o3HAYaE (AK OyJI0 MoOKAa3aHo
BHIIE), 1o piBHAHHA (2) € Hachigrom piBHAHHA (1). fknio Mu xoua 6 oguH
pa3 BUKOPHMCTAEMO PiBHAHHA-HACTIIEN (2 He piBHOCUJIBHI NIepeTBOPEHHA ), TO
MOZKEeMO OTPHMATH CTOPOHHI KOPeHi, 1 To/Ii 1o po3B’a3aHHA 000B’A3K0OBO BXO-
JUTH TMEepeBipKa oJIeprKaHNX KOPEeHIB ITi/ICTAHOBKOIO iX V 3a/laHe PiBHAHHA.

Baypasxxenud. [lepexij Bij 3aaHOro piBHAHHS 10 PiBHAHHA-HACHIIKY
MOJKHA NOZHAYMTH CIEIiaJlbHUM 3HAYKOM —», aJie HOro BUKODMCTAHHSA LA
sanucy poss’szanus He € obop’szroBumM. Paszom 3 TuM, AKINO el 3HAYOK
BUKOPHUCTAHO, TO Il€ CBIIMMTH NpO Te, [0 MU CKOPHUCTAIMCH PIBHAHHAMU-
HacJaiikaMy, i ToMy 060B’A3KOBO /10 3anucy po3B’A3aHHA HeoOXiJHO BEJIIO-
YUTHU MEePEeBIPKY OJlep:RAHUX KOpeHiB.

PiBHOCUNBHI PIBHAHHSA
3 MOHATTAM PiBHOCHJIBHOCTI BHM 3HaiioMi 3 Kypcy anrebpm 7 kiacy, jge
PiBHOCHJILHMMM HA3WBAJIHMCA PiBHAHHA, AKI MaJM OfHI ¥ Ti caMi KopeHi. 3a-
YBajKMMO, 1[0 PiBHOCHJIEHMMH BBajykaJMcA 1 Taki JBa piBHAHHSA, AK1 He MaJn
KopeHiB. PopMasbHO OyeMo BBajKaTH, IO i B IBOMY BHIIAJKY PiBHAHHA
MaloTh OJHI i Ti caMi KOpeHi, OCKiJILEH BiJNIOBi/Ii 10 TAKHUX PiBHAHB OJHAKO-
Bi: «piBHAHHA He Ma€ KOpeHiB» (TOYHINIE: OJHAKOBUMH € MHOYKMHH KOPEHIB
TaKWX PiBHAHB — BOHHW OOHM/IBI TOPOYKHI, IO TMO3HAYAKETH CHMBOJIOM ).
¥V kypci anrebpm i nmouaTkiB aHamisy Mu OyaeMo po3rinagaTH Gijenr sa-
raJbHe MOHATTA PiBHOCHJIBHOCTI, a caMe PiBHOCHJIBHICTE Ha IMEeBHI MHOMKHHI.
Hea pienanHa HA3UEAOMBCA PIEBHOCUNBHUMU HA 0eAKill MHONCUHI,
AKUWO HA Yill MHOXNCUHI 60HU Maromb o0Hi U mi caMmi KopeHi, mob-
mo AKUO KOXNceH KOPIHb Nnepulozo Pi6HAHHA € KopeHeMm 0pyzozo i,
HABNAKWL, KO¥%CeH KOPiHb 0pY2020 Pi6HAHHA € KOPEeHeM NepuLozo.
Jna piBHsSHB, fSKi 3a/laHO0 HA MHOYKMHI Beix gilicHMX uuceln (HAIpH-
KJAM, 1A JiHIHHWX), MM MOYK€MO JATH OJHO3HAYHY BiJNOBiJhL Ha 3AIIMTAH-
HA «Ym piBHOcHIBbHI 3ayaHi piBHaHHA?». Hanpuknian, pisusaas x +3 =0
i 2x + 6 = 0 piBHOCHIBLHI, OCKLTEEHM 00H/IBA MAIOThL OJJHAKOBUI KOpiHbL X = —3
i iHmux KopeHiB He MalTh. OTyke, KoskHe 3 HUX Ma€ Ti caMi po3B’A3KH, 1[0
i1 gpyre.
Ilpu posriisi piBHOCHILHOCTI PIBHSAHEL HA MHOYKHMHI, SIKA BiJIpisHAEThHCS
BiJi MHOKMHM BCiX JilicHMX YwMceJi, BiinoBiak Ha 3anuTanda «Yu piBHOCHIL-
Hi 3a7aHi piBHAHHA?» MoOXKe CYTTEBO 3aJI€KATH BiJl TOro, Ha AKill MHOMHMHIL
MM pO3rJAfaeMo Iii piBHaHHA. Hanpukinaa, SKI[0 pO3rJIAHYTHA PIBHAHHSA:

x2—1=0 3)
x+1 ’
x¥®—-1=0, (4)

To, ik OYJIO MOKA3aHO BHINeE, piBHAHHA (3) Mae TLILKM OJUH KopiHb x =1,
a piBHsaHHA (4) — aBa kopeHi: x =1 1a x = —1. Takum yMHOM, Ha MHOYKHMHI
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BCiX JiicHMX umMces Ii piBHAHHA He € PiBHOCHJIBHUMM, OCKiJBKN ¥ PIBHAHHA
(4) € xopinb x = —1, Akoro Hemae y piBHAHHA (3). Alle Ha MHOMKHHI JoJaT-
HUX JiMICHHUX YHces Ii piBHAHHA PiBHOCHJIbHI, OCKILJBEM HA Il MHOMKHHI
piBHAHHA (3) Mae eauHMIl gogaTHWII KOpiHb x = 1 i piBHAHHA (4) Tex Mae
TIMBKM OJMH JOJaTHWI KopiHb ¥ = 1. OTyke, HA MHOKHHI JOJATHUX YHCE
KOKHEe 18 UX piBHAHBL Ma€ Ti cami po3B’sA3KH, IO il Apyre.

3asHAYMMO, 1[0 MHOYKMHA, HA AKi po3riAaaioTh PiBHOCHJIBHICTH PiB-
HfiHb, AK TPABWJIO, He 38/Ia€ThCA INTYYHO (AK B OCTAHHBOMY BHIAJKY).
HajiiuacTimme 3a Taxy MHOkHHY BHOMpaioTh OJI3 3aganoro piBHAHHA. [lomo-
BHMOCH, II[0 HAJAIL

Bei piBHOCMIBHI nepersopenHs piBHANb (@ maxosc HepiBHOCTE
i cucTeM piBHAHL TA HepiBHocTell) Mu Oyaemo BuxonyeBaTu Ha 0/13
3a0AHOr0 piBHAHEA (HepiBHOCTI UM cHCTeMH),

3a3HAYMMO, 110 B TOMY BHIIaIKY, Koom OJ13 3aaHoro piBHAHHA € MHOMH-
Ha Beix JIMCHUX YHMCceN, MM He 3aByaM Oyaemo ii 3amucyBaTH (AK He 3alMCy-
Basm O]I3 npu posr’szyBaHHI JIHINHNX UM KBaJpaTHUX PiBHAHB). | B iHImMx
BUIAAKAX TojioBHe — He 3anmcaTn OJI3 70 poss’s3anHs piBHAHHSA, a peab-
HO BpaxyBaTH ii, BAKOHYIYH PiBHOCHJIBHI ITePeTBOPEHHA 38, JaHOI0 PiBHAHHA.

Hanmpuknan, pnsa piBHAHHSA Jx+2=x OJ13 BagaeTbecA HepPiBHICTIO
x + 2 =2 0. Komn mu nepexoaumo o piBHSHHA X + 2 = x%, To Anda Beix #oro
KOpEeHIB Ile PiBHAHHA € NpaBWJIbHOK piBHicTIO. Tomi Bupaz x%, akmMil cTOITH
V npaBifl yacTHHI miel piBHOCTI, 3aBx/anu HeBig emumii (x? > 0), a oTixe, piB-
HUi HoMy BHpasz x + 2 Tewx Oyae HeBig emuumM: x + 2 > 0. Aune e # osHauae,
uo OJI3 zamanoro piBHAHHA (x + 2 > () BpaxoBaHa aBTOMATHYHO JJIA BCiX
KOPEeHiB JIpyroro piBHAHHA i TOMY NpH Nepexo/ii Biji piBHAHHEA Yx+2=X Ji0
piBHaHHA x + 2 = x? O]I3 zajaHoro piBHAHHA MOYKHA HE 3aNWCYBATH 0
posB’azaHHA.

Jlns BHKOHAHHA PIBHOCHJIBHHMX IE€PETBOPEHBL CIIPOOYVEMO BHILINTH 3a-
rajgbHI Opi€eHTHPH, AHAJOTIYHI BiIIOBiIHUM Opi€eHTHpaM [AJA OJepPrKaHHA
PiBHAHB-HACTIIKIB.

flx ykasaHO BWINEe, BUKOHYIOUHM DI6HOCUJIbHI NepeneopeHHa pieHAHb,
HeoOxigHO BpaxyeaTn O]13 3agaHOTO PiBHAHHA — Ile NEPIIHIl OPIEHTHD ATA
BUKOHAHHA PIBHOCHUJILHUX N€pPEeTBOPEHE PiBHAHB.

3a o3HAUYEHHAM PIBHOCHIBHOCTI piBHAHB MOTPiIOHO rapaHTyBaTH, 100
KOKeH KOpPiHb TepIIoro piBEHAHHA OYB KOpeHeM Jpyroro i, HaBNAKH, KOYKEH
KOpiHB JIpyroro piBHAHHEA OyB KopeHeM mepimoro. [lns mepmoi sacTuHM miel
BHMOTH MH ByKe BHILTHIIHN 3araJbHHUH OPIEHTHP: 0CTATHRO TapaHTyBaTH 36epe-
JKEHHA TIPaBUIIBHOI PIBHOCTI ITPH MEPEX0/Ii BiJI MepInoro piBHAHHA JI0 APYTroro.

II1o6 BHEOHATH APYTY YACTHHY I[i€l BUMOTH, AOCTATHHO JpPyre PiBHAH-
HA PO3TIAHYTH SK NpPaBHUJIBHY piBHicTE (ToOTO B3ATH Take BHAUEHHS 3MiH-
HOI, AKe € KOpeHeM [pyroro piBHSHHSA) i rapaHTYBaTH, 110 IIPW IEPeXOoi 0
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MepuIoro piBHAHHA NpaBHJIbHA piBHicTH 30epiraeThes (meil KOpiHb Banwima-
€ThCA 1 KOpeHeM Meprioro piBHAHHA). PaKTHYHO 3 03HAYEHHS PiBHOCHJIb-
HOCTI PiBHAHB OJIEPIKYEMO, 110 KONCHE 3 PIBHOCUNbHUX DIGHAHb € HacaidKom
dpyeoeo pienanna. Taxkum YHMHOM, BHKOHYIOMM PiBHOCHJIBHI NMepeTBOpPeHH,
MH NOBHHHI TAPDAHTYBATH 30epekeHHA NPABMJIBHOI PIBHOCTI HA KOMKHOMY
KPoui Po3B’A3YBAHHA He TiJIBKH NMPH NPAMHX NePeTBOPEHHAX, a if MPH 3BO-
POTHHX — Ile JAPYIHil Opi€eHTHp /[JA po3B’A3YBAHHA PIBHAHL 38 JOIMOMOIOK)
piBHOCMJIBHMX TIepeTBopeHb. (BigmoBifHI opieHTMpPH cXeMaTHYHO IIOJAaHO
B IyHETI 5 Tabmmui 8.)

Hanpurnan, ujob po3s’A3aTh 3a JONMOMOT0K0 PiBHOCHJIBHHMX MEpPeTBOPEeHb

x% -1

PiBHAHHSA =0, mocraTHbo Bpaxysatu itoro OJI3: x + 1 # 0 i ymoBy pis-

X+
HocTi Jpoby Hy/o (Apib fopiBHIOE HYJIO TOAL i TLNBKEH TO/AL, KOJIU YUCEIEHUE
Apo0y JIoOpiBHIOE HYJIIO, 8 3HAMEHHUE He jopiBHioe Hymo). Takoss iy sBep-
HyTU yBary Ha Te, 1o Ha OJI3 Bei noTpibHi nepersopeHHs MOXKHA BUEOHATH
AK Yy IPAMOMY, TAK 1 Y 3BOPOTHOMY HANPAMEAX 13 30epeskeHHAM PaBUILHOL
piBHOCTI.

Banuc posB’AzaHHA B [BOMY pasi Moxke OYTH TaKUM:
x®-1

x+1
OJ13) abo x = —1 (ue 3ajoBosbHse ymoBi O]13). Bidnoside: 1.

Ilna BUKOHAHHS PIBHOCHJIBHHUX II€PeTBOPEHb PIBHAHBb MOMKHA TAKOYK
KOPHCTYBATHCA CIEIiaIbHUMH TeoOpeMaMH NP0 PiBHOCUJIBHICTH. ¥ 3B A3KY
3 YTOYHEHHAM O3HAYEHHS PIBHOCHJILHOCTI pIBHAHB Y3araJJbHUMO Takro Gop-
MY/JIOBAHHSA HAWINPOCTIIIMX TeopeM Ipo PiBHOCHJIBHICTH, BIJOMHX 3 KypCy
anrebpu 7 Kiacy.

=0. O/I3: x + 1 # 0. Toxi x* — 1 = 0. Orxe, x = 1 (3aJ0BOJTLHAE YMOBI

Teopema 1. Axwo 3 00Hi€T YacmMUHU PIEHAHHA NEePpeHecmU 6 THULY
yacmuny 000aHKU 3 NPOMUREHCHUM 3HAKOM, MO 00epicuMo pie-
HAHHSA, pieHocunbie 3adanomy (Ha 6YO0b-aKili MHONCUHL).
Teopema 2. Axwo obudei wacmunu pieHAHHA NOMHONCUMU a6O
nodinumu Ha odHe 1. me came wUcno, ake He dopienroe nynio (abo
HaQ 00HY U my camy QyHKYiro, Wo éu3HaveHa i He JOpieHIOE HYNIO
Ha 0J]3 3adanozo pieHaAHHA), Mo 00epiYyeMO DPieHAHHA, PieHO-
cunvhe 3adanomy (Ha OJ][3 3adanozo).

O6r'pyHTYBaHHA IIMX TeOpeM IMOBHICTIO aHAJIOTIYHe OOI'pPYHTYBaHHIO Opi-

€HTHPIB [J1A PiBHOCHIBHHUX NMEPETBOPEHD 38/JAHOTO PIBHAHHA.

BayBaskeHHsA. [l nosHaYeHHsA Mepexojy BiJ 3aJaHOro piBHAHHA 0
piBHOCHIILHOrO HOMY piBHSHHSA MO’HA BUKODPHCTOBYBATH cIelliaIbHUI 3HAa-
YOK <, aJlé B 3amKci po3B’a3aHb 1le He € 060B’a3koBuM. (Xoua iHogi mu itoro
6yaeMo BUKOPHCTOBYBATH, 106 MigkpecauTH, 1o 0yJ10 BUKOHAHO caMe piB-
HOCHUJIbHI ITepeTBOPeHHS. )
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Ipuraan 1

Poszeé’'azannsa

P OlB:x—-2#0ix-1=0.
Ha wiii O/13 sajiane piBHAHHESA piB-
HOCHUJIbHE PIBHAHHSAM:
5 3 _
i M
S(x—1)-3(x—-2)
T (*
2x+1 -
E-2E-1 @
2x +1=0, (4)
1

T0OTO x=—E.

Vpaxyemo O]I3: npu x:—-;-
2 2
2 2

Omraxce, x:—é — KOpiHb.

Bidnosgidv: —é.

Posp’sxiTe piBHAHHSA

4

x-2 x-1

Komenmap

BukopucTtaemo piBHOCHIIBHI Mepe-
TBOPEHHSA /1A po3B’A3YBAHHA 3a/JaHO-
ro piBHaHHA. JlnA mporo HeobXigHO
ppaxyBatn OJI3, Tomy sadikcyemo ii
obMeskeHHA Ha MOYATKY po3B’A3aHHA.

3a3HAYMMO, 1[0 8 PIBHAHHAX 00Me-
wenna O3 moxrcna minioku 3adirncy-
eamu, ane He poie’azysaniit, a 6 KiHuyi
nepesipumit, 4l SUKOHYIOMbCA Yi 00-
MenceHHA Ona 3HalideHux Kopewie.

Ilpu mepeHeceHHI YJieHA 3a/IaHOTO
PIBHAHHA 3 OJHIE€] YACTUHW PIBHAHHA
B iHIIY 3 MPOTHJIESKHUM 3HAKOM OJI€p-
skyeMo piBHAHHA (1), piBHOCHIIBHE 3a-
JIAHOMY.

3BOJIAYN /IO CILIBHOIO 3HAMEHHH-
K&, POSKPHMBAIYH JAYKEM 1 3BOJAYM
noAi0HI YJleHN, 3HOBY OJEP KYEMO TIpa-
BWJIBHY PIBHICTH 1 MOkeMO OOI'pyHTY-
BATH, N[0 NPM BHKOHAHHI BBOPOTHHUX
Jiii piBHICTHE Te’X He NOPYIIYETHCH,
oTixe, ofieprkaHi piBHAHHA (1)—(3) piB-
HOCHJIBHI 3aiaHoMy (Ha fioro O]13).

Jlpi6 dopienioe nynio modi i miae-
Ku modi, koau wucenvhur dpoby dopie-
HIOE HYNI0, 0 3HaAMeHHUK He dopieHIoe
Hyat. Alle Apyra yMoBa BiKe BpaxoBaHa
B obmesxerHax OJI3, oTike, ofeprye-
Mo piBHAHHA (4), piBHOCHIIBHE 381aHO-
My piBHAHHIO Ha Horo OJ13. Ockinbrn
BCi meperBopeHHA Oy/nHM piBHOCHIIBHH-
MH TinbEM 38 ypaxyBaaHaM O]13, To mu
TIOBHHHI NEepPeBipUTH, UM 328/J0BOJBHAE
ofep:xaHe umcio obmesxenaam OJI3.

4. TIpuynHEH MOABH CTOPOHHIX KOPEHIB TA BTPATH KOPEHIB NPH POo3B’A3yBaHHI
piBaans. Haiibinein TunmoBi BMNajky MosBH CTOPOHHIX KOpEHIB Ta BTPaTHU
KOpeHIB piBHAHHSA HaBeaeHo B Tabiuii 9. Tam ke BKaszaHo, K Yy KOKHOMY
3 I[UX BUIIAJKIB OJlepy«aTH NpaBUiIbHe (4H MMOBHE) po3B’sA3aHHA.
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MNpuanHa

[NepeTBopeHHs,
NPY SKUX e MOXe
Binbyeartucs

Mpwknag HeNpPaewNLHOrO
(44 HENOBHOIO) PO3B'A3aHHS

1. lNosiBa CTOPOHHIX KOPEHIB

Onepsrannsn

x2+Jx—2=6x+Jx—2.
IlepereceMo 3 TipaBoi HYACTHHU
PIBHAAHHA B JIBY JOJIAHOK +fx —2

PiBHSHE- .. 1. 3Benennsn ‘nomﬁ— 3 WM 3HAKOM i 3BejTe-
nn(:m,l.m-a 38 HHX YJIeHIB s p—
e b Opepaxnmo x* — 6x = 0,
x=0,x,=6
I
4) mepexony mo |2, 3meme obox H:Mno:mmo 1:)6:;;‘;6'1&(:1'}1
yiBHSAHHA, YACTHH piBHAH- . . :
[, ; pm HU pIBHAHHA HA CHLMLHMI 3HA-
y sxoro 013 HA [0 CHLIBHO- . .
il MeHHHE ycix apobis
HmiMpia, HIHE ro SHAMEHHHKA ( 4 2) (:r + 3)
Yy 3AJAHOTO (npu BigkugasHi 2 ' *
piBHaHus; 3HAMEHHHEA) Onep 9
Y d(x+3)+T(x+2)=4,
11x=-22, x=-2
3. Ilinaecennsn V2x+1=x.
060X YaCTHH Iligaecemo oOMABI YacTHHHU
ippanionasnsno- | PIBHAHHA 0 KEBajpara.
ro piBHAHHSA 110 2x+1=x,
KBAJIPATA x=-1
6) BHUKOHAHHA
nepeTBo- PFrax+i1=0.
PEHB, IPH Mrosce 50X ac- IlomuOkMMO 0OHABI UYACTHHU
AHNX Big- in piispand piBHsHHA Ha x — 1.
OyBaETHCH :ia S (x-1EE+x+1)=0.
HesBHe MHO- | T Opepaxumo x°* — 1 =0,
JHEeHHS HA =1

HYJb,




§ 3. PiBHAHHSA

Tabnunsa 9

Y yomy nonsrae
nomwunka

k ogepxaru
npaeuneHe (4m
NOBHE) PO3B'A3aHHA

Mpuknag NpasuneHOro
(44 NOBHOrO) PO3B'A3AHHS

npw po3e'a3yBaHHi p

IBHAHHS

x, =0 He € Kope-
HEM 3ajIaHOT0 PiB-
HAHHA

X = -2 He € Kope-
HEM 38/IaHOro piB-
HAHHSA

BuxonarTu
nepeBipry
I ICTA HOBKOIO

x = -1 He € Kope-
HEM 3aJaHOTO PiB-
HAHHA

KOPEeHIB y 3aaHe
piBHAHHSA

x =1 He € EKope-
HEM 38JaHOTO PiB-
HAHHA

22 +fx—-2=6x+Jx-2.
P x2-6x=0,x =0, x,=6,
IlepeBipka nmokasye, 1o

x, = 0 — croponsiii KopiHb,

x, = 6 — KopiHb.
Bidnosgide: 6. <]

4 7 4
+ = .

x+2 x+3 x%4+5x+6
PAa(x+3)+ 7 (x+2)=4;

11x=-22, x=-2.
IlepeBipra nokasye, 110
x = —2 — CTOpOHHI KOpPiHb.
Bidnosidv: xopenis Hemae. <

V2x+1=+x.
P2x+1=2x x=-1.
IlepeBipra mokasye, mjo
x = —1 — CTOpOHHIiH KOpiHB.
Bidnoeide: ropeHiB Hemae. <

Jlnsa posB’sazaHHA IBOrO PiBHAH-
HA He Oyrmo HeobxigHOCTI MHO-
KUTH Ha x — 1.

¥+ x+1==0.
P D=-3<0.
Bidnosids: xoperis Hemae. <]
fr1o noMHOEWUTH 00K IBI UaCTHHNA
piBHAHHA Ha X — 1, To epeBipka
MOKa3ye, Mo X = 1 — cToOpoHHIiH
EOpiHb, TOOTO pIBHAHHA HEe Ma€
KOPEHIB.

77



78 Poapin 1. @YHKLYI, PIBHAHHA | HEPIBHOCTI

MNpuynHa

[NepeTeopeHHs,
NPy SKUX Le MOXe
Binbysartucs

MNpuknag, HenpaeunLHOro
(441 HENOBHOIO) PO3B'A3aHHS

1. MNosiBa CTOPOHHIX KOpEeHiB

B) 3ACTOCYBAH-
HA 10 000X
YACTHH piB-
HAHHEA PyHK-
nii, #AKA He
€ 3pocTa-
YO abo
CHIATHOIO

ITinaecennsn o0box
YACTHH pPiBHAHHA
JI0 MAPHOTO CTeNeHs
a00 3acTOCYBAHHSA J10
060X YACTHH PiBHIH-
HA TPHIOHOMETpPHY-
HuX yHKuii

(mmB. c. 365)

x=1=2x+1.
Ilignecemo obuaBiI yacTHHHU piB-
HSIHHS JI0 KBajpaTa:
(x=1)2=(2x +1)%
Opepaxumo 3x* + 6x = 0,
x,=0,x,=-2

2. Brpara kopeHis

fiBHe un HesABHE
3ayscennn 0J[3
3adanozo pie
HAHHA, 30KPEMA
BHKOHAHHS Iepe-
TBOpPEHBb, ¥ MPO-
neci AKNX BiAOy-
BAETHCA HEeSABHE
ALIeHHA HA HYJIH

1. Jlinemmsn  obox
YACTHH PiBHAH-
HA HA BHpas 3i
3MIHHO¥O

xt==x.
IomimaBIny 06MABI YaCTHHU PiB-
HAHHA HA X, OJEPIKUMO

=1

HNonasaunus, Bin-
HIMAHHA, MHO-
sxenns abo -
JeHHs1 060X yac-
THH DIBHAHHSA HA
BHpAa3, V HKOro
O/13 Byxua, Hix
V 3aAHOrO PpiB-
HAHHA

x=1.
HArimo go 060x yacTHUH piBHAHHSA

JOIaTH J;, TO OHEP>KHUMO PiB-

HAHHA
2 +Jx =1+x,

V SKOT0 TiBKHW OJWH KOPiHB
x=1




§ 3. PiBHAHHA

Ilpodoencenna maba. 9

Y yomy nonsrae
nomwunka

¢k opepxaru
npasuneHe (4m
NOBHE) PO3B'A3aHHS

Mpuknag, npasnnsHOro
(41 NOBHOrO) PO3B’'A3aHHSA

npu po3e'a3yBaHHi p

IBHAHHS

x, =0 e € Kope-
HeM 38/IaHOTO piB-
HAHHA

BuxonaTi
nepesipky
NiJICTAHOBKOIO
KOPEHIB y 3aiaHe
piBHAHHSA

V npaHomy piBHAHHI He OyJo
HeobOxigHOCTI  migHOCMTHM IO
KBapaTa.

x=1=2x+1.
Px-2x=1+1,x=-2.
Bidnoside: —2. <
fkuio BHKOpPHCTATH IIiTHECEHHA
JI0 EBajpaTa, TO IepeBipka Io-
Kasye, mo X,=-2 — KOpiHb, a
x, = 0 — croponHi# KopiHb

npv PO3e's3yBaHHI P

IBHAHHS

Brpatniu kopiub
x =0, ockinbkn
nicnsa glieHHA Ha
x (aKTUYHO Ojiep-
YKAJIM PIBHAHHSA

2

. _x
x X )
vy Aarxoro OJ13:

x # 0, TobTO 3BY-
suam OJI3 3agaHO-
ro piBHAHHA

Ti snauenns, HA
Kl 3BYZHJACH

Brpatnnmu kopiHb
x =-1, ockiIpEH
OJI3 zamaHOTO PiB-
HAHHA: X — OyaB-
AKe 4YHuelio, a Jx
icHye TiMBEM HOpu
x=20

0/13, meobxigno

A=
1. Ilpu x = 0 opepsxyemMo
0? = 0 — npaBuIBHA piB-
HicThB, oTHe, X =0 — EKo-
PiHB.
2. Ilpm x # 0 omepxyemMoO
r—2=£, =1
x x
Bidnosioe: 0; 1. <
(BasBuuail 3pyuHiue po3e A3y
eamu mak: x2 — x =0,
% (x=1)=0:2=0;2=1:)

POSIJIAHYTH OKpPeMO

V pasHomy piBHAHHI He Oymo He-
obxigHoCTI JogaBaTH Jio 060X
wacrun VJx.

P x2=1, x=41.

Bidnogidv: +1. <]

(Ax6n joBesiocsi pomaBaTH IO
060X 4YacTUH J;, T0 ipn x < 0
3ajaHe piBHAHHSA IOTpi6HO 6yi0
6 PposrnAHYyTH OEKpeMo, 1 Tomi
omep:kamm O me W KopiHb
% =15)
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EE 3anuTraHHA AR KOHTPOMO

1. llo nasusBaeTbesn kopeneM piBHsuua? Hapegite npukminagu.

2. JlaiiTe osHauyenHsa obaacti monyernmvmx sHavenb (OJ13) piBaannsa. Ha-
Be/iTh TPUKJIAJH.

3. Jlalite osHaueHHs pIBHAHHA-HACIIAKY 3ajaHoro piBHsaHHA. Hasepirs
npuknajgu. IloscHites, y skoMy BUNAaJKy MOMHA MapaHTyBaTH, L0 B pe-
3YJLTATI lepeTBOPEHHS PIBHAHHSA O/lepyka/ i PiBHAHHSA-HACIIJIOK.

4. JlaiiTe o3HaueHHA piBHOCWJILHUX piBHAHL. HaBemiTe npuraagmn. Ilosc-
HiTB, Y AKOMY BUIAJKY MOYKHA PAPAHTYBATH, [0 B Pe3yJBTATI MEpeTBO-
PeHHA PIBHAHHA OJEPyKAJM PiBHAHHA, PIBHOCHJIbHE BaJAHOMY.

5. CdopmymoiiTe OCHOBHI TeopeMH Ipo piBHOCUILHICTL piBHAHL. HasepiTh
NPUKJIAJU X BUKOPHCTAHHS.

6. IlosAcHiTh, y pe3yibTaTi AKHUX MEepeTBOPEeHb 3aJaHOTO PIBHAHHA MOXKHA
O/IEP’KATH CTOPOHHI /IJIA 38,JaHOTO PiBHAHHA KopeHi. Ik MoxkHa BijciaTh
cTopoHHi KopeHi? HaBemiTe mpuEnamm.

7. llosicHiTh, y pesysbTaTi AKMX NEpPeTBOPEHbL 38AHOrC PIBHAHHS MOMHA
BTPATUTH KopeHi nporo pisHsuus. Hasegite npurnamu. Iloscuits Ha
NpUEJIAJax, K HeobxXiJHO JONOBHUTH Bi/IOBi/IHI nepeTBOpeHH, 11106 He
BTPaATHUTH KOPEHI1 3a/IaHOI0 pPiBHAHHSA.

E Bnpaswn
1°. Buaiigite obnacte gonyerumux suavens (OJ13) pisusaums:
1) 23 _Z-3_¢ 3) Jr =26,
x+2 & x—1
g) 2H__* _g 4) Jer+5-2=5_9.
3 x“+1 x+4
2. 3’scyiiTe: a) uu € JApyre piBHAHHSA HACJIJKOM MEPIIOro;
0) um € 1i piBHAHHA piBHOCUILHUMH (BignoBigeL 06r'pyHTYVIITE):
2
1)2x2-8x—-9=0ix® -4x—-4,56=0; 2) ;7_4=0 ia?—-4=0.
x“—bx+6

3°. ObrpyuryiiTe piBHOCWIBHICTE PiBHAHB:

Po5x—8=7—-3x 1 Bx+3xr=T18;
2x—-1D)(x*+5)=x(x*+5) i 2x—1=x.

4°. Obrpyuryiite, 1o 3a/aHi piBHAHHA He € PIBHOCHJIBHHMH:

) *+——=9+—1_ix=9 2)@x-1D(EE-5=x(-5Hi2x-1=x
x+3 x+3

5°. IlosicHiTh, Kl NepeTBopeHHs GyJI0 BUKOPHCTAHO IIPH Iepexo/i Bij mep-

[IOTO PiBHAHHSA 0 APYrOro i Y¥ MOYKYTh BOHH IIPUBOIUTH JI0 IIOPYIIEHHS
PiBHOCHIILHOCTI:
1) 3x+1,1=6,8—2x i 3x+2x=6,8—1,1;
2
2) % ‘§‘+3x2—1=0 ix-9+32-1=0;

x+
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10.

11.

5 ay 4y o 4
3) m+x—3 ibs+x(Bx-1)=338x-1)
4) Jxl-1=2-2 i 22-1=2a%-4x + 4.
Yu € piBHOCHMIBHMMHM 3a/JaHi piBHAHHEA Ha OJI3 mepiroro 3 HUX:
1) 6-x=x+7 i b-x+——=x+T+—;
x-3 x-3

2) 122 _X75 5 12 - 2x=x- 5
x-2 x-2
3) 6-x=10 i 6-x+Jx-Jx=10;
4) (2 +2x-3)(x*+6)=5(2+6) i 22+2x-3=05;
2
B) 2 -1=6x-1i *-1=-8"19
x X
Posp’saxkiTe piBHAHHEA 1 BRAKITE, ke NEPETBOPEHHA MOIJIO IIPUBECTH JIO
MOPYIIeHHs PIBHOCWILHOCTI:

1) 2-3-% 2+, . 2) £+(x-2)2+8=(4—x)(2—x);
x 2 x 4 x x
3) 7 I _ 6  x-—4, 4) 1 + x-6 1

x-2 3x’_12 2-x
Posp’sskiTh piBHSAHHSA 3a JONOMOro0 PiBHAHBL-HACTIKIB i BRaKiTh, AKe
HepeTBOPEeHHA MOIJIO IPUBECTH JI0 NMOPYINEHHA PiBHOCHJIBHOCTI:

1) 8x+VJx—2=5x—1+Jx—2; 2) V2x+5=x+1;
3) ¥V3-2x=1-x; 4) J5+x*=x—4.

3a AKol YMOBH PiBHAHHSA € PiBHOCHJIBHHMM:

DD g if@ =g @x-3)

2) f@+Jx=g@+Jx if(x)=g()?

Yu moske BigbyTHes BTpaTa KopeHiB abo IosfiBa CTOPOHHIX KOpEeHIB,

AKIO:

1) pisasanns (22 + 7)  (x) = 4x® + 28 zaminuTu piBasaaaM [ (x) = 4;

2) piBusuasa (x — 1) f (x) = (x — 1) g(x) saminuTu piBaauuam f (x) = g(x);

[ _g@

x+38 x+3
f (=)

3x%+5

Posp’sskiTh piBHAHHSA i 06r'pyHTYIITE, 110 TOOYI0BAHO JIAHIIOMKOE PiBHO-

CUJILHUX PIBHAHB:

A3 (-1 +2x - )+ 1) =(x+2)%

2 x—10F—(x— 3P =3x+26;

xt+1P—-(x—1P=602+rx+ 1)

4 (Bx—-1P+6Bx—3)2x+1)=(x—- 1P +52x + 1)

x+3 3-x - xz_g 3+x’

3) piBHAHHSA 3aMiEnTH piBHAHHEAM [ (x) = 2 (x);

4) piBHAHHSA =( samiEnTH piBHAHHAM [ (x) = 0?
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3.2. 3acrocyBaHHA BhnacTUBOCTEN QYHKLIN A0 PO3B'A3YyBaHHA PIBHAHD

Tabanna 10

OpieHTup [ lNpuknag,

1. CkinueHHa OA3

Hxmo obnacts JomycTHMMX
suavenk (0J/13) piBEaEEA
(mepiBHOCTiI AGO0 CHCTEMM)
CRIAJARETHCA i3 CKIHYEeHHOro
YyHeja 3HaAYeHb, TO AJA Po3-
B’ASYBAHHSA JOCTATHLO Nepe-
BipHTH Bei 1[I 3HAYEHHN

Jei—1+x=1+2-22%.
x*-120, [«*21,
> OfI3: {2—2::2;-0@{:;2(1
Iepesipra.
x =1 — xopins (VO+1=1++0,1=1),
x = -1 — me xopinb (VO-1£1+40).
Bidnogidv: 1. <!

ext=leox=1+1,

2. OuiHKa 3Ha4yeHb AIBOI Ta Npaeoi YaCTUH PIBHAHHA

f )= ) v e
g(x)=a

| (x) =2 a,

g(x)<a

Hyo noTpioHo po3s’a3aTH PIBHAHHSA
Buay [ (x) = £ (x) i 3’scyBanocs, wo
f(x) = a, g (x) € a, To piBnicTL Mix
JNiBOYO i NPABOIO YACTHHAMEH MOJKJIHBA
Toal 1 Tiasku Toni, koau [ (x) i g (x)
OTHOMACHO JOPIBHIOKNTE @

1-x%= 1+,A?|.

> f()=1-22<1,
g(@) =1+ x[>1 (Bo fjx[>0).

Or:xe, 3ajaHe pIiBHAHHA piBHOCHIIbHE
cucTeMi

1-x*=1, o
Jedz =1

Bidnoside: 0. <

f, @) + 1, () 5 (x)=0,
, X + - B k3

bt 1o = 0. | 4 =S
f, (x) >0,
i (x)>0

Cyma Kilekox Hegid eMHUX (DUHK-
yiit dopienioe Hynio nwodi i MinbKU
modi, xkoau eci (pyHKyii 00HOYACHO
dopieHIoNte HYII0

-Jx—2+|x2—2x|+(x2—4)2:0.

P f(x)=vx-2>0, f,(0)=|x* - 2x| >0,
fo (x) = (a2 — 42 > 0.

Ot:xe, BajaHe pIBHAHHA PpPiBHOCHIbHE

cucTeMi
Jx-2=0,
|x*—2x|=0,
(x2-4)*=0.

3 mepiroro piBHAHHA OJEpP:KYEMO ¥ = 2,
[0 38/I0BOJILHSAE Beill cueremi

Bidnoeide: 2. <




§ 3. PigHaHHs B3

Ilpodoencerna maba. 10

3. BUKOpPUCTaHHSA 3pOCTaHHsA Ta cnapaHHsA GyHKUINA

Cxema po3B'A3yBaHHA PIBHAHHA

1. Iid6upaemo odun abo dekxinvka KoOpeHieé PiBHAHHA.
2. lloeodumo, wo iHuwux KopeHie ye pi6HAHHA He Ma€ (BUEOPUCTOBYIOUM Teope-
MM [P0 KOpeHi piBHAHHA 860 OLIHEY JiBOI Ta HpaBoi YaCTUH PIBHAHHSA)

Y/ Dy
O
’;\ /

a )

TeopemMu NpPo KOPEHI PIBHAHHA

1, flkmo B piBuanui [ (x) = a Qyurkuin

[ (x) spocrae (cnajgac) na aeaxomy
OPOMIKKY, TO lLe pIiBHAHHA MoOJKe
MATH He ﬁi..‘llall.l HixK oamn l\'()]lillb Ha
UBOMY HPOMIKRKY,
Mpuknag

PiBHAHHA J;+ 2x* =8 mMae €am-
Huit Eopinp x =1 (-Ji+2 -1%=38,
10010 3 = 3), oOcKimBEM (YHKIA
f(x)=vJx +2x* spocrac Ha Beiit 06-
JacTi BusHadenHs x = 0

y!
y=g(x) &
/ ;\/
KN
| I
I 0 é x, ﬂ x

Sxwo B piBnanui [ (x) = g (x) Qynk-
uis [ (x) 3pocTac Ha IeAKOMY ITPOMisK-
KY, & pyuKLisg g (x) cnagAc HA UHOMY
caMoMy npomiskry (a0 HaBHAKH), TO
e piBHAHHA MOKe MATH He Oiabux
HiK O/IHH KOPiHb HA LLOMY IIPOMILIKKY.
Mpwviknag,
Pisuanus Ja_c+x3:3—x Mae €IU-
muit kopime x=1 (V1+1¥=3-1,
; 3
10670 2 = 2), OCKiNBEN f(x)=-\/;+x
3pocTa€e Ha Beiil o0nacTi BMBHAYEHHA
x 20, a g (x)=3-x cnagae (Ha
mHO%EMHIL R, a oTixe, i nmpu x = 0)

BN [MoscHeHHSN i O6rpyHTYBaHHA

1. Crimruenna OJI3. Haragaemo, o y pasi, ko 3ajaHo piBaasaa [ (x) = g(x),
crninbHA obnacTh Bu3HaUeHHA AndA GyHELIN [ (x) i g (x) HasuBaeThea obaac-
nio donycnmumux 3HaYeHb IHOTO PIBHAHHA. S3pO3YMiNO, W0 KOMEH KOPiHB
3a/1aHOTO PiBHAHHA BXOAWTH AE 0 obiacti BusHaueHHA QyHEUII [ (x), Tax
i go obnacTi BuzHaueHHA (QYHEOIL g (x). Orke, KOMEH KOPiHb PIBHAHHS
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o606’ a3koeo eéxodume do OJ]3 yvozo pienanni. lle gossonde B JefAKUX BHU-
nagkax, apamgisyioun O]13, ozgep:kaTH po3B’A3KM PiBHAHHA.
Hanpurnaja, Akmo s3ajaHo piBHAHHA Jx—2+44—2x:3x—6, TO Horo

x—-220,
OJI3 MoskHA 3aTHCATH 38 JIONIOMOTOK0 CHCTEMH { 4—2230 Poss’azyroumn 110
x22, :
CHCTEMY, OJEPIKYEMO <2, T06TO0 x = 2. OTixe, OJI3 3ajaHOrO piBHAHHA
x

CKJIAJAE€THCA JIMIIE 3 OJJHOTO 3HAYEHHA ¥ = 2. AJle AKII0 TiIBKEW JJIA OJHOTO
yuesa MmoTpibHo 3’AcyBaTH, YH € BOHO KOpeHeM 3aJIaHOro PiBHAHHA, TO A
IBOT'O JOCTATHHO ITi/ICTABUTH Il€ 3HAYEHHA B PIBHAHHA. ¥ Pe3yJBTATI ofep-
JKYEMO TIpaBUIbHY umcJsioBy piBHicTh (0 = 0). Otike, ¥ = 2 — KOpiHBb IHOTO
PiBHAHHA, IHIIUX KOpeHIB OYTH He MOke, OCKIJBKHM BCi KOpeHi piBHAHHA
3HaXoATheA B ¥oro OJI3, a TaMm HeMae IHIIMX 3HAYEHB, KpiM X = 2.

PosrnaryTrii npuEIaj 103B0JIA€ BU/ILIMTH OPi€EHTHD JA PO3B’ A3YBAHHA

AHAJIOTIYHUX PiBHAHB:
axwo OJI3 pienannsn (a maxodx HepienHocmi abo cucmemu) cxna-
daemuen i3 CKIHYEHHOZO WUCAA 3HAY€Hb, MO ONA po3é A3YEAHHA
docmamHivo nepesipumu 6ci Yi 3HAYEHHA.

SayBasxenusa. ¥V momy eunadky, koau O3 — nopomcHa mHoxuHa (He
MICTHTL KOJHOrO 4MceJa), MU Moxcemo 3pa3y Oamu eidnoeidv, wo 3adame
DIGHAHHA HE MA€ KOPCHIB.

Hanpuknaj, sikmno norpibHo poss’sasaTu piBHAHHS Jx—3=v2—x +5x,
x—3>0, {x >

AKa He Mae
2—x=20, x<2
posp’saskiB. Orire, OJI3 3amaHOro piBHAHHA He MICTHTH >KOJHOTO YHCJA,
i TOMY 1le piBHAHHA He Ma€ KOpPeHiB.

10 tioro OJI3 3aja€Thcsi CHCTEMOIO {

2. Ouinka 3HAaYeHH JiBOI TA NpaBoi yacTHH piBuaauA. [leski piBHAHHA
MOKHA pO3B’A3aTH 3a JOMOMOIOI0 OIIHKHM 3HAYeHb JIiBOI Ta NpaBoi YACTHUH
piBHAHHSA.
Hexait mu poss’sasyemo pisusauns [ (x) = g (x) i Ham yaanoes 3’sacysatu,
110 /J1f BCiX JONYCTHMUX 3HAaYEeHb X 3HaueHHd [ (x) > a, a 3HaveHHsd g (x) < a.
® Posrnauemo asa Bunmagru: 1) f (x) > a; 2) f (x) = a.
HArmo f (x) > a, To pisHicts f (x) = g (x¥) He Moxe BuKOHYBaTHCH, GO
g (x) € a, TobTo npu f (x) > a 3ajaHe piBHAHHA KOpPEHIB He Mae. 3aJu-
maeThesd TIMBEM BUNAIoE f (x) = a, ane, ypaXxoByiOuUM HeoOXigHiCcTL BH-
KoHaHHsA piBHOcTi f (x) = g (x), maemo, ugo Togi g (x) = a. Orike, Mu 06-
I'PYHTYBaJIM, 110 BUKOHAHHSA piBHocTi f(x) =g (x) (3a vmoB f(x) = a
i g (x¥) £ a) rapaHTye ojHoYacHe BHKOHaHHSA piBHocTeil f(x)=a i
g (x) = a (i vaBnaku, AKIIO OJHOYACHO BUEOHVIOTheA piBHocTi f (x)=a
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i g (x) = a, 1o BUKOHY€ETheA 1 piBHicTS [ (x) = g (x)). K 6yn0 nMokasaHo
B yHKTI 3.1, 1e ¥ ozHauae, mo piBHAHHEA [ (x) = g (x) piBHOCHIIBHE cHC-

: {f (x)=a, .
Mi KopoTko ne moskna sanucaty Tak:
g(x)=a.
———— . [f(®)=0,
.,f_(.l)-- g (x) | « l{.{(.\'):ﬂ
f(x) = a,
gx)<a O

Ilpukna; BUKOPpHCTAHHA TAKOro crnocoby po3B’sA3yBaHHA PiBHAHbL HABE-
JieHo B IyHETI 2 Tabmani 10.

AHanoriuHo Jio monepeHiX MipEYBaHb MOXKHA OOIPYHTYBATH i OpIEHTHP
Ans po3B’asyBaHHA piBHAHHA [, (x) + [, (x) + ... + [ (x) =0, y axomy Bci
dynrnii-gogankn vepig’emsi (f, (x) 2 0; f, (x) 2 0; ...; f, (x) = 0).
® SHrmo mpunycrutH, mo f, (x) > 0, To cyma Beix QyHELIH, 0 CTOATH

y JiBiil YACTHHI IBOT0O PIBHAHHSA, MOXK€ JIOPIBHIOBATH HYJIIO TiMBKHW TOJI,

romm cyma f, (x) + ... + f, (x) 6yzme Big'emHOI. Ane Ile HeMOYKIMBO,

OCKinmbKM 3a ymMoBoo Bei (yHENIT HeBix'emni. Omxe, npu [, (x) > 0 sa-

JlaHe PIBHAHHA He Ma€ kopeHiB. Ili cami MipkyBaHHA MOYKHA TTOBTOPHTH

ana Oyab-Akol iHmol (QyHEIII-JogaHEKa. 3allMMIAETHCA €IMHA MOFKJIIH-

BicTh — yci QVHEIII-I0JaHEH JOPIiBHIOWTE HYJIKO (0YE€BHIHO, IO B I[HO-

My BHNajky piBHicTs f, (x) + f, (x) + ... + [ (x) = 0 o6oB’aAz3KOBO Oyze

BUKOHYBaTHcA). Takum uMHOM, cyMa Kilbkox Hesid emuux Qymnryiit do-

pienioe Hynwo modi i miavku modi, Koau eci pyHKyii odHovacHo dopieHio-

ome Hyawo. O

Hanpurnaj, mob poss’ssatyn pisaasas x* + | x — 1| = 2a? — 1, mocrar-
HBO TE€PEeHeCTH Bci 4neHM B oauwH Oik, 3anmcaTh PpIiBHAHHA Y BHUIJATL
(a2 = 12 + |x — 1| = 0i B3saTm g0 yBarm, mpo (x* — 1)?i|x — 1| — meBig’emni
(x*-1)*=0,
|x-1]=0.
roro piBHsIHHA ojlep:kyemMo X = 1, 1[0 3a/I0BOJIbHAE Beili cucTemi, ToOOTO 3a-
JiaHe PIBHAHHA Ma€ €IUHHI Kopins x = 1.

¢yugenii. Orske, 3a/laHe pIBHAHHSA PiBHOCHIIbHE CHCTEMi { Ipy-

3. BuHEOpHCTAHHA 3pPOCTAHHS TAa cHAJaHHA (QYHELIN 10 po3B’A3yBaHHA
PiBHAHB CIIMPaEThCA HA TAKY BIACTHBICTB: 3pocmartia abo cnadva (pynxyis
Habyeae KONHO20 C6020 3HAYCHHS MiAbKU 6 00HiiL moyyi ii obracmi eu3Ha-
YeHH .

KopucHo nam’aTaTi cneniansHI TeOpeMH PO KOPeHI pIBHAHHA.

Teopema 1. fikmpe B pisaaaHi [ (x) = a Qyvaknia [ (x) spocrae (cnaagac)
HA IeAKOMY HPOMIXKKY, TO Ile¢ PIBHAHHS MOYe MATH He OLnbm Hi:K oauUH
KOPIHb HA HBOMY NPOMIKKY.
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I'pagiuso TBep ikeHHA TeopeMH NpoilmocTpoBaHo Ha pucyHkY H1. Tlpa-
Ma Yy = @ nepernHae rpadik spocrarouoi Ha npomizkky [ ] dynrnii y = f (x)
TineEM B ogHiil Touni. Ile it ozHauae, mo piBHaHHA [ (X) = 0 He MoXke MaTH
Ginbire ofHOro KopeHa Ha nmpoMiskky [o; []. loBegemo e TBepmkeHHA aHAa-
JTUYIHO.
® Slkmo Ba npowmiskky [o; [] piBrAEEA Mae kopiEb X, TO f (X)) = a. In-
X KOpeHiB OyTH He Moske, OCKIJBEM /A 3pocTaindyoi (yHEIL
f (x) mpu x > x, opepsxyemo f(x)> f(x)=a, a npu x <x, Maemo
f(x) < f(x,) = a. Orxe, mpn x # x,, [ (x) # a. Anajoriuso jna cnajHOI
GyHrnii npyu x # x, ogepskyemo f (x) # a. O

Teopema 2. flkmo B piBusuni [ (x) = £ (x) pyuxuin [ (x) spocrac Ha
JeAKoMy npomizkry, a QyHruia g (x) cuagae Ha ULOMY CAMOMY HpO-
mizkry (AG0 HABNAKM), TO Le PIBHAHHA MOJKe MATH He OLILII HiK oaMH
KOPIHL HA 1LOMY HPOMIKKY.

I'pagiuso TBep/IxeHHA TeOPEeMH MPOLTIOCTPOBAHO HA PHMCYHEY 52.

y/ 3\/ y
NS

%

- y=g(x) &
y=a |a L)

;\
L)

bl |\

o =

Pue. 51 Puec. 52

e

® Sxmo va npomizkky [o; ] piBEsHES Mae Kopiub X, To [ (x,) = g (x,) = a.
Inmux xopeHiB 6yTH He Mosike, OCKLIBKHM, HANPUEKJA, JJIA 3pPOCTAIOYOT
¢Gyuknii f (x) i conagnoi ¢yurnii g (x) npu x > x, maemo f (x) > a, a
g (x) < a, orxe, f (x) # g (x). Ananoriuno i mpu x < x,, f (x) # g (x). O
Kosxua i3 nux TeopeM cTBep/zkye, 10 8 PO3ZASHYMOMY NpoMixcky 3ada-

He PIBHAHHA MOX}e Mamu He 0iabll Hix 00UH KOPiHb, TOOTO a60 Ue PIBHAHHA

308CiM He Ma€ KopeHis, a0 80HO Mae MiavkKu €dJuHuil Kopinb. ko HaAM

yaanoca migibpaTH oJMH KOpPiHbL TAKOrO PiBHAHHS, TO IHINMX KOpEHIB y 3a-

JAHOMY IIPOMisKKY PIBHAHHSA He MAae€.

Hanpuknaza, mob6 poss’saszatu piBHsuEa x° + x = 10, goctaTHho MOMI-
tiTH, o ¢yuernia f(x) = x* + x € 3pocTapuo Ha Beilt uucnoBift Mpamit

(& cyMma aBOX 3pocraroumx (yHEIIN) i mo x = 2 — kopikk' LOro piBHAHHS

! Kopias x = 2 oglepsxaso nigbupasaaM. Sk npasnio, niabip nounsawTs i3 mi-
aux sEaveHs: x = 0, 1, 12, ..., axi mijACTaBIAIOTE V 3ajlaHe PIBHAHHS.
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(2* + 2 = 10; 10 = 10). Ot:xe, zapane piBHaHHA [ (x) = 10 Mae egunanil Ko-
piup x = 2.

3a3HAYMMO, [0 KOYKHA 3 IIHX TeOPeM rapaHTye €IHHICTh KOPeHA PiBHAH-
HA (AKIIO BiH €) TiMBKWM Ha MPOMIKKEY 3pocTaHHA (UM cnaJaHHA) BiAnoBigHOT
¢dyvarnii. roo GyHENiA Mae JekinbKa MPOMiXKKIB 3pocTaHHA i cHajJaHHA,
TO JIOBOJATHCA POBTJIAJATH KOMEH 3 HUX OKPeMO.

. : 2
ITpuxaan PosB’skxeMo 3a JIONOMOTOI0 TeopeMy 2 pPiBHAHHA X° +x==,
x

P Coouatry coig ypaxysatu #ioro OJI3: x # 0 i aragaTu, mo QpyHENin y= =
X

Ha Beilh obsacTi BUsHAYEHHS He € Hi cna/iHoI0, Hi 3pocraiouoio (nyHET 2.2),

ajie BOHA CHAJA€ HA KOYKHOMY 3 NpoMizkkiB (—oo; 0) i (0; +). Tomy posriis-

HEMO KOXKeH IPOMIZKOK OKpeMo.

1) Ilpum x > 0 3ajaHe piBHAHHA Ma€ KOpiHb X = 1 (13-&1:%, 2=2).
dyurnia f (x) = x* + x spocrae npn x > 0 (4 norkasaHo BuIlle, BOHA
spocrae Ha MHO3kUHI R), a pyHkLia g(x)= 2 cnajiae Ha npoMiskky x > 0.

X
Omxe, 3agane piBHAHHA [ (x) = g (x) mpm x > 0 Mae eguHMII KOpiHB

=1

2) Ilpmx < 03ajaHe piBHSHHA MA€ KOPiHbLXY = —1 ({—1)"“+(—1}:—2? —2:—2).

Dyurnis f (x) = x* + x spocrae npu x < 0, a pyurnis g(:lc):E cnajae
x

Ha oMy npomizkry. Tomy 3azane piBaasEA [ (x) = € (x) npu x < 0 mae

€IMHWI KOpiHb x = —1.

V¥ BipmoBige cij 3anMcaTH Bei 3HAleH] KopeHi (X0Y Ha KOYKHOMY 3 ITPo-
MiKKIB KOpiHB €IMHMII, ajle BChoro KopeHiB — aBa). OTixe, 3ajaHe piB-

-~

HAHHA Ma€ TiIBKM JBa Koperi: 11 -1. <

E [lpuknagwu po3e’'A3yBaHHA 3aBJaHb

Ilpukaan 1 Poss’sasxiTe piaarEs X°+ x% =2—(x-1)%

Pn3eé’'asanna Komenmap

P OJ13: x # 0. Ha OlI3 x* > 0. Togi
dyHEIA f(x)=x‘+xl4?2 (a8 cyma

JIBOX B32€MHO ODEpHEHMX JOJaTHHX 9H-
cen), a pysrmia g(x) =2 —(x —1)*< 2.

fAxno poskpUTH AVIKEM i1 3BecTH
00M/IBi YACTHMHU PIBHAHHSA 0 CHLILHO-
ro 3HAMEHHWEA, TO /LI 3HAXOIKeHHA
KOpEeHIB 0/IepyKAaHOr0 PIBHAHHS IOBe-
IeTbes PO3B’SA3YBaTH IOBHE PiBHAHHSA
BOCBMOI'O CTeIleHs, yci KopeHi AKoro
MU He 3MOYKeMO 3HANTH.



88 Poapin 1. OYHKUII, PIBHAHHA | HEPIBHOCTI

Taxum uuHOM, 3ajaHe pPIBHSHHSA piB-

x‘+%=2.
X

HOCHJIBHE cucTeMi

2-(x-1%*=2.
3 gpyroro piBHAHHA CHCTEMH OJEPIKY-
emMo x = 1, mjo 3a/I0BOJIBHAE 1 MEpPIIO-
My PpiBHAHHIO, TOOTO cucTemMa (oTike,
i 8BajJaHe PpIBHAHHA) Ma€ €JIUHHI
posB’aAz0k x = 1.
Bidnogide: 1. <

Hpuxaan 2  Posp’skiTs cucTeMy piBHAHD {

Posé’asannsa
P O]13: {x?O, Poarnaremo QyHE-
y=0.

wito f(#)=+t+t*. Ha cBoiii obmacri
BusHaueHHA (I = 0) ua pyHKIis € 3poc-
Taw4dow (fAK cyMa ABOX 3pOCTAIYHUX
¢yurniii). Toxi nepine piBHAHHS 3a-
JaHoi cHcTeMM, fAKe MA€ BUIJIS]
f(x)=f(y), piBHOCHUIbHE PpiBHAHHIO
x = y. Orsxe, na OJI3 sajana cucrema
x=y,
x*+8y*=36.
IligcTaBnsatoun x = y y Apyre piBHAH-
HA cucTemH, maemo 4y° =36, y* =9,
y =13. VpaxoByoum, mo wHa O][3
y = 0, opepxkyemo y=3. Tomi
x=y=3.

Bidnoside: (3; 3). <

PiBHOCHIIBHA cHCTEMI {

Cunpobyemo ouinuTu obsacTi 3HA-
yeHb (YHELIN, AKI croATh y JBil
i npaBiif yacTuHax piBHAHHA. OCKijib-
ku Ha OJI3 (x # 0) x* > 0, To B jisiii
4YaCTHHI PIBHAHHA CTOITH cyma 080X
83a€MHO obepHeHuUx JodamHux wucen,
Aka 3aexcdu Ginvuia abo dopieHioe 2.
V¥ npasiit yvactuni Bijg 2 BigHiMaeTbCH
HeBijg'emue yucto (x — 1), Orxe, npu
BCIX 3HAYEHHAX X OJIEPIYEMO 3HAUEH-
H#, MeHri abo pieui 2. PiBaieTs Mis
JIBOIO 1 NpABOI0 YACTUHAMM MOMJINBA
TOoMi i TiNMBLEM TOJi, KoM obOMBI uac-
THHU JIOPIBHIOIOTH 2.

Ja_c+x"‘:\{§+y“,

x?+3y” = 36.

Komenmap

IO BnacTHBOCTi (QYHENIA yia-
€THCA BUKOPHCTATH ITPH pPO3B’ A3YBaHHI
cHcTeM piBHAHB. KMo moMiTHTH, I]0
B JiBi# 1 mpaBiifi YacTHHAX ITepIIo-
ro piBHAHHA 38/]JaHOI CMCTEMHW CTOATH
3HAYeHHA ofHiel 1 Tiel & QyHEMII,
AKa € 3pocTapuocl (AK CyMa [JBOX
spoctaunx (VHEINH), TO pieHichlb
f(x)=f (y) dna 3pocmarowoi GyHKyii
Momcauea modi i minexu modi, KoJu
X =y, OCKilbKU OOHAKOBUX 3HAYEHb
3pocmaroya yHkyis moxce Habysaniu
miavKl npu o0HOMY 3HQUEHHI apel-
menmy. (3ayBaskuMo, II[0 Taka caMa
BJIACTHBICTH MaTHMe Miclie 1 A7A craj-

HOi QYHEIMIIL.)

BayBaseHHA. TBepaskenns, sxe 6yJi0 06I'PYHTOBAHO B KOMEHTAPI 10 IIPH-
KJIany 2, Moske 6VTH BUKOPHMCTAHO MPH O3B’ A3VBAHHI AHAJOTIYHUX 3aBIAHb.
Kopotko itoro MozkHa chopMyII0BaTH TaK: AKULO0 QUHKYIL [ (X ) € 3pocmaion
(abo cnadworw ) Ha neeHiil MHOKNUHI, Mo Ha yilt muoxcuHif (o) =f (p) <o =p.



§ 3. PieHaHHa 89

3anuraHHa pna KOHTpONw

[losicHitTh Ha nNpuEIaJaX, K MOYKHA BUKOPUCTATH BJACTUBOCTI (hyHEIIH
JI0 po3B’ABYBAHHSA PIBHSAHD.

2", OOrpyHaTyiiTe mpaBHJILHICTH OPIEHTHPIB AN po3B’A3YBAHHA PiBHAHB
3 BUKOPHUCTAHHAM BJacTHBOcTel (GyHEIIH, Aki HaBegeHo B Tabaumi 10.
BN Bnpaeu
Poss’sasxiTh piBHAHESA (1-4), BHKOPMCTOBYIOYH BJIACTHBOCTI BiJIIOBITHUX
(pYHEII.
1°. 1) Jx-2+x2=8-4x+x+2
2) 2x+Vx?-9=x?+V18-2x* -3;
3) V1-x% +1+3x +Jax?+y? —2y-3=+x* -1-2y+3.
2%, 1) Ja+x? =2-x% 2) 1+|x°+3x|=1-2%
” ﬁ+i=1_2x_ 2; * 1 . -
89 o g x 4% sz+ﬁ_2 |2x¢—1].
3. D |x2-Tx+12|+|2a2-9|+]|6-2x|=0;
2) |x+2|+|y-5|+]|222-8|=0;
3) JI—y+Vx?—9+Jx2—3x =0;
1) JxP—4+fx—2+Jyx?-x=0;
5) X+ +5=4x+ 2y;
6) 3x%+ y? + 222 = 4y — 6x — 12z — 25.
4 1) Jx-2+Jx-6=2 2) x+Jx+x°=3;
3) 2Jx+1+Jx+9=5-x; 4) ,jx_2+x:4_°l;
i
5) V2x+5+Jx+2="2 6) 2x+x=+10—x.
5", Posp’samxiTh cucTeMy piBHSAHB:

{x+x5=y+y5. 2 {J—_x—x=\/—_y-y,

x*+3y=10; x* +y* =-16;

B_ B _ 5 .5 3 JBy=x—y,
3){3: =y, 4}{4 J8y=x—y

2+y=1 3x*-y*=8.
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-

HEPIBHOCTI: PIBHOCUABHI NEPETBOPEHHA
 TA 3ATAAbHUA METOA IHTEPBAAIB

Tabnaumsa 11

1. NoHATTA HEpPIBHOCTI 3i 3MIHHOIO Ta 1i PO3B'A3KIBE

O3HauyeHHA

Mpuknap

Slkmo aBa BHMpasuw 31 3MiHHOIO
CIIOJIYYHMTH OJHUM i3 3HaAKIB >, <,
>, €, TO OJIEPIKYEMO HEpPIBHICTIbL
3i 3MIHHOIO.

¥V saraIbHOMY BHTJIA/II HEPIBHICTH
3 O/IHi€I0 BMIHHOIO X (HampuEJIajl,
JIA BHIAJKY «Oinblmes) sammcy-
176 Tak: [ (x) - g (x)

3x < 1 — niniiiHa HepiBHIiCTD;
x* — 3x + 2 > 0 — kBajgpaTHa HepiBHICTD;
x—5

2x +4

<1 — pmpobGoBa HepiBHICTH

Posé’snaxcom nepienocmi 3 odnieo
3MIHHOYW HABHBACTHCA 3HAMEHHS
SMIHHOL, SIKe NEPeTBOPIOE 3aTAHY
HepIBHICTh HA NMPABHWJILHY YHCJIOBY
HepPiBHICTD.

Pose’asamu HepisHicmbv — 03Ha-
yae 3naitmu eéci it pose sa3xu abo
dosecmiu, w0 Ix Hemae

x=4 —oaun 3 poss’aAskiB HepiBHOCTL
2x — 3 > x, ocKinbEM npH X = 4 oJepiKyeMo
NpaBUJIbHY HepiBHicTh: 2-4 — 3 > 4, To6TO
5>4

2. ObnacTb AONYCTUMKX 3HaUYeHb (OA3)

Obnacmro donyemumux 3HAYEHD
(a60 0bIaCTIO BUBHAYEHHSN) Hepie
HOCMi HASHBAETHCA CIIJIBHA 00-
JACTH BUSHAYEHHA A (PYHKRIi
f(x) i g (x), mo croars y miBiii
i mpagiii yacTHHAX HepiBHOCTI

Jlna mepiBrocTi Yx+2<x OJI3:
x+ 2 2 0, T06T0 x¥ Z -2, OCKiNBEM 06J8CTH
BHBHAYeHHA PyHENIT f(x)=vx+2 BH3Haua-
eTbeAa ymoBow x + 2 2 0, a obnacTio BU3Ha-
ueHHA (QyHENIL £ (X) = X € MHOMKHMHA BCixX
MIHCHUX YHCe]

3. PiBHOCUALHI HEpPIBHOCTI

O3HayeHHsn

HainpocTilli Teopemu

J8i HepieHOCTI HASUBAIOTLCH Pi6-
HOCUNbHUMIL HA Jeskili MHOMMHI,
AKIO HA il MHOKHHI BOHM MA-
KOTh OOHi it Ti cami posB’a3KH

1. fwxmo 3 onHiel YACTHHM HepiBHOCTI
TEepeHecTH B IHIIY YACTHHY JOAHKH
3 MPOTHIERHNM 3HAKOM, TO O/IEPIKIMO
HepiBHICTH, PIBHOCHIBHY 3agaHiil (Ha
Oyab-ARil MHOKHHI)
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Ilpodoexcennsn mada. 11

TOOTO HAKINO KOeH Ppo3B’A30K
MepIIoi HePIBHOCTI € po3B’A3BKOM
Apyroi i, HaBNAKH, KOYKeH
pO3B’AB0K  /JIpyroi  HepiBHOCTI
€ po3B’A3KOM IepIIol

Skmo ob6maBi yacTHHH HepiBHOCTI MO-
MHOKMTH a00 momiymTH HA o/He i Te
came fofaTHe umcyo (abo na odny it my
camy pynKyin, wo euznavena i dodam-
na na OJ13 3adanoi nepienocmi), ne 3mi-
HIOHYH 3HAK HEPIiBHOCTI, TO OIeP:KHMO
HepiBHICTH, PIBHOCHJIBHY 3aaaHiii (Ha
OJ13 sapauoi)

Armo obmaBi yacTHHH HepiBHOCTI IO-
MHOXKMTH a00 mOALIMTH HA oaHe W Te
came Bix’emue uncyo (abo va 00wy it my
camy Qyrkyil, wo eusnavena i eid’em-
Ha Ha OJI3 3adanoi Hepienocmi) i 3mi-
HHTH 3HAK HEPiBHOCTI HA NPOTWICIKHMIA,
TO OePKHMO HEpPIiBHICTh, PIBHOCHIBHY
sanauniit (ma 0/13 3aganoi)

4. Merop iHTepeanis
(po3e'sizyeaHHs HepieHocTer suay f (x) = 0)

MnaaH

1. 3Bnaaitma O]13.
2. 3maiiTn BAym QyERIET
f (x) =0.

3. Illozmaummn mwymi wa O]JI3
i 3aaiiTH 3HAR [ (x) Vv ROsRHO-
My NpPOMIKKY, HA AKi po36m-
BaceTees O]13.

4. 3anmcaTH Bigmoeixs, ypaxo-
BYIOYN 3HAK 3AMAHOI HeEpiB-
HOCTI

2

Mpuknap
= i o P | >0
Posp’a:kiTe HepiBHIiCTE (x+3)
Hexait f(x)= G|
(x+ 3}2 3

O13: (x + 3)? # 0, oTske, x + —3.
Hyuni dyuenii: f (x) = 0.
2
¥-1og2-1=0,
(x+3)
x, =—1, x, =1 (Bxogare mo O[I3)

Bidnogidv: (—oo; —3) U (—3; —1] U [1; +oo).
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IIpodoexcenna mabna. 11

5. Cxema NoLUyKy NnaHy po3e’a3yBaHHA HEPIBHOCTEN
(Poan’asymnna nepinuom'eii]
I 8a jomoMoro | 3a nomﬁomm ]
piBHOCHILHMX NIEPETBOPEHL mMeTopy inwrepsanis (f (x) 2 0)
Bpaxysatu OJ13 1. 3naitri OJ13.
OOYATKOBOIL HEPiBHOCTL 2. BnaitTu By pyEROii: f (x)=0.
3.INoguauwntu nyai va OJ13 i 3aai-
® B6epiray 5a OJ13 TH 3HaK QYEKOii f(x) y KoxkHO-
J' T OpABAIBHY HEPIBHICTE My NWpOMXKY, HA fKi pos6usa-
[pH OPAMUX i 3BOPOTHHX erses OJ18.
@ o 4. 3amucaTH BiIIOBi I, BPAXOBYIO-
€PeTBOPEHHSAX. ’
YH 3HAK 38aHO1 HePiBHOCTI.
@ — MOYAaTKOBA HEPIBHICTH;
@ — HEpiBHICTE, OJIep}XaHa B PEe3yJIBTATI IePeTBOPEHHS IOYATK OBOT;
4, T — cumsoniune 306pakeHEs BAKOHAHMX NIEPETBOPEHE
(i Bxa3iBKOI0 HAIPAMKY IX BHKOHAHHS)

EE [MoscHeHHS i O6rpyHTYBaHHA

1. TlomsaTrs HepiBHOCTI 3i 3MiHHOKW Ta 11 po3s’sskie. flkuo gBa Bupasu si
3MiHHOIO CIIOJIVYMTH OJHUM i3 3HAKIB >, <, 2, <, TO 0Jep:KUMO HepiBHicTE 3i
3MIiHHOIO.

Amnasnoriyudo o piBHSIHHS, HepiBHiCTE 31 3MiHHOIO (HAUpUEKJAJ, i3 3HA-
KOM >) HalyacTillle po3yMiloTh SEK AHAJITUYHHUI 3allMC 3aJa49i PO 3HAXO-
JyKeHHS THX 3HAYeHL ApryMeHTIB, IpH SKHX 3HAYEHHS OJHiel i3 3ajaHmX
¢dyHELiN Ginkine 3a 3HaAYeHHS Apyroi sagaHol pyHEkLii. ToMmy B 3araisHOMY
BUIIAIl HepiBHiCTE 3 OofHi€0 3MiHHOIO X (HANpUENAK, LIS BUIATKY «Oilb-
mre») sanueywTh Tak: f (x) > g (x).

Haragaemo, mo po3e’a3xomM HepieHOCHI HA3UBAENbCA 3HAYEHHSA 3MiH-
HOL, AKe Nepemeoproe Yo HepieHicmb HQ NPABUNbHY YUCK08Y HepPISHICNLb.

Pozé’azamu HepisHicmbv — 03Ha%ae 3Haiimu 6ci il po3s’a3xu abo dosec-
mu, wo ix HeMae.

Hanpuknan, poss’saskamu HepiBHocTi 3x < 6 € Bei x < 2, po3B’a3skaMu
HepiBHoeti x% > —1 e Bei giticai umena (R), a wepismicTs x% < —1 He Mae
po3B’A3KiB, OCKiNBKM 3HAaYeHHS X’ He Moxke OYTH BiJ’€MHUM UMCJIOM, MEH-
mumM 3a —1.
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2. O6aacte ponmycTumux s3Havensb (OJ[3) mepiBHOCTI O3HAYAIOTH aHAJOTIY-
HO o OJI3 pisusaunsa. ko sagaso vHepisHicTs [ (x) > g (x), To cminbHa
obnacTe BusHaueHHA s ¢ysrnii f (x) i g (x¥) HazuBaeThea obmacTio J0-
NyCTUMUX 3HAYEHBb I[i€l HepiBHOCTI (iHOAI BHEOPHCTOBYIOTH TAKOX TEPMiHH
«obnacTh BU3HAYEHHA HEpPiBHOCTi» ab0 «MHOMXWHA AONYCTHMHUX 3HAYEHb
HepiBHOCTi» ). Hanpuranazg, ans vepiBHocTi x? < x 06JaCTIO ZONYCTUMMX 3HA-
YeHb € Bel AilicHl umncna (e MoskHa 3anucaTH, Hanpukaag, Tak: OJ13: x € R),
ockinbkn GyHENII f (x) = 2% i g (x) = x MafoTh obaacTi BU3HAYeHHA X € R.

3posyMmiJio, 1[0 KO¥KeH po3B’A30K 3aJaHOI HEPIBHOCTI BXOJUTH AK J0 00-
nacTi BusHAYeHHA GyHELII [ (x), Tak i 1o obnacTi Bu3HAUYEeHHA QYHEIIL g (X)
(iHaKIIe MM He 3MOYKEMO OTPHMMATH NPaBUJIBHY YHMCJIOBY HepiBHicTE). OTike,
KoMceH po3e’a3ok Hepienocnli 0606’ a3rx060 exodums do OJ]3 yieti Hepienocmi.
Ile mosBonAe B JeAKMX BHNaAkax BUEopHcToByBaTH aHawisz OJI3 HepiBHOCTI
JnA il po3B’A3yBaHHSA.

Hanpuknaj, y sepisaocti x—3+4/2—x >x dynrnis g (x) = x Busna-
yeHa npH Beix AIMCHUX 3HaueHHSX X, a QyHELia f(X)=vx-3+42-x —
TLIBKM 38 YMOBM, IO i/ 3HAKOM KBaJpPaTHOrO KOpeHs OyAyTh CTOATH
veBij'emui Bupasu. Omxe, OJI3 1miei HepiBHOCTI 388€ThCA CHCTEMOIO

x—-320,
{2 -x20,
OJ13 3a1aHOl HEPIBHOCTI HEe MICTHTEH »KO/JHOTO YHCJIA, Yepe3 Te IA HEPIBHICTH
He MA€ po3B’A3KiB.

Vaarasi npu po3B’A3yBaHHI HEpIBHOCTEH PI3HMX BHJIB HAM J0BEAETHCH
BHEOPHMCTOBYBATH OJWH 13 JBOX METOJIB pO3B’A3yBaHHSA: PIBHOCHJIBHI Ilepe-
TBOpPEHHA HepiBHOCTeH 860 Tak 3BaHWI MeTOJ iHTepBaJiB.

x=2
3 AKOI O/IePIKYEMO CHCTEMY { <2, o He Mae po3B’sskis. Orike,
x

3. PisHocuasui HepiBHOCTI. 3 MOHATTAM pPiBHOCHIILHOCTI HepiBHOCTell BU

3Haliomi 3 kKypey anrebpu 9 knacy. fk i 1ng BUna xy piBHOCUJIBHUX PiBHAHB,

piBHOCHUIBHICTL HepiBHOCTeH MM Oy/IeMo po3rJifaJaTH HA MeBHIM MHOZKHHI.
Jlei HepieHocmi Ha3uearOMbeA PIGHOCUNBHUMU HAO OeaAKill MHO-
JcuHi, AKWO HA Yill MHONCUHI 60HU Mmaromb OOHiI @ mi cami
Po36’a3KU, Mobmo AKIO KOJCeH PpPO36°A30K nepuLoi HepieHocmi
€ po3é’asxom dpyzoi i, Haeénaxu, Koxcen po3e’ 130k dpyzoi HepieHo-
cmi € po3e’a3xom nepuLol.

JomoBuMOCH, 10 Hajasi Beci PiBHOCHIBHI MepeTBOPEHHA HepiBHOCTel
oymemo BurkoHyBaTH Ha OJ[3 3amanoi HepiBHOCTI. 3a3HAYMNMO, 0 ¥ BUNAJ-
Ky, komu OJI3 3agaHol HepiBHOCTI € MHOXKHMHA BCiX JiHiCHMX YHCeN, MU He
3aBx/aM Oygemo ii sanwmcyeaTh (g He sanucyearm OJI3 mpu pose’asyeaHHi
MiHIAHAX 9¥M EBaJpaTHUX HepiBHocTel). | B iHMX BHUmajgkax TOJOBHE —
He zanmcatn OJI3 mo po3s’AzaHHA HepiBHOCTI, a AIFiCHO BpaxyBaTH ii, BUKO-
HYIOYH PiBHOCHJIbHI ITEPETBOPEHHESA 32JaHO1 HEPIBHOCTI.
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3araabHi OpiEHTHPH /7 BHKOHAHHSA PiBHOCHJIBHHUX TE€PeTBOPEHL HEPIiB-
HocTell aHAJNOTIYHI J0 BiANOBIHMX OPI€EHTHPIB /I BUKOHAHHA PiBHOCH.Ib-
HUX MepeTBOpeHb PiBHAHbD.

Sk OyJo VEaszaHoO BHIE, BUKOHYIOUM PI6HOCUNbHI NEPemeopeHHs Hepie-
Hocmeit, neobxigro BpaxysaTu OJI3 saganoi mepiBHOocTi — 1€ i1 € meprnmit
OPIEHTHP )i BUKOHAHHA PIBHOCHJIBHUX TMEPETBOPEeHb HEPIBHOCTEHH.

38 O03HAYEHHAM PpPiBHOCHJIBLHOCTI HepiBHOcTell moTpibHO 3abesmeunTH,
o0 Ko)kKeH po3B’A30K Nepinoi HepiBHOCTI OYB po3B’A3koM Apyroi i, HaBma-
KM, KO/KeH po3B’A30K Apyroi HepiBHOCTI OyB po3B’AskomM nepinoi. [Ina nmsoro
JIOCTATHBO 3a0e3NeuynTH 30epeskeHHA NMPABHJIBHOI HEPIBHOCTI HA KOKHOMY
Kpolli po3B’SISYBAHHA HEe TIJBKH NpPH NPAMHMX, A M NPH 3BOPOTHHX Iepe-
Topennax. Ile 1 € gpyrmii opienTmp Ans posB’s3yBaHHA HepiBHOCTeH 3a
JIOIIOMOTOI0 PiBHOCHJIBHHUX TiepeTBopeHb. JliiicHo, KoieH po3B’A30K HEpPiBHO-
CTi IepeTBOpPIOE 11 HA NMPaBHJILHY YHCJIOBY HEPIBHICTH, 1 AKIO NpaBUJILHA
HepiBHiCTH 30epiraeThbes, TO poO3B’A30K KOYKHOI 3 HepiBHoOCTell Oyze Takomk
i posB’A3KOM iHINOI, & OT’Ke, HepiBHOCTI OYAVTH piBHOCHJBHI (Bigmosigai
OPIEHTHPH CXEMATHYHO IOJaHO B NYHKTI 5 Tabaumi 11).

Hanpurnan, o6 po3B’A3aTH 3a JONMOMOTOK PiBHOCHJIBHHUX NEPEeTBOPEHB
HepiBHICTE

=250 (1)
pocraTHbo BpaxysaTH i1 OJ13: x + 1 # 0 i ymoBy mogaTHOCTI Apody (dpi6 6yde
dodamnum modi i minvku modi, KOAU YUCeNbHUK | 3HAMeHHUK dpoby maontb
00HaKO06I 3HAKI), 8 TAKOX 3BEPHYTH yBary Ha Te, mo Ha OJ[3 Bci morpibHi
TepPeTBOPEHHA MOYKHA BUKOHATH AK ¥ IPAMOMY, TAK i ¥ 3BOPOTHOMY HATIPAM-
Ky 31 30epeKeHHAM ITpaBHJIBHOI HEPIBHOCTI.

Poszé’'azanns Komenmap

P Bagana wuHepiBHicTL piBHOCHMIBLHA
CYKYITHOCTI BOX CHCTeM:

{x—3>0, o {x—3<0, @)

x+1>0 x+1<0.
x>
Toxi ogep:yemo { % abo {x<3,
x>-1 x<-1.

Oraxe, x > 3 abo x < —1.
Bidnogidv: (—o; —1) U (85 +o0).<

BayBarkHUMo, 1110, 3aIUCYIOYH YMO-
BY [JOJATHOCTL Jpoby — CYKYIIHICTH
cuctem (2), MM HeSBHO BpaxyBaliu
OJ13 wmepisuoceri (1). [HificHo, skmo
x+1>0a60x+1<0,Tox+1=0,
ToMy B sisHoMYy Burisagi OJI3 zagamoi
HepiBHOCTI He 3anucaHa Npu oQoOpM-
JIeHH1 po3B’A3aHHA.

Kpim BuAineHMX 3aralbHUX OpPI€HTHPIB, BHKOHVIOYH PIBHOCHJILHI Ie-

peTBOpeHHS HepiBHOCTeM, MOYKHA TAKOK KOPHMCTYBATHUCH CIEIialbHUMU
TeopeMaMH IpO PiBHOCHJIbHICTL. ¥ 3B 43Ky 3 YTOYHEHHAM O3HAYEHHS PiB-
HOCHJILHOCTI HepiBHOCTell y3araJibHMMO Takoxk (OPMYJIOBAHHSA HAKUIPOCTI-
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WX TeOpeM Npo PiBHOCHJIBHICTH HEpiBHOCTelH, BiJoMMX 3 Kypcy aarebpmu
9 gnacy.
1. Axwo 3 00ni€i vacmunu nepienocmi nepenecmu 6 iHULY wacmu-
HY OJodaHKu 3 NPOMUNEHCHUM 3HAKOM, MO 00epicumo Hepie-
Hicmb, pienocunvry 3adanii (Ha 6ydv-AKilt MHONCUHL).

2. Arwo obudei wacmunu Hepienoemi nomHolcumu abo nodinumu
Ha odne it me came dodamme wucno (abo na odny w my camy
Qynryir, wo eusnavena i dodamua na OJI3 sadanoi HepisHo-
cmi), He 3MIHIOIOYU 3HaKA HepieéHOCcMi, MO 0depicumo Hepie-
Hicmo, pienocunviy s3adanit (na O[3 3adanoi).

3. Axwo obudei wacmunu Hepienocmi nomuoycumu abo nodinumu
Ha o0He it me came 8id’emue wucno (abo Ha odny it my camy
Qynryir, wo eusnavena i 6id’ emuna na OJ[3 zadanoi HepieHo-
cmi) i 3amiHumu 3nax Hepienocmi Ha npomunexcHui, mo odep-
JHcuMmo HepieHicmb, pieHocunvhy 3adanii (na O3 3adanoi).
OOr'pyHTYBaHHA IMX TeOpeM IIOBHICTIO aHAJIOTIYHE /0 OOr'pyHTYBaHHA
Opi€eHTHPIB 71 PiBHOCHJIBHHUX NEpPETBOPEHE 3aaH01 HEPIBHOCTI.
BayBaxkeHHA. [[19 NMo3HauYeHHA TepexoJy BiJ 3aJaHOI HEPIBHOCTI [0
PiBHOCHMIIBHOI 1i1 HepiBHOCTI MOYKHA& BHMEOPHCTOBYBATH CHEIiaJ bHWI 3HAYOK
<>, aJe oro BUKOPHUCTAHHSA TPH 3allMCYBaHHI po3B’sA3aHb He € 000B’ A3KOBUM
(xoua iHOAl Mu OyaeMO HUM KOpHCTYBaTHCH, 100 migEpecanTH, mo 0yJio BH-
KOHAHO caMe PiBHOCHJIBHI TIepeTBOPEHHH ).

4. Meron iaTepBanis, Poss’sasyBanHs HepiBHOCTeil MeTOJIOM iHTepBaJiB
cIMpaeTheA HA BJIacTUBOCTI yHEIN, nos’A3ani 3i sMiHolo 3uHakiB QyHEIIT.
Ilosicaumo 1i BiIacTUBOCTi, BUKOPHUCTOBYIOUHM rpadiku BigjoMux HaM (PyHE-

i, HATTPUEJIA,T y=l iy=2x — 2 (puc. 53).
x

y/ y/

s
)
R

Pnc. 53



96  Pozpin 1. GYHKLII, PIBHAHHA | HEPIBHOCTI

Posrnagaroum i rpadiku, noMmiuaemo, 1o GyHEKIIA Moyke 3MiHUTH cBiif
8HAK TIJIBKH Y JBOX BHIA/KAX:

1) sxmo rpadix pospuBaeThed (AK y Bunajgky QyHemii y= 1 (puc. 53, a) —
X

rpadik pospuBaeThes B Touli 0, i 3Hak GpyHELIT 3MiHIOETEeA B Touli 0);
2) sarmo rpagik 6ez po3pHBY NEPEXoJHUTH 3 HM)KHBOI MIBIJIOI[MHH Y BEpPX-
Hi0 (abo HaBnakm), ane Tojai rpadik nepermHae Bick Ox (AK y BMIAIKY
dyuenii y = 2x — 2) (pue. 53, 6). Ha oci Ox 3navenHs ¢yHENil JOpiBHIO-
oTh Hymo. (Haragaemo, 110 3HaYeHHA apryMeHTy, NpH AKUX (DYHEILA
IIepeTBOPIETHCA HA HYJb, HA3HBAIOTH HYAsMU (QyHkyii.) Orxe, Oymb-
sika (PYHKI[IA Mojke MOMIHATH CBiif 3HAK TiJIBKH B HyJAX a00 B TOYHAX,

e pospuBaeThea rpadik GyERIL (V Tak 3BAaHUX NOYKaAXx po3pusl PpyHE-

mii').

Toukn, y AEMX pospuBaeThes rpadik ¢ysrnii f (x), Mmu Buginsemo, Ak
NpaBUJo, KOJH 3HAXOJAMMO 00JacTh BM3HaueHHA 1iel pyaruii. Hanpuknapm,
AKIO f{x):l, To 1i 0byacTh BusHaveHHsa x # 0, i came B Touni 0 rpadik

X

¢yHELI] pospuBaeThed (pue. 53, a). fAkmo % Ha AKOMYCH TpOMizKKY 06JacTi
BH3HaYeHHA rpagik GyHEIII He po3pHBaEThCA 1 (PYHKIIIA He JOPiBHIOE HYJIIO,
TO 38 HABEJIEHWM BHIIle BHCHOBKOM BOH& HE MOYKe B I[bOMY MPOMIiKKY TMOMi-
HATH cBiil 3Hak?. OTixe, AKIIO BigMiTHTH Hy GyHENDII Ha 11 0b6nacTi BU3HA-
YeHHsA, To 00/1acTh BU3HAYEHHSA po3i0’eThes HA NMPOMIXKEHN, YCepeIuHI AKHX
3HAK (PYHEII] 3MiHUTHCA He Moske (i ToMy el 3HAK MOYKHA BHSHAUHTH
B Oyap-AKiH TOUIll 3 OO MPOMiKEY).

V Ttabmmui 12 HaBegeHo posB’azaHHA Apob6OBO-palioHAIBEHOI HEPIBHOCTI

2x+4
x-1
po3B’A3yBaHHA; NJAGH po3e’s3ysanHL Hepienocmeir eudy [ (x) = 0 memodom
iHmMepeaia.

>0 MerojoM iHTepBaJiB; KOMEHTAp, fAKHI IOACHIOE KOYKEH KPOK

Tabaunsa 12
Mpuknag Komextap [TnaH po3e's3yBaHHs
9x +4 Posrnsaemo ¢dyurmio,
- 0 AKa cTOITH y JiBiH yacTHHI miel
9y + 4 HepiBHOCTI, 1 Mo3HaUYMNMoO ii gye-
> of@=" 2+ 1
pes [ (x): f(x)zﬁ

! Noknagmime me moEATTA Oyae posrasEyTo B 11 Kiaci.

? B 11 rnaci Mu yrounnmo dopMymoBaHEA miel BracTHBocTi (Tak 3BaHHX He-
nepepBEEX QyuEnii). laa Beix Bigommx Bam dyErnii (MEidEEX, KBapaTHIHHX,
CTENEHEBNX, JpoDoOBO-panioHaTEHNX) O BJAACTHBICTE Ma€ Micme.
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a7

Ilpodoencenna maba. 12

1. OI3:x-1+#0,

TobTO X # 1

Poas’szkom HepiBHOCTI
f (x) = 0 moxyTh OYyTH TLIBEM
ypena, 1[0 BXOAATHL o obJac-
Ti BusHadeHHs ¢yeruii [ (x),
T00TO uHcna, AKI BXOJATHL 10
OJ/13 wmepiBuocti. Tomy wnep-
HIMM €TAIIOM PpO3B’A3yBaHHA
HepiBHOCTI MeTO/JIOM iHTepBa-
siB Oyje sHaxoprenns i O3

1. S3raiitTa OJ13
HepPiBHOCTI

2. Hyni f (x):
(f (x) = 0).

2x+4
x—1
Toml X =—2.

-0,

Hac nikaBnsars Ti npomisi-
KM obsacti BusHAYeHHsA (QYHEK-
uii f (x), va sux us GyHrLis
pojpatHa. Sk Gyno sasuaueHo
Bulle, yHELida f (x) Mosie nomi-
HATH 3HAK Y CBOIX HYJAX, TOMY
JAPYIHM €TAIIOM pO3B’A3YBAHHSA
HepiBHocTi f (x) > 0 6yme sHa-
xojzieHHs HymiB QyHrii (gus
LBOrO NPUPIBHIOEMO (DYHEILIIO
f(x) no myna i posp’sazyemo
oJlepikaHe PiBHAHHS)

2. 3SHaliTH
mym [ (x)

(G (x) = 0)

fAxne Tenmep BigMiTHTH
HYJi Ha o6iacTi BH3HAYEHHSN
dyurnii f (x), To 0bnacTs BU-
3HAYEHHSA po30buBaeThcA HAa
MPOMIYKEHM, IPUYOMY BCEpPEIU-
Hi KOYKHOIoO NpPOMIKEY (PVHE-
uis f (x) ve 3miHIOE cBiil 3HaK
(puc. 1). Tomy 3Har QyHEOIT
B KOKHOMY MPOMIKKY MOKHAa
BU3HAYATH B Oyab-fkiil Toumi
neoro npoMmizkky. lle i € Tpe-
TiM eTanoM po3B’fA3yBAHHSA

3. llosHaummn Ay;

ma OJI3 i 3ma-
HTH 3HAKR (QyHK-
il B KOKHOMY
3 MpoMiXKKiB, HA
Akl po30OMBAETEH-
ca OJ13

4. Bidnosgide:

(—o0s —2) U (15 +e0).<

Ha pueyHEY g0 nyHETY 3
BH/IHO, 1[0 PO3B’A3KOM HepiB-
HOCTi € 06’ €IHAHHA MPOMIsKEIB

(=== —2) U (1; +0)

4. 3ammcaTi Bimmo-
BiTb, YPAXOBYVIOUM
3HAK HepiBHOCTI

Hasegeno

NPUEJIagA Ppo3B S3yBaHHA OLIBII

apoboBo-

CEJIaHO1

palioHaIbHOI HEPIBHOCTI METOJ0M IHTEPBAJIB Ta 3a JOMOMOIOK PiBHOCHIIb-

HHX NepeTBOPeHb.
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Ipuxaanx Posg’siokiTe HepiBHicTD

g o
Jr+£.r.£<

(x+ l)2

I enoci6 (mMeToa iHTEpBaJiB)

Posé’'azanna

R
Hexait X +2x-3

re (x+1)7*
1 Ol13: x # —1.

2 . .
2. Hymni f (2): M}é:(}_
(x+1)

»¥+2x-3=0,

x, = 1, x, = -3 (BxogaTe xo OJI3).
3. Biamiuaemo myui dyuruii na O/13

i sHaxomumo 3Hak [ (x) Vv KoKHO-

My 3 HNpoMiKKiB, Ha fKi pozbusa-

etbea OJ13.

L
X

4. Bidnogide: [-3; 1) U (—1; 1]. <

Komenmap

3ajaHa HepiBHICTH MAa€ BHIJIAJ
f(x) € 0, i gna ii poss’AzyBaHHA
MOJHA 3aCTOCYBATH METOJ iHTepBa-
aiB. JlnAa nporo BHEOpPHCTAEMO ILJIAH,
HaBeJeHWI BHUIIe Ta B Tabaumi 11.

ITpwu zHaxorxenHi Hyis [ (x) cre-
JKUMO 38 THM, 11100 3HaleH] 3HaYeHHA
Bxomuam go OJI3 (abo BMEOHYyeMO Tie-
PEBipKY 3HalIleHNX KOpeHIiB piBHAHHA
[ (x) = 0).

Banucyouu 6idnoeide do Hecnmpo-
201 HepieHocmi, cnid ypaxyeaniu, w0
aci Hyni yHKkyii nosuwnHi esiitmu Ao
gidnoeidi (y paHOMy BMIIQJKY — YMC-
aa —-31i1).

11 crnoci6 (3a JomoMoOro piBHOCHJIBHUX HEepPeTBOPEHE)

Komenmap
Bubepemo an1a po3B’AzyBaHHA MeTOJ PIBHOCHJIBHHUX IEPETBOPEHBL HEPIB-
HocTi. BUKOHYHOUM piBHOCHIBLHI IepeTBOpPeHHA, MU MOBHMHHI BpaxysaTtu OJ13
3ajaHOl HepiBHOCTI, TO6TO BpaxyBaTh obmesxenns (x + 1)% # 0.
Ane armpo x # —1, To (x + 1)* > 0, i Tozl B 3agaHOoMy Apo0y 3HAMEHHHE
gopaTHUHA. SIKIIO BUEOHYETHCA 3aJaHa HEPIBHICTH, TO YMCEIBHUE Apo0y
x? + 2x — 3 < 0 (i HaBnakwm, SKN[0 BUKOHYETHCA OCTAHHSA HEPIBHICTH, TO HA

2 .«
OJI3 npi6 ﬁéO} T0OTO 3aaHA HepiBHicTEL piBHocuIbHa Ha O[3 He-

piBHocTi x% + 2x — 3 < 0.

IIlo6 pozB’szaTh ofep:xaHy KBaJpaTHY HEPIBHICTH, 3HAWAEMO KOpe-
Hi KBagpaTHOrO TpmuieHa x° + 2x — 3 1 mobyayemo eckiz rpadira GyHEmiL
y = x? + 2x — 3. Posp’sA30k kBajpaTHOI HepiBHOCcTi: —3 < x < 1.



§ 4. HepleHOCTI. PIBHOCHALHI NEPETEOPEHHSA Ta 3aransHui MeTop IHTepeanie 99

OckinbkM Bei nmepeTBopeHHsA Oyim piBHOocHJIBHMMM Tinekkm Ha OJ13, To

MH MOBHHHI BUOpaTH TiMBKH Ti po3B’A3KHM KBaIpPaTHOI HepiBHOCTI, AKi 3a/10-
BOJIBHAIOTE obmeskeHHA OJ13.

Poszeé'azanna

P OI3: (x + 1)* # 0, orsxe, x # —1.

Tomi (x + 1)* > 0 i 3apana HepiBHicTsr Ha 11 O[3 +\ /+
piBHocuibHa HepiBHOCcTi X% + 2x — 3 < 0. Ockinbkm = vl 4
x* + 2x - 83 =0mpu x, = -3, x, = 1 (i 3HaYeHHA X BXO-

maTe g0 OJ13), ogepskyemo —3 < x < 1 (AuB. pUCYHOK).

Vpaxosyioun OJI3, orpuMyeMo BigmoBigs.

Bidnoside: [-3; ~1) U (-1; 1]. <

.
1.

3anuTaHHa ansa KOHTPOSIO

IloAcHiTE Ha UpHEJAJAX 3MICT MMOHATH: <«pPO3B A30K HEPIBHOCTI»,
«pO3B’A3aTH HEPIBHICTH», «00OJacCTE JONYCTHMHMX 3HAYEHb HEPIBHOCTI»,
«piBHOCH.TbHI HEpPIBHOCTI».

ChopmymoiiTe BioMi BaM TeopeMHu INpO PiBHOCHJIBHICTH HepiBHOCTEM.
ITpoinoerpyiiTe ix Ha NpuUKJIagax.

ChopmymoiiTe naH po3B’A3YBAHHA HEPIBHOCTEIH MeTOJOM iHTepBaJIiB.
ITpoinocTpyiiTe BUKOPHCTAHHSA IHOTO MJIAHY Ha TIPHEJIATI.

IlosicHiTe Ha NpUEKJIai, SK MOYKHA BUKOHYBATH PIBHOCHUIILHI IMEepeTBO-
PeHHSA HepiBHOCTEN y THX BUIAIKAX, AKiI He ONMUCYIOTBCA BiJJOMHMH TEO-
peMaM¥ Ipo piBHOCHJILHICTEL HepiBHOCTEI.

Bnpaen

Poss’axiTe HepiBHicTs (1-2) ABOMa cmocobamMm: 3a JOIMIOMOroK PiBHO-

CUJIBHUX nepe'rnopeﬂh i 3a oNOMOro MeToAy iHTepBaJiB.

1

2

Iy | 1
1) x% —3x— 4;0; 2) x+2(ﬁ
x%_95 <0 4) x +12 >1.
(x+5)(x—4) 2 _9x 8
1) x* — 52>+ 4 < 0; 2) 9xt — 1022 +1 > 0;
3) t1‘—1>.1::3; 4) (22 + 4x — 5) (x® + 4x + 3) < 105.

BHalaiTe 06JIacTh BUSHAYEHHA (QYHEIIL:

2
1) y=J>"1. 2 =1’72r_x L
)y x2-4 )y x¥4+3x+2
3 - _g; 4 _ |x —7x+12'
)y ,f x—— ) y= \'—H P
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§5

3 ABOMA 3MIHHUMU

FPA®IKM PIBHAHb TA HEPIBHOCTEN

Ta6aumnsa 13

1. NoByaoBea rpadikie eyHKUIK BUAY ¥ = f (x) + g (x)

Axwo nam eidomi zpagiru ¢pynryii y = f (x) ma y = g (x), mo eckis
zpadiva Qyuryii y = [ (x) + g (x) moxna nobydyeamu max: 306pasumu
6 odnill cucmemi koopdunam zpadivu ¢pyuryii [ (x) i g (x), a nomim 6ydy-
eamu WYKaHU zpadik 3a MOYKAMU, 6UKOHYIOYUL ONA KOHCHOZ0 3HAYEHHA
x (3 obnacmi eusnavenns Qynxyii f(x) + g (x)) neobxidni onepayii nad
eéidpisxamu, akxi 3obpancaromv 6idnoeidni opdunamu [ (x) i g (x).

Ananoeivno moxcHa 6ydyeanu i cxemamuyhi epadiku QyHKYiil

y=1(x)g(x) ma y=——

f(x)

Mpuknaap

KomeHTap

Ilobyayiite rpadgix ¢pyHEIIT

8\

Bynyemo B oamiii cucreMi Koop-
muHaT Trpadiku  QyHELIN-T0IaHKIB:
y=2x> Ta y=£ (Ha pHUCYHEY BOHH
nobyaoBaHi BiINIOBigHO 3€I€HOI0 Ta
cuHivM JiHigMmu). 18 KoyKHOrO 3HA-
yeHHsa x (kpiM x = 0, ke He BXOJIUTH
J1o 06J1acTi BUBHAYEHHSA 3aJaHOT (PYHK-
nii) gomaemo  BigmoBigHi  Bijpis-
KM — 3HadYeHHs (YHELLY (cnpaBa Big
oci Oy) abo BisHiMaemo, AKIO 3HA-
yennsa f(x) i g (x) nmporunesxui sza
3HakoM (y JaHOMY BHIIAJKY — 3JiBa
Biz oci Oy). Ha pucynky posceBoio Jii-
Hi€ro 300paskeHo pe3yJbTaT — rpadik

dysEmii y=x? +i
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2. pagiky piBHAHB Ta HEPIBHOCTEN 3 ABOMa 3MIHHUMH

Ilpodoexcenna maba. 13

Oszuavenss I'papicom pienaunsn (nepienocmi) 3 06oma 3MiHHU-
MU X 1y HABMBACTHCH MHOJKMHA BCIX TOYOK KOOPAMHATHOL ILUIOUMHM 3 KOOD-

aunaTamu (x; y), ge napa uyncel (x; y) € po3s’si3KOM BiiNOBiTHOro piBHANHA
(mepiBnoCTI).

Mpadiku peAakux piBHAHL | HEpPIBHOCTEN

sy pe
Ve 4h
R

3. [eomeTpuyHi nepeTBopeHHnA rpadika pieHAHHA F (x;, y) =0

lMNepeTBOpeHHs

Mpuknag,

F(x—a;y—0b)=0

ITapanenvhe neperneceHHs

rpadirka piBHAHHA
F(x;9)=0

Ha eekmop n(a; b)

\ (x—-3)+(@w-2)°=1
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ITpodoencennn maba. 13
F(lxly =0 v v

YactnHa rpadika piBHAH-
HA F(x; y) = 0 npaeopyu eid
oci Oy (i ma camiéi oci) 3a-
Juwaemoecs 6e3 3minu, i ys| —
cama wacmuma eidobpancy-
E€MbCA CUMempuiHo 8idHOCHO
oci Oy.

F(x;|y=0
Yactuna rpadika piBHAHHS
F (x; y) = 0 suwye 6id oci Ox
(i va camiii oci) 3anuuraemocsa
be3 amiHU, I Ya cama wacmu-
Ha eidobpaxcyemoca cume-
mpuiHo eidnocro oci Ox.

B [MoscHeHHs i O6rpyHTYBaHHA

1. Ilobyposa rpadikie dyeruiit suay y = [ (x) + g (x). fAxuo sigomi rpa-
dixu dyurniit y = f (x) ra y = g (x), To MosxHA NOOYAYBaTH OPiEHTOBHUI BH/[L

2 2 1
rpadira ¢ysrnii y =f (x) + g (x), abo y = f (x)-g (x), abo Uiirrmes Hns
[BOr'0 JIOCTATHLO 300pasuTH B OJHIiN cucTeMi koopauHaT rpadiku QyHEIIN
f ()i g (x), a norim nobyayBaTu mykanuii rpadgik 3a TOYKAMH, BUKOHYIOUH
JJIA KOKHOIO 3HaYeHHA X (3 obiacTi BUsHaueHHS 3ajaHol QYHEILIT) Heobxis-
Hi onmepatii Haj Bijpiskamu (abo HaJ JOBXKMHAMHU IUX Bigpiskis), aAki s06pa-
xaTh Bianosiaui opyunatu [ (x) 1 g (x).

Ipurnajg nobygosu rpadikva ¢yeenii uay y = f (x) + g (x) HaBemeHo
B Tabmumi 13, a rpadirka ¢yHELII BHAY y=% — Jgami B mpurmam 1

X
(B ocramHbOMY BHMIAJKY 3py4Ho OyayBatm rpadiru dyuenit y=f(x) i
y=$ He B OfIHIN cHCTeMi KOOPAWHAT, a B Pi3HMX, PO3MIIEHUX Tak, 1100
X
iXHi oci opMHAT PO3TAIIOBYBAJIMCA Ha OJHiM mpsaMiii).

BayBaskKHUMo, 1[0 Takuili cmoci6 nmobymoBu rpadika GyHENIT He 3aBXIU
Ja€ MOKJIHMBiCTH BUSBHUTH BCi XapakTepHi ocobimBocTi moBegiHku rpadika
(4acTro e MoscHA 3pOOMTH TiNLKM B Pe3YJILTATI CIEIiAILHOrO AOCIIMKeHH
dyuEILil, ke Gyae posrisHyTo B 11 Kiaci), ane B 6GaraThox BHIAIKAX HaBe-
ITeHul crocib M03BoJIge OTPUMATH MeBHe YVABJIeHHS Ipo BUJ rpadika 3amaHol
GyHEII.
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2. TI'padikm piBHAHE TA HepiBHOCTEN 3 IBOMA 3MIHHMMMH. 3 MOHATTAM I'pa-
¢ika piBHAHHA 3 JBOMA 3BMIHHMMH BH O3HAHOMHJIHCHA B Kypci anrebpu. AHa-
JIOTiYHO BBOJMTHCA i MOHATTA rpadika HepiBHOCTI 3 ABoMa sMiHHMMM. Tomy
MOJKHA JIATH CIiJbHEe 03HAYeHHA IHX rpadikis:
I'pagpivom pienanns (nepienocmi) 3 deoma aminnumu x i y HAZMBA-
€ThCH MHOJKMHA BCiX TOYOK KOOPAHHATHOI IJIOLMHH 3 KOOPIMHATAMM
(x; y), ne napa umucea (x; y) € poss’askom Bianopiamoro pismsmusn (me-
piBHoOCTI).

® Jlna nobyposu rpadika mHepiBHocTi y > f(x) (um y < f (x)) mocraTHBO
matu rpadix ¢yuruii y = f (x). lificuo, 3a osHauyenHamMm rpadik (yHEIil
y = [ (x) cknagaernea 3 yeix Touor M KOOpAMHATHOI IVIOIUHYU 3 KOOPAMHA-
Tamu (x; y) = (x5 f (x)). Toai pns KoxkHOroO 3HaAYEHHS X TOYKM, KOOPAMHATH
AKHUX 38/I0BOJILHAIOTE HepiBHocTi i > f (x), OyayTe posramoBaHi BHUIE TOY-
ku M (puc. 54, a), a ToukH, KOOPJUHATH SIKUX 38J0BOJILHAIOTHL HepiBHOCTI
y < f (x), Oyayre posraimoBani Huskde Touku M (puc. 54, 6). Taxum uunom,

y

")

0

Pue. 54 Puc. b5

rpadir HepiBHOCTI ¥ > [ (x) cKRIAZAETECA 3 YCiX TOYOK KOOPAWHATHOL
NJOUHHNA, AKI 3HAXOAATHECA BHILE Bix rpadika yarwii y = f (x), a rpa-
ir HepirvocTi ¥y < f (x) ckIAgAETHCH 3 YCiX TOYOK yA
KOOP/IHHATHOT NJIONHHNA, AKI 3HAXOAATHCA HUKYE
Bia rpadiira dysrumii y = f (x). O

Hanpurnag, Ha pucyHry 55 z00paskeno rpadik
HepiBHOCTI y > x*?, a Ha pucyHEy 56 rpadik HepiBHOCTI
y < x°. OckineEn ToukM rpadika y = x° He HAJEKATh
rpagiky HepiBHOcTi y > X%, TO Ha mepimomy rpadiky
napabona y = x° 300parkeHa IITPUXOBOK JIHIEK; aie
Touku rpagdira y = x° Hame:xaTs rpadiky HepiBHOCTI
y < x%, Tomy Ha apyromy rpagiry napabomna y = x° 30-
OpaskeHa CYILIBHOIO JiHi€0. Prc. 56




104  Posain 1 ©YHKLI, PIBHAHHA | HEPIBHOCTI

Ananoriudo, AKIO HA KOOPAMHATHIN NJOIIHMHI € TpAMa X = @, TO

rpadyikom HepiBHOCTI x > a OyYyTH yei TOYKH KOOPAMHATHOT TLIOUIHEH,

siki posTamoBaHi mpaBopydy Biax miel mpamoi, a rpadikom HepiBHOCTI

x < a 6yayTh yci TOYKH KOOPAWHATHOI IJIOU{HHEN, STKI PO3TAINOBAHI JiBO-

PYY Bix miel mpamoi.

Hanpurnan, #Ha pucyHry 57 3obpaskeHo rpadik HepiBHocTI x > 2, a Ha
pucyHry 58 — rpadik HepiBHocTi X < —1.

Y 77
ﬂl l1 .

Pue. 57 Puc. 58

3a3HAYMMO, 1[0 B TOMY BHNAJKY, KOJIM HA KOOPJWHATHIH IJIOIHAHI € 30-
Opa:xeHns rkomna x° + y® = R?, To
rpadirom HepiBHocTi x* + y* < R®* OyayTh yci TOYEM KOOPAMHATHOL
TJIONHEM, AKi PO3TANIOBAHI BcepenwHi KoJa, a rpadikom HepiBHOCTI
x* + y* > R* 6yayTh BCci TOYKH KOOPAMHATHOI NJOIHHN, AKI PO3TAIIO-
BAHI NM03A8 KOJOM.
@® [JlificHO, AKIIO HA KOOPAMHATHIN IJIOIMHI po3rnanyTH Toury M (x, y),
To OM? = x* + y? (tToura O — mouaTor koopauHaT). fkmo x? + y? = R?
(ze R > 0), To OM? = R?, or:xke, OM = R — Toura M nexwuTh Ha KO
pagiyca R i3 neHTpoM y mouaTEy koopamHaT (puc. 59, a).
Armo x* + y? < R?, To OM? < R?, orm:xe, OM < R. Tobro wnepiBHOCTL
x* + y? < R? 3a/10BOJBHAIOTE KOOPAMHATH BeiX Touok (i TiMBEM IMX TO-
YOK), AK1 po3TalloBaHI BeepeAMHI Kpyra, obMeskeHOro KoJoM pagiyea R
i3 eHTpoM y moYyaTKy koopamHAT (puc. 59, 6).

L4 y yh
Gl k. pM(x:m)
M (x; y) -~ 7 il Sl
4 » ’ “
4 A ’ A
L/ A 1 \
g ()t ] :
0 R x 1 IR = 4 0 IR %
\ 'l \ [
\ 7 \ 7
A Y 7’ ~ ,l
‘\-._ -’, \"'q.__,.ﬂ’
a 6 a8
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L B

Axmo x* + y? > R?, o OM? > R?, orxe, OM > R. Tobro wmepiBHOCTI
x* 4 y? > R’ 3a10BONBHAIOTE KOOPJMHATH BeiX Touok (i TINILKM HUX TO-
YOK), AKi 3HAXOAATHCA 1038 KPyromM, oOMerkeHMM KoJoM pajgiyea R is
[IEHTPOM y modaTky koopauHat (puc. 59, 8).

Amnanoriuso, SAKI0 Ha IUIOIMHI € 300paskenHa woma (x —a)’ +
+ (y — by = R?, o rpadirom mepiBHocTi (x — @)’ + (y — b)? < R? 6yayTh
yci TOYKW KOOPAMHATHOI MJIOIIMHM, fAKiI PO3TAIIOBaHI BcepeaHi KoJa,
a rpadirom HepiBHocTi (x — a)? + (y — b)? > R? 6yayTe yeci Touku Koop-
JWHATHOI NJIOLMHM, AKI podTamoBaHi 1mosa kosgoMm. Hanpursiajg, Ha pu-
cyury 60 zobpaskeno rpagdir HepiBaocti x° + y? > 9, a Ha pucynry 61 —
rpadik HepiBrocTi (x — 1) +(y — 2 < 16. O

v/ Digiae Y1 (x-1)°+ (y—2)°<16

-

\
1 s 2
| 0 31 _]
\ ! >
\ y Q-l/ x
\\ ,,

Puc. 60 Pue. 61

"y

TeomeTpuuni nepersopenns rpadika pisnsanna F (x; y) = 0.
Ba osHAYeHHAM rpadik piBHAHHSA
F(x; =0 (1)

cKJagaeThed 3 yeix Touok M (x,; y,) KoOpAMHATHOI NIJIOIWHHA, KOOPAH-
HaTH (X; Y,) AKHMX € po3B’A3kaMu mnporo piBHAHHA. Ile oznauae, mo npu
nificTaHOBIl Mapw uucen (X,; Y,) V 3a/laHe PiBHAHHA BOHO NIepPeTBOPIOETh-
cA HA MpaBHJLHY YHMCJIOBY piBHiCTB, oTire, F (x; y,) = 0 — npasuibHa
PiBHICTB.
Posrnamemo Toury M, (x, + a; y, + b). SIkmo koopammaTH 1iel Toukwn
HiICTABUTH B PiBHAHHA

F(x-a;y-0)=0, (2)
TO ojiepsxumo pisHicTh F (x; y,) = 0, ska € npasunsuow. Tomy xoopau-
HaTy ToukM M, € poss’sskamu piBHaHHSA (2), a oTike, Touka M, Hane-
s#uTh rpadiky pisaauasa F (x —a; y — b) = 0. Toury M, (x, + a; y, + b)
MoskHA ojepskaté 3 Touku M (x,; Yy, mapaienbHUM IepeHeceHHAM ii
Ha BexTop n(a;b). Ockinbkm kosxknHy Touky M, rpadika piBHAHHSA
F (x —a; y— b)=0 moxua opep:katu 3 Touku M rpadika piBHAHHS
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Yotb. M, (x,+a; y, +b) . |%

F (x; y) = 0 napanenbHuM nepeHeceHHAM ii Ha BekTop n (a;b) (puc. 62),
TO i Bech
zpaix pienanwnn F (x — a; y — b) = 0 mosicna odepacamu 3 zpai-
ka pienanuns F (x; y) = 0 napanenvHum nepeHeceHHAM 020 HA
eexmop n(a;b). O
Jlnsa obrpyaryBanns 38’a3ky Misk rpadiramu F (x; y) =0iF(x|; 1) =0
JoCTATHBLO NoMiTHTH, 1o npu x > 0 pisasiuus F (| x |; y) = 0 36iraerses
3 piusauuam F (x; y) = 0, orsxe, 36iratorbes i ixui rpadikm mpasopyu
Bij oci Oy i va camiit oci. Hexait Touxa M (x; y,) (ne x, 2 0) — oxna is
cniyibHUX TouoK nux rpadikis. Toxi F (x; y,) = 0 — npaBuibHa piBHicTS.
Posrusimemo rouxy M, (—x,; y,)- fAxmo xooppuuaTy uiel Touxu migcra-
suty B pisasuus F (| x |; y) = 0 i spaxysatu, mo x, > 0, 1o ogep:xumo
pisuicts F (x; y,) = 0, sira € npasunbuow. Tomy xoopaunaTu Touxu M,
€ posp’askamu pisusuua F (| x |; y) = 0, a omxe, Touka M, nanexurs
rpadiry uporo pisHsHHA. Ypaxosywuu, mo Touku M i M| cumerpuuni
BigrocHo oci Oy (puc. 63),
zpaix pienauna F (| x |; y) = 0 moxcna odepacamu i3 zpadixa pienan-
ua F (x; y) = 0 max: vacmuny zpadira pienaunsa F (x; y) = 0 npasopyy
6id oci Oy (i Ha camiil oci) 3aruwumu 6e3 3MiH i YI0 caMy LACMUHY
eidobpasumu cumempuino eidnocro oci Oy. O

Y y/

% M(xy; Yp)

% |0 %, x

0 x, Xy to x

Puec. 62 Puc. 63

Ananoriydo MozkHAa OOI'pYHTYBATH, 10
s nobydoeu zpadira pienauna F (x; |y |) = 0 wacmuny zpadira
pienanna F (x; y) = 0 euwe 6id oci Ox (i na camiii oci) nompi6Ho
3anuuwumu 6e3 3min i yio camy wacmuny eidobpasumu cumempus-
HO 8idHocHO oci Ox.

V 7mabmuini 13 HaBemeHo HalilpocTilni NpUKIAIH BHKOPUCTAHHS IeoMe-

TPUYHUX IepeTBOpeHb rpadikisB piBHAHL. YEKa3aHi CIIBBiIHOIIEHHS BUKO-
PHUCTOBYIOTH Y 3aBJIaHHAX THITY: MOOyAyBaTH rpadik piBHAHHA YK HepiBHOCTL
abo 300pasuTH HA KOODPJAMHATHIN IUIONIMHI MHOYKHMHY TOYOE, KOOPIWHATH
AKUX 38/I0BOJIbHAIOTE 38/IaHOMY piBHAHHIO (HepiBHOCTI).
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N [(lpuknagu po3B’'A3aHHA 3aBiaHb

IMpuxnanx 1

Fo3e' 83aHRA
P x*-9=0 opu x=13. Tomy 06-
JIaCTh BUBHAYEHHS 3aJI1aHOI (DyHE-
ii:
x%*— 9 # 0, robro x # 13.

v/

f’..,_l_,,_‘ T T
| E Lol !ﬁ .ﬂ!

o =

IlobymyiiTe rpadik dpyurmii ¥ =

x2-9

Komenmap

Ilobyayemo aBi cHcTeMHM KOOpAU-
HAT Tak, mob oci opaguHAT V HUX Oym
HA OJHIN mpAMHiIl. ¥ THX TOYkax, je
dyuruis f (x) = x* — 9 gopiBHIOE HYJIIO
(x = +3), we icHye rpadira QyHEKIII

1 1
Vi@ #oo
pe3 Il TOYKW BepTHEAJBHI MpAMi, 10
Heé TNepeTHHawTh rpadik QyHEIT

1
Ty
HA x mnomimmvo 1 Ha BijgnmosijgHe
3HaveHHA opauHaTH [ (x) (BMEOpPHCTO-
Byloun Te, mo opauHatH [ (x) Big-
MiueHI Ha BepXHBOMY rpadiry).
Ha pucyHEy uepBoHOW IiHi€ 300pa-
JKEHO Pe3yabTaT — rpagik QVHEIII

1
V= x*-9
(dirka BuOpaHo pizEMI MacmTab 1O
ocax Ox i Oy.)

Tomy nposepemo ue-

TloTtiM A5 KOMKHOIO 3HAYEH-

. (Jlna moGymoBu ILOro rpa-
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Mpuxnanx 2
HY TOYOK,

x*+y<0,
{x -y<2.
Posze'snzanna

P Bazana cucTeMa piBHOCHJIBHA CHC-

Temi
{ y< —x?,
y>x-—2.
B06pasuMo UITPUXOBKOI rpadiku
HepiBHOCTel cuctemu (mepinoi — Bep-
THUEAJIBHOIO, IPYT0l— rOPU30HTAILHOIO):

—
= 7 &£
,///f‘
1 1 7 %
—
N7 2 x
i B e
I
P o
1
L
= of y=-=
7,
7
F
Prnc. 64

Tomi MHOKWHA TOYOK, KOOPAH-
HATH SAKWX 34/I0BOJIbHAIOTH CHCTEMI,
6yae Takomw:

,
y ,+,‘b
P
7 7
F 4
0 - o
D\ 2 *
F 4
/
//
z
vy —2
o
4 2
7 —_ —
’ y=—x
s
’

Puc. 65 <

IlokakiTh MITPHXOBEOI HA KOOPAMHATHIN TLIOIMHI MHOMH-
KOOPJMHATH SAKHX

3aJOBOJIbHAKOTH cucTeMi

Komenmap

[lepenummemo sajany cucremy
Tak, 1Eb6 Ham Oyno s3pyuHo 300pa-
AT rpadikm 3aJaHUX HepiBHoCTel
(To6To 3anMIIEeMO HEPIBHOCTI Y BUIJLA-
aiy = f(x) abo y < f (x)). Muoxkunoro
TOYOK, KOOPJUHATH SKUX 38I0BOJILHS-
10Th HepiBHOCTL I < —x?, € 06’egHAHHSA
napaGosu y=-—x* i TOYOK KOOPIH-
HATHOI IJIOIMHM, SKi posrailoBaHi
Huxde 1iel napabosm (Ha puc. 64 na
MHOYKMHA [O3HAYEHA BepPTUEAJLHOIO
MITPUXOBEKOI). MHOKHMHA TOYOK, KO-
Op/IMHATH SKUX 3aJI0BOJILHAIOTL He-
piBHOCTI Y > x — 2, CRJIAJAETBCA
3 TOYOK KOOPJIMHATHOI IUIONUHU, AKL
3HAXO/JAThCA BHIle OpaMol y=x — 2
(Ha pUCYHEY I MHOYKMHA I[103HAYEHA
TOPU30HTAJIBHOKO ITPUXOBKOIO).

Cucremi HepiBHOCTEl 38J0BOJIBHSA-
10Th KOOPJAMHATH THX 1 TLNBKY THX TO-
YOk, AKI HAJIEKATH MEPeTUHY MHOMKUH
TOYOK, 1[0 38JAI0ThCA KOYKHOIO 3 He-
piBHOCTell 3asaHOl cucteMu (HA pH-
CYHEKY MepeTHHY MHOYKHH BignoBizae
Ta 06J1acTh, jie NITPUXOBEU HAKJIATUCA
OJHA HA OJHY).

3ayBaskKUMO, 10 B MNOTIOHMX
3aBJAHHAX MOYKHA He BUKOHYBA-
TH NPOMIsKHHMX pHCYHEKIB, a Bigpasy
HITPUXYBATH IIYKAHY MHOMKHUHY TO-
YOK KOOpJMHATHOI IUIOHUHU (BHIE
npamMoi y =x — 2 i Hukye napabosn
Yy =—x° pasoM 3 Ti€l YaCTUHOIO Ia-
pabonu, sfka JeKUTH BUIe NPAMOL;
puc. 65).
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Ipuxnag 8  Ilo6yayiiTe rpadik pisaanna | x —y |+ 2 |x +y|=x + 6.
Opienmup
Jlns ciipolljeHHs BUpasy 3 KibKOMa MOAYJIAMH 3 JBOMA BMIHHMMH MO
HA 3HANTA HYJ migMoAyiIbHWUX BHpasziB (TobTo mpupiBHATH X g0 HyJIA) i
po3buTn 06nacTh BUBHAYEHHS POSIJIA/yBAHOIO BHPA3Yy HA JAEKiJBEA YACTHH,
V KOMHIN 8 AKMX BCi MOAYJL pOSKpPHBAIOTHCA OJHO3HAYHO.
BukopHcTOBYIOUH 1€ OPIEHTHP, OJEPYKYEMO NJAGH PO38 A3AHHA TIPUEJIATY.
IlpupiBaaemo a0 Hyna migMopaysibHi Bupaszu x — y = 0 (3Bigen y = x)
ix+y=0(ssigen y = —x). Ilpami y = x i y = —x po3bMBAIOTH KOOPJVHATHY
IIOLIMHY Ha JoTUpH obaacTi. ¥V KokHIN i3 mux obiacTteil Bei Momysi pos-
KPHMBAIOTHCA OJHO3HAYHO, 1 IMICJIA NMepeTBOPEeHHA 0JleprkaHol piBHOCTI MOYKHA
6yayBaTH BiANOBiIHY YacTHHY rpadika 3aJaHOTO PiBHAHHA.
Poze’azanns
P 1. O6nacrs BusHauenna: x € R, y € R.
22x-y=0mpny=x;x+y=0mpu y = —x.
3. Ilpami y = x i y = —x po3bUBaOTH KOOPAWHATHY IJIOIMHY HA YOTHPH
YACTHHM, V KOXKHIN 3 AKMX TNMO3HAYEHO 3HAKM IEPHIIOro i JApyroro Imij-
MoAyNBEHUX BHpasziB (puc. 66, a). (Bygemo BBarkaTH, 0 KokHA 00JaCTh
OepeTbecsa paszoM i3 MpoMeHAMH, AKI 1i 00MeskyioTh.) JlificHo, AKIIO TOYKH
poaTamroBani B 06xacTi I abo Ha 1i Mexki, To IXHI KOOPAMHATH 38J0BO.JTH-

: " y>x,
HAKIOTL CHUCTeMi HepiBHOCTeN { SKY MOJKHA 3alMCATH TAK:
x—y<0,
{x +y=0.
a Apyruii — JoJaTHUM, i TOMY 3a/iaHe piBHAHHA Mae BUNISL: —(x — y) +

+ 2 (x + y) = x + 6. 3Bigen y = 2. Byayemo uactuny rpadira wiel Gpyuk-
mii, mo posmimyersea B obnacti I (puc. 66, 6).

y=-x,
Toxi B obsacti | neprrmit migvoxyibHMI BUpas € BijL eMHMM,

Puc. 66
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Y= x, x—y<0,

y<-x, x+y<0.

OT:xe, B obnacri Il sagane piBuauua mae urasg: —(x — y) — 2 (x + y) =
= x + 6. BBijgen y = —4x — 6. Byayemo yactuny rpadika uiei ¢pyHknii,
1o poarauoByeTses B obnacri I1.

Amnanoriuno s Toyokr obnaeri 1I: {

< x-y=0,
y<x, . { y

fArmo Touxkm posramoBani B obnacti I11: { x+y<0,

ys-x,

i3 sajaHoro piBHAHHA ofep:kyemo (x — y) — 2 (x + y) = x + 6. 3Bijgcm
2

y=—7-x-2.

3
<x, —y=0,
Sxmoo Toukn JesxaTh B obaacti IV: {y TOOTO {x y i3 3a/1aHO-

yz-x, x+y=0,

ro piBHAHHEA Maemo (x — y) + 2 (x + y) = x + 6. 3Bijgen y = —2x + 6.
OctaTounnii Burnaj rpadika piBHAHHA HaBeJeHO Ha pucyHEY 66, 6. <]

H 3anuTtaHHA ANA KOHTpOrio

1. TloacwiTh Ha MpHEJIaax, AK MOYKHA, MaoudM rpadixn GyEEDiH ¥ = [ (x)

Ta y = g (x), nobyaysatn ecriz rpadira ¢yermii y=f(x)+ g (x) Ta
ety s &
dymxnll y=10n

Illo vasuBaeThes rpadikom piBHaHHA 3 aBoMa 3MinauMu? Illo masusa-
eThes rpadikoM HepiBHOCTI 3 gBoMa sMiHEMMKU? HaBemiTe npukiam.
Ak, suaroun rpadir ¢yeruii y = f (x), nobygysaru rpadir HepiBHOCTi
y > f (x) Ta mepiBHocTi i < f (x)? HaBexiTs npukiagm.

fk, suarouu rpadik piBaauusa F (x; y) = 0, moskua nobyaysaru rpadik
pisusiana F (x — a; y — b) = 0 ta pisusus F (|x; ) =0i F (x3 |y [) = 0?
HagegiTe npuk.siam.

Obr'pyHTYiiTE TTpaBHJa TeOMETPHYHHX T€peTBOpeHB Trpadika piBHAHHA
F (x; y)= 0 pna opepsxanns rpadikis pisaaus F (x —a; y—b) =0,
F(lx|;4)=0,F(x:|y=0.

IlosicHiTs Ha NpUEIami, AK MOKHA 3HAUTH HA KOOPIMHATHIN MNJIOIMMHIL
MHOYKUHY TOYOEK, KOOPJMHATH SKMX 38/I0BOJLHAIOTH CUCTeMi HepiBHO-
creil i3 ABoMa 3MIHHMMH.

I Bnpaewu

1.

Ilo6yayiiTe eckis rpadika QyHELII:
1

— l' = —l- == 3 _ = z—l
1) y_x+x, 2) y=x = 3) y=x +x’ 4) y=x o
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2. TlobynyiiTe rpadik piBHAHHA:

D|yl=x-2; 2)|yl=2-x 3 x|=-v5
H|x|+|yl=2 5|x|-lyl=2.
3. Ilobyayiire rpadikx HepiBHOCTI:
1)y>a®-3; 2) y<; 3) x% + y* < 25;
X

4) (x— 2 +(y + 3)* -~ 4.
4. llokamxiTh WITPUXOBKOI HA KOOPAMHATHIN IUIOLNMHI MHOMKHMHY TOYOK,
KOOP/JMHATH AKHMX 3810BOJILHAIOTL CHCTEMI:

y<b-x,
.08 2,220, e
1 {x ty'<4, {x;yzgz 3) {yéS ST
y>% ry 5 y<—% y<2x+4.

5. IlobynyiiTe rpadik piBHAHHA:
D|x-yl-lx+yl=y+3;
2)|x-2y|+|2x-yl|=2-y;
3)|8x+y|+|x—y|=4.

§ 6 METOA MATEMATUYHOI IHAYKLYT

Ilpyn posp’sAzyBaHHI MaTeMaTHYHHMX 3aBJaHb IHKOJIW BMHHEaE IoTpeba
OOI'pyHTYBATH, M0 IEBHA BJIACTHBICTH BHKOHYETHCA JJIA JAOBLJIBHOrO HATY-
paJIbHOTO 9Mcia .

IlepeBipuTH 3a/aHy BJIACTHBICTH /IA KOMKHOIO HATYPAJBHOIO YHC-
Ja MM He MOYKeMO — IX KiJIbKicTh HeckiHYeHHa. JloBoguThcA MipEyBaTH
Tak: 1) & MOMKY IepeBIpUTH, W0 IS BJIACTHBICTH BUKOHYETBHCA NpH 711 = 1;
2) A MOXKY TIOKa3aTH, 0 JJIA KOXKHOI0 HACTYITHOTO 3HAYEHHA 11 BOHA Te BH-
KOHYETBCA, OT3Ke, BIACTHUBICTE Oy/le BHEOHYBATHCH /IJIA KOYKHOTO HACTYITHOT'O
YHCJIa MOYMHAKYH 3 OJHHHUL, TOOTO ANA BCiX HATYpPaJlbHUX YHCE.

Takwuii coci6 MipKEyBaHb NIPH JIOBEJIEHHI MATEMATHYHHX TBEP/KEHBb HA-
3uBaeThbCcA Memodom mamemamuyrol indyrxyii. Bin € ogauM 3 yHiIBepcalb-
HUX METOJIB JIOBEIEHHA MaATEMaTHIHWX TBEP/3KEHb, ¥ AKUX MICTATHCA CJIOBa
«JIA TOBLIBHOTO HATYPAaJIBEHOTO N» (MOKIMBO, He chopMyaboBaHi ABHO). [o-
BeIeHHA 32 /IONOMOTOK IHOTO METO/IY 3aB¥K/IHM CHEJIAJA€ThCA 3 JBOX €TAIIIB:
1) nouamor iHdykyii: MepeBipsaOTE, Y BHKOHYETHCA PO3IIAAYBaAHE TBEP-

JyKeHHA mpu n = 1;

2) indyxkmuenuil nepexid: JOBOAATH, [0 KOJH 3a/ilaHe TBEPIKEeHHA BUKOHY-
€ThCA AMnA k, TO BOHO BUKOHYeThed 1 aua k +1.

TarkuM YMHOM, TOYABIIH 3 72 = 1, MM HA OCHOBI /IOBEJEHOTO iHIYVKTHBHO-
TO TIEPEXONY OJEPIKYEMO CIIPABETHBICTE C(hOPMYIHOBAHOTO TBEPIKEHHA IIIA
n=2,3, ..., T0bro gna Oyab-AKOro HATYPAIBHOTO 7.
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Ha nparxTuni neit MetToj; 3pyu4HO BUKOPMCTOBYBATH 3a CXEMOIO, HaBeje-
Ho1o B Tabmuii 14.

Tabnuna 14

Cxema poeefieHHs TBEpAXEHb

3a JONOMOro MeToay
MaTemMaTuyHoI IHaY KLUl

Mpuknan

Ilepesipaemo, yu BHUKOHY-
€THCH JIAHE TBEPIKEHHT
npu n =1 (iHomi moumHa-
10Th 3 . = p).

IMpunyexkaemo, mo 3anane
TBep/KeHHS CHpPaBeLIIHEe
npu n=~k, ne B > 1 (apy-
rHii BapiaaT — npu n < k).

Hosodumo (cmmparounch
HA TMPHIYHIEHHNA) cHpaBe/-
JHBICTH HAIIOTO TBEepGKEeH-
HAinpun=Fk + 1.

Pobumo eucnoeor, 1o fane
TBEP/ZKEHHA CHPABEIIHEE
ANA OyIb-IKOTO HATYPAIH-
HOro umciaa n (nns Oyab-
AKOTO 1 = p)

JoBeaiTs, 1110 /15 JOBLILHOIO HATYPAIBHOIO 11

1-2+2-3+...+n(n+l)=;;—n(n+l)(n+2).

P Jlns spydHOCTi 3aIMCY NOZHAYUMO

1.

S =1-2+2-3+...+n(n+1).
Ilpu n = 1 piBHiCTHL BUKOHYETHCH:

1.2=%-1-2.3, 10610 2 = 2.

[Mpunyckaemo, 1o 3aJ1ana piBHICTS € Ipa-
BUWJILHOIO nipu 1 = k, ge k 2 1, To6ro
S$,=1:2+2:3+...+k(k+1)=

:ék(k+1)(k+2). (1)

JloBegemo, 1o PpiBHICTE BHEOHYETHCH
impu n =k + 1, To6T0 HOBEgEMO, IO
8..:=1:2+2:8+ ... +R(E+1)+

k

+(k+1)(k+2):%(k+1}(k+2)(k+3).

VpaxoByroumn, 110
S, =S, & +1) (% +2),
i migcrapasroum S, 3 pisrocti (1), ozmep-

FHYEMO

Spa =1k (k+1) (h+ 2+ (k+1) (k +2)=

=%(k+l)(k+2)(k+ 3),

mo i notpi6Ho 6yJo JoBeCcTH.
Ot:xe. 3ajaHa piBHiCTh NpaBHIILHA I8
6y /Ib- IKOr0 HATYPAJILHOIO 1. <

HATypaJbHOMY 7.
Komenmap

OcEKinbKM TBepIykeHHSA HeoOXiTHO HoBecTH A OV/Ib-SKOT0 HATYPAILHO-
ro 1, ToO BUKOPHCTAEMO MeTO/l MAaTeMaTHYHOI IHAVEIII]l 3a cXeMO10, HABeIeHOK
B Tabnuni 14. Buronyrooun ingykTuBHNi nepexin (Bigx n=k gon=»Fk + 1),

E [puknagwu po3e’'s3yBaHHA 3aBfaHb

Ipuxaan 1 [osexits, mo 10" — 9n — 1 gimmTeesa Ha 81 npu O6yab-AKOMY
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MoIaMO BUpAa3, AKHH oiepskyemo npu n = k + 1, Ak cymy ABOX BHpasiB: Toro,
1[0 OJlepsKay TIpM n = k, i 1je 0JJHOTO BHpasy, AKMI JimuThea Ha 81.
Pozé'sazannn

1. P IlepeBipfeMo, UM BUKOHYEThCA 3ajiaHe TBep/ukeHHA nipyu n = 1. fkmo
n = 1, saganawii Bupas gopiBHioe 0, TobTo mimuThea Ha 81. Otike, 3agaHa
BJACTHBICTE BUKOHYEThCA TIpH n = 1.

2. Ilpmnyckaemo, 1o 3ajaHe TBep/UKeHHA BHEOHYEThCA NpH n = k, TobTo
mo 10* — 9% — 1 ginmmThes Ha 81.

3. JloBepemo, 1110 3a/jaHe TBEpP/»KeHHA BUKOHYETheA i npm n = k + 1, Tobro
mo 10" — 9 (k + 1) — 1 gismTees Ha 81.
100 -9 (k+1)-1=1010-9% -9 -1=10 (10" - 9% — 1) + 81k.
Bupas y ayskeax — Iie 3HAYEHHA 3aJaHOTO BHpasy NpH n = k, Ake 3a
NPHUIYIIeHHAM IHAYELIL ZianThea Ha 81. Omke, KoXKHAI I0JaHOK OCTAH-
HBOI cyMm gimThes Ha 81, Toxi i Besa cyma, 10610 108 ' -9 (F +1) - 1,
gimaTbea Ha 81. Takum umHOM, 3aJaHe TBep/»KeHHA BUKOHYEThCA 1 mpu
n=k+1.

4. Omxe, Bupaz 10" — 9n — 1 gismTees Ha 81 npu 6y/as-AKOMY HATYPAJIBEHO-
My n. <

I[puxknan 2  Joeemits, mo 2" > 2n + 1, akmo n = 3, n € N.

Komenmap
OckiJIbKY TBep/KeHHs] MOBMHHO BUKOHYBATHUCH MOYUHAKOYU 3 N = 3, TO
nepeBipKy MPOBOMMO caMe /U [BOro YHMeja. SanucyloUuH NpUNyIieHHsd iH-
AYEIiT, 3py4HO BUKOPHMCTATH, 1[0 38 O3HAYEHHSM MOHATTA «Olibime» a > b
Tomi i Tinebku Toxi, konm a — b > 0. JloBogsium HepiBuicTs npy n=FkF + 1,
3HOBY BUKODPHCTOBYEMO Teé caMe O3HAYEHHS 1 JIOBOJAMMO, 1[0 PI3HMILA Misk
JiBOKO i MpaBOI0 YaCTHHAMM BiJIOBiHOI HepiBHOCTI J0JATHA.
Poszé'azannsa
1. Ilpu n = 3 ogep:xyemo 2% > 2+3 + 1, T06ro 8 > 7 — npaBHJIbHA HEpPiB-
HicTh. OTike, ipy 1 = 3 3a/laHa HEPiBHICTH BUKOHYETHCH.
2. Ilpunycrkaemo, 110 38 1aHa HepiBHiCTL BUKOHYETheA Iipu 11 = k (me k > 3):
2" > 2k + 1, To6r0 2F — 2k — 1 > 0. (1)
3. JloBepemo, 1m0 3aJaHa HEPIBHICTH BHEOHYETHCA 1 mpu n = k + 1, Tobro
goBegemo, mo 27 > 2(k + 1) + 1.
Posrasaremo pisHHUIIO
2P -2k +1)+1)=22-2k-3=22"-2k-1)+2k-1>0
(ockismBKM BUpas y AysKEax 3a HepiBHicTiO (1) momaTHwMii i mpu k > 3 BU-
paz 2k — 1 Tesx momatuwmii). Orwwe, 28 ' > 2 (B + 1) + 1, TobTO 3amana
HEePiBHICTE BUKOHYETheA i mpu nn = k + 1.
4. TarkwMm uymMHOM, 38JaHA HEPIBHICTE BHEKOHYETHCA TPH BCiX HATYPATbHHUX
n=3.
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EE Bnpasu

JoBemiTh 3a JOMOMOrol0 MeToay MaTeMaTHdyHol iHavemii (1-12).
1. 1 1 1

n .

—t——+...+ =-—"_npu Becix narypansuux n (n € N).

1+2 2+3 ni{n+1) n+1 P e
&, e o : =—"__nmene N.

1+6 59 (An=3)(An+1) 4n+1

2 2
; P 1

3. 1'“+2‘*+3“+...+n":$, gen e N.

4, 1-2-3+2-3-4+...+n(n+1)(n+2):in(n+l)(n+2}(n+3), nen e N.

5. Jlobyrox 1+2+3-...+n nosHauaernca n! (umraersesa: «n daxropiais).
Hosemite, mo 1-11 4+ 2-21 4+ ...+ n-nl=(n+ 1) -1, 5e n € N.

6. 4" > Tn — 5, saxkmo n € N.

7. 2" > n®, axkmo n 2 10.

8. losexits, mo 9" — 8n — 1 ginurees Ha 16 npu 6yas-gKOMY HATYpPaJIbHO-
MY n.

9. losexitTh, mo 5" + 2+3" — 3 ginuThes Ha 8 npu OyIb-IKOMY HATYPAJIb-
HOMY .

10. JlosexiTh, mjo 7" + 3" — 2 gimuThbes Ha 8 npu 6y b-IKOMY HATYPAJILHOMY 1.

11. Jlosexits, mo 2% % — Tn + 41 gimutbes Ha 49 npu 6yab-sKOMY HATY-
pajJbHOMY n.

12, JlosexiTs, mo xom a, =2, a,= 8, a
n € N.

n|2:4aufi_30,,,1'0(1":3"_1,}1&

§ 7  MHOTOYAEHU BIA OAHIET 3MIHHOI TA All HAA HUMU

7.1. O3Ha4yeHHA MHOTOYAEHIB BiA OAHIET 3MiIHHOI Ta IX TOTOXHa PiBHICTb

PoarnareMo ofgHOYJIeH i MHOrodJeH, AKi 3aJeyKaTh TiJbKEH Bijg omHiel
3MiHHOI, HANPHEJIAJ Bijl 3BMiHHOI X.

3a 03HaUEeHHAM OJHOYJIeHA gHca i OyEBH (V HAaImoMy BHIAZEY OfHA OyE-
BA — X) YV HBOMY IIOB’fA3aHi TiNBEH ABOMA JiAMH — MHOKEHHAM 1 IiJHeceH-
HAM [0 HaATypaJbHOro cTemeHA. SIKIo B mpoMYy OJHOYJEHI m00yTOE yceix
YHcen 3aACcaTH Tepel OVKEBOI0, a JoOYTOK yCixX cTeneHiB OYKBH 3amucaTH AK
Oinuil HeBiJ €MHWI cTemiHb miel OykBm (TOOTO 3ammcaTH OZHOYNEH Y CTAH-
JApTHOMY BHWIJIA[L), TO OJEP’KMMO BHpPas BHAY aXx’, e 4 — JeAKe UHCIO.
Tomy odnounen eid o0wiel 3miHHOT x — ye eupas eudy ax", de a — desaxe
yucno, n — yine Heeid’emue yucno. flkmo a # 0, To NOKA3HUE CcTeneHA N
B8MiHHOI X Ha3WBacThes cmeneHem odvounena. Hanpmrnazg, 25x° — ommo-

2
HJeH MIoCTOro cTeneHs, §x2 — OJHO4YJIEeH ApYIoro cTeneHsA. H_ICH_{O OJTHOY.JIeH

€ uncaoM (He piBHMM HYJIIO), TO WOTO CTENiHL BBAYKAIOTH PIBHUM HYIO. J[14
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odnounena, axuit zadanuic wucnom 0, noHammsa cmeneHs He 03HAUAIONLb
(ockimprm 0 = 0+x = 0-2% = 0-2%..).

3a o3HAYEHHAM MHOI'OYJIEH BiJl OJHI€l 3MiHHOI X — Ile cyMa OJHOUYJIEHIB
Bij opgmiel aminHol x. Tomy

MHOZOUTLEHOM 610 OOHIEL 3MIHHOL X HA3UBAEMbCA 6UPa3 6udy
fx)=ax"+a _x'+..+ax*+tax+a, e}

de koeiyienmu a , a, , ..., a, — deaxi wucaa.

fkmo a, # 0, To neit MHOrousIeH HAZUBAIOTH MHOZOYJICHOM N-20 chme-
nensa Big sminvoil x. Ilpu npoMmy uieH a X" HA3UBAIOTL CMAPULUM HJICHOM
MmHozouneHa f (x), umeno a, — KoeQiyieHmMom npu cmapuiomy wieHi, a ujieH
a, — einoHum wnenom. Hanpurnag, 5x* — 2x + 1 — MHOrouseH Tperboro
cTerneHs, y AKOro BinbHMN uieH gopisHioe 1, a koedinienT npu crapuomy
yieHi jopiBHIoE 5.

BasHauyuMo, 1110 iHOAI HyMepallilo KoedillieHTIiB MHOrOYJIeHa MOYUHAIOTE
3 noyaTky sanucy supasy (1), i Toxi saransumit Buj MHorouseHa f (x) sa-
IUCYIOTh TAK:

Fx)=bx*+bx"*+..+b_x+b,

ne b, b, ..., b, — nesaki uncna.

Teopema 1. Odnounenu ax”, de a # 0, ma bx™, de b # 0, momodicro
pieni modi i minvku modi, konu a =bin =m.
Odnounen ax" momosxcHo pi6HUL HYAIW Modi i minvku modi, Konu
a = 0.
® OckiibEM PiBHICTE OJHOYJIEHIB
ax" = bx" (2)
BHKOHYETHCA TPH BCiX 3HAYEHHAX X (32 YMOBOIO Ii OJHOUYJIEHH TOTOXMHO
piBHi), TO, MACTABAAIOYH B II0 piBHiCcTE X = 1, orpumyenmo a = b. Ckopo-
yyroun obnaBi uacTuHM piBHocti (2) Ha a (ge a # 0 3a yMOBOW), OfiepHy-
emMo x" =x". Ilpm x =2 i3 miei piBHOocTi Maemo: 2" = 2". OcKiIBEH

2'=2.2-...+2, a 2"=2-2-...-2, To piBHicTE 2" = 2" MOKJINBA JIHIIE
S i
n pasis m pasis

Tomi, komu n = ni. OTixe, 3 ToToxkHOI piBHOCTI ax” = bx" (a # 0, b # 0)

OTPHMYEMO, o a = b in = m.

HArmo Bigomo, mo ax” = 0 gna Beix x, To mpu x = 1 ogepsxyemo a = 0.

Tomy ogHOUYTEH ax” ToToykHO piBHMI HymM0 npu a = 0 (togi ax” = 0-x" =

=0'). O

Hazaxi 6yae-axnit ogaouner Buay 0+ x" 3aminroBaTuMenmo Ha 0.
Teopema 2. Axwo muozounen f (x) momoscno pienuil nynro (mob-
no Habyeae HYAbOBUX 3HAYEHb NPU 6CiX 3HAYCHHAX X), MO 6ci 1L0z0
KoeiyicHmu piéHi HYNI0.

! B3EaYKOM = MO3HAYEHO TOTOKHY PiBHICTH MHOTOWJIEHIB.
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Ina noBefeHHA BUKOPHMCTOBYEMO METOJ, MATEMATHYHOL iIHAYEIIL.

Hexait f(x) =a x"+a, x" '+..+ax+a,=0.

Ilpu n = 0 maemo f (x) = a, = 0, Tomy a, = 0. Tobro B nboMy BHDaIKY
TBEp/KeHHA TeOPpeMH BHEOHYETHCH.

ITpunycTumo, o npu n = k e TBep/yKeHHA TAKOM BUEOHYETHCA: AKIIO

MHorouneH a.x* +a, x*'+..+ax+a,=0,1700, =0, ,=..=a,=

=a,=0.

JloBenemo, 110 3aiaHe TBepKeHHA BUKOHYEThCA il mpu 1 = k + 1. Hexaii
f(x)=a, **'+ax*+..+ax+a,=0. (3)

OckinbEn piBHIiCTE (3) BUKOHYETBCA MPH BCiX 3HAUYEHHAX X, TO, ITiJICTAB-
NAKYM B 10 piBHicTs X = 0, ozepixyemo, mo a, = 0. Toxi pisricTs (3)
NepeTBOPIOETLCA Ha TakKy piBHicTs: @, x*'' +ax" + ... + a,x = 0. Bu-
HeceMOo X y JiBii yacTHHI 1iel piBHOCTI 3a AY3KEHW Ta OJIEPIHKUMO

x(@ x*+ax*'+..+a)=0. (4)
PiBHicTh (4) mOBMHHA BHKOHYBATHCA NPH BeiX 3HaueHHAX x. IlnA Toro
mob BoHA BMKOHYBaJsacd npu x # (), NIOBUHHA BHKOHYBATHCA TOTOMKHICTH

e . x+ax*'+..+a,=0.

¥ xiBiit yacTHHI i€l TOTOXHOCTI €TOITH MHOIOYJIEH 13 CTElTeHAMH 3MiHHOT
Big x° 1o x*. Toyi 3a mpunymeHHAM IHAVEIII Bei floro KoedimieaTH JOpiB-
HIOIOTh HYJIIO: @, , , = @, = ... = a, = 0. Ane Mu goBesm Takosx, mo a, = 0,
TOMY HAIIE TBEP/>KEeHHA BUKOHYEThCA 1 mpy 1 = k + 1. OTike, TBepyKeH-
HA TeopeMH CIpaBeJINBe IJA Oy/Ab-AKOT0 ILJIOr0 HeBij eéMHOIro 711, To6TO
A Beix MHorodseHiB. O
MuorouseH, y Akoro Bci koedilieATH piBHI HYIf0, 3A3BMYAN HASHBAIOTH

HYAbOGUM MHOZOUNEHOM, ADO HYNb-MHOZ0UIeHoM, 1 mozHAYAKTE 0 (x) abo
npocto 0 (ockimerm 0 (x) = 0).

Teopema 3. Axwo dea mnozounenu [ (x) i g (x) momoacio pieni,
mo 6éonu 3bizaromben (mobmo IxHi cmeneni 00HaK06L U KoepiyicH-
mu npu 00HAKOBUX CMENneHAX PIEHL).
Hexait MHOTI'OYJIeH f (=034 a, 28V F e O G0 F il
a MHorouneH g (x) =b x" + b, x™ '+ ..+ bax*+ bx + b, Posrnaue-
mo mMHoroutieH f (x) — g (x). Ockinbku mHOrounenu f (x) i g (x) 3a ymo-
BOIO TOTOXKHO piBHi, To MHorouseH [ (x) — g (x) Toro:xuo mopisuioe 0.
Om:xe, yei Hioro koedilieHTH TOpiBHIOIOTEL HYJIIO.
Ame [ ()~ gx)=(8,—0) + e, ~b)x +{a,~B)x* + .iss
Topi a,-b,=0, a,—-b,=0, a,-b,=0, ... . 3Bigen a,=b, a,=0b,,
a, = b,, ... . 5k 6auuno, AKIIO NPUNTYCTUTH, 1110 B AKOTOCH i3 JIBOX 381aHUX
MHOT'OYJIEHIB CTeliHb BUINMI, Hi¥k V ApYyroro MHorowieHa (HalpHUEKJIal,
n Ginbmre m), To koedilieHTH pisHMII NOpiBHIOBAaTHUMYTH Hy 0. Tomy,
nounHawuu 3 (m + 1)-ro Homepa, yci KoedillieHTH @, TAKOK JOPiBHIOBa-
TUMYyTh Hy 0. OT:e, MmHOrousend [ (x) i g (x) gilicHo MalTh OTHAKOBUEL
cTelliHb i BifmoBimHO piBHI KoedillieHTH NpH OXHAKOBUX cTereHAx. O
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Teopema 3 € 0cHOBOIO TaK 3BAHOIO Menody HeGUIHAYEHUX KoepiyieHNi6.

IlokaskemMo ioro 3acTocyBaHHA HA TAKOMY NPHEJA/II.

Ipuxaan Hosegite, mo (x + 2) (x + 4) (x + 6) (x + 8) + 16 € noBuuUM
KBAIpaTOM.
P Baganuii MHOrouJeH € MHOrOUYJEHOM YeTBepTOro cTelleHs, TOMY BiH

MOKe OyTH HOBHMM KBAJPATOM TLIBKM MHOIOYJIEHA APYroro CTelneHsd.
Muorousen gpyroro creness mae Burisjg ax® + bx + ¢ (a # 0).
OpepskyeMO TOTOFKHICTB:

(x+2)(x+4)(x+ 6)(x + 8)+ 16 = (ax® + bx + c)’. (5)
Poskpusaroun gysceu B aiBiil i npasiit vacTuHax niei ToToskHoCTi TA NPU-

piBHIOIOYM Koe(dillieHTH NpH OJHAKOBUX CTEIleHAX X, OJepIKYEMO CHCTEMY
piBuocreit. Ileit eran 3pyuyso oOpMIATH B TAKOMY BUIJISAIL:

1=¢d*

¥ |24+4+6+8=2ab

x? (24426 +2:8+4-6+4+-8+6-8=0>0+ 2ac

2+4+6+2+-4-8+2-6-8+4-6-8=2bc

x° |2-4-6-8+ 16 =¢?

3 mepiroi piBHOCTI ofep:kyemo a = 1 abo a = —1.
Ilpu a = 1 i3 apyroi piBHOCTi Maenmo b = 10, a 3 Tpersoi — ¢ = 20. Sk

OauuMo, MpM MHUX 3HAYEHHAX a, b 1 ¢ ocraHHI Bl piBHOCTI TaKOXK BHKOHY-
1oTheA. OTske, ToToxkHICTE (5) BUEOHYETReA pu a = 1, b = 10, ¢ = 20 (arano-
rivHO MOYKHA TAKOK ofepskatu a = —1, b = —10, ¢ = —20).

Tarkum unHOM, (X + 2)(x + 4)(x + 6)(x + 8) + 16 = (x* + 10x + 20)%. <

Bnpaen

Buarun, o MEOroYseHM [ (x) i g (x) ToToXkHO piBHI, 3HAWAITE 3HAYEH-
HA KoepimienTis a, b, ¢, d:
Df(x)=2x*-B—-a)x+b,g(x)=cx®+ 2dx* +x + b;
2)fxX)=(a+1D)x*+2,g(x)=3+bx*+(c—1)x +d.

BuaigiTe Taki yncna a, b, ¢, mob zagana piexicrs (¥ — 1)a +b(x — 2) +
+ ¢ (x + 2) = 2 BuKOHYBaNacHa NpH OYAL-AKNX 3HAUEHHAX X.

JloBeiTE TOTOKHICTE:
DN-DE+FDEE-s+1)@ErFxr)=x-1;

2) 1+ x* =(1+ 22+ 22)(1-x/2 + x2).

HoBemiTh, 110 3aianmii BUpa3 € IOBHUM KBaJIpaToOM:
Dx—Dx—-2)(x—3)(x—4)+1;

2) (x + a) (x + 2a) (x + 3a) (x + 4a) + a’.
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5. Bualimite Tari a i b, mob npu 6yab-AKMX 3HAYEHHAX X BHKOHYBAJACH

piBHiCTE
X +4*+8x +3x+2=(3Bx>+ax+ 1) (»* + x + b).
6. BanummmiTe anrebpaiuawmii apid + AK CyMY JABOX ayrebpaiuHmx
152" +x-2
. a . b
Bpobls B i 5 L st

7.2. Aii Hap MHorouneHamMu. AinNeHHA MHOroYAeHa Ha MHOTOUYAeH

3 oCTaverw

JopaBaHHA i MHOMKEHHA MHOTOYJIEHIB BiJl OJJHi€1 3MiHHOI BUKOHYIOTE 38
JIOTIOMOTOI0 BiJIOMMX TPABWJ JIOJIaBAHHA i MHOXX€HHSA MHOI'OYJIEeHIB. ¥ pe-
3YJBTATI BUKOHAHHA il JogaBaHHA 800 MHOMEeHHS HAJ, MHOTOYJIEHAMM BiJ
OJHi€l BMIHHOI 3aBIK/IM OJIEPIKYIOTH MHOIOYJIEH Bijl Ti€el camol 3MiHHOI.

3 o3HAYEHHA JOOYTKY JIBOX MHOI'OYJIEHIB BHIIJIMBAE, IO CIAPUILIL YICH
dobymiy deox mHozouaewie dopieHioe QOOYMKY CMAPUIUX YACHI8 MHONCHU-
Kie, a einvHuil waen dobymry dopienioe AobymKy GLNbHUX YLNCHI8 MHONCHIL-
Kie. Beidcu odeprcyemo, wo cnenine dobymry 0eox MHOzoUAeHi68 JopieHIve
cyMi cmeneHie MHOMCHUKIE.

Ilpu pojaBaHHI MHOrOYJIEHIB OJHOIO CTENEHA OJepPIKYIOTh MHOTOUJIEH
IBOT'O CAMOI'O CTEeleHA, X04Ya iHOJI MOYKHA OJEeprKATH MHOI'OYJIEH MEHIIOro
CTEleHs .

Hanpurnag, 2x* — 5622 +3x + 1 +(-2x* + 622 + x + B) = 4x + 6.

Ilpm momaBaHHI MHOTOYJIEHIB Pi3HHMX CTEIEHIB 3aBIKIH OIEPKYEMO MHO-
TOYJIEH, CTEIIHb AKOI0 JIOPIBHIOE OLNMBIIOMY CTENEHIO JOJA8HKY.

Hanpurnag, (3x® - bx + 7)) +(x* +2x+ 1) =32+ x* — 3x + 8.

JlineHHs MHOTOYJIeHa HA MHOTOYJIEH 03HAYAETHCH AHAJOTIYHO TiTEHHIO
nimmx ancesn. Haragaemo, mio wise uncno a ginmutees Ha miste uncio b (b # 0),
AKIIO iCHYE Take IiJie YHUclo ¢, mo a = b-q.

Osnauennsa. Muorounen A (x) miamThes ma mmorounen B (x) (me
B (x) — senyJanoBMii MHOTOWIEH), AKIIO icHye TAKHiT mHOrOUNeH () (x),
o

A(x)=B(x)*Q (x).

Ax i ans ginux ywMces, onepailif JiJieHHS MHOIOYJIeHA HA MHOrOYJIeH
BUKOHYEThCSA He 3aB¥/IM, TOMY B MHOYXUHI MHOTOYJIEHIB YBOAATH OIlepalliio
dinenna 3 ocmaverw. Kamxyrs, mo

mHOrouwjieH A (x) minmreesa #Ha muorowinesn B (x) (me B (x) — menyabo-

BHil MHOIrOYJieH) 3 OCTAYEl), AKINO ICHYE TAKA HNapa MHorowieHis @ (x)

iR (x), mo A (x) =B (x)*Q (x) + R (x), npuuomy crenins octaui R (x)

meHWNil 38 crenink gineauka B (x). (3assauumo, 10 B HLOMY BUIAIKY

MHOTOWIeH () (X) HASHBACTLCH HENOBHOI0 LACMKO10.)
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Hanpurnaa, ockinmekm x* — bx + 2 =(x? - 5) x + 2, 7o npm ginenni
MHorouneHa x* — 5x + 2 Ha MHorouJsieH x° — 5 o/lep:KyeEMO HENOBHY YACTREY X
i ocTauy 2.

Ivoml gineHHA MHOro4YJieHa HA MHOIOYJIEH, AK 1 JAleHHA 6araTosHauvHUX
Yyuces, 3pyYHO BHEKOHYBATH ¢«KYTOYKOM», KOPHCTYIOUMCH TAKMM AJIOPHT-
MOM.

Ipuxnan Pozjginumo muHorousnen A (x)=x'— 5x® + x% + 8x — 20 ma
mHorouweH B (x) = x® — 2x + 3.

Pt —5x'+x+8x - 20 x2—-2x+ 38

x! — 2x% + 3x* x*—-8x -8

-38x% - 2x2+8x - 20
-3x* + 6x* - 9x

-8x% + 17x — 20

-8x% + 16x — 24

x+4

(/‘

IloBegemo, 1110 ojilep:kaHUil pe3yJibTaT JINCHO € pea3yJibTATOM JIiJIeHH:A
A (x) va B (x) 3 ocrauero.
® Skujo No3HAUUTH pe3yJILbTAT BUKOHAHHS MEpIIOro KPOKY aJlFOPUTMY Ue-
pes f, (x), apyroro kpoxy — uepes f, (x), Tperboro — uepes f, (x), To
ornepalino JiJieHHsA, SKY BUKOHAJM BHUIIle, MOYKHA 3AIUCATH Y BUIJIAII
CUCTEeMHM piBHOCTEN:

f, @) =A(x) - x*- B(x); (1)
f, () =, (x) - (-3x) - B (x); (2)
f;(x) =1, (x) - (-8) - B (x). (3)
Hopamo nounenHo pisuocti (1), (2), (3) Ta orpumaemo
A (x) =(x* — 3x — 8) B (x) + f, (x). (4)

Vpaxosyiouu, mo crenins f, (x) = x + 4 MeHmuii 3a cremiHb JiTbHUKA
B (x) = x* — 2x + 3, nosnaunmo f, (x) = R (x) (ocraua), a x* —3x — 8 =
= @ (x) (menoBHa uactra). Tozi 3 piBHocTi (4) Maemo: A (x) = B(x) - Q (x) +
+ R (x), mobro x* —5x* + x® + 8x —20=(x*—2x + 3) (x* - 3x — 8) +
+ x + 4, a ue ¥ osHauae, mo mMu posaimmau A (x) Ha B (x) 3 ocrauero.
OueBuHO, 1110 HABE/[eHe OOI'PYHTYBAHHSA MOKHA MIPOBECTH 1A Oy1b-AKO01
napu mHorouieHiB A (x) i B (x) v Bunajaky ix ginenns croBmuukom. Tomy
onucaHuii BUIe AJINOPUTM J[03BOJIAE /8 JAOBLIBHUX gineHoro A (x) i gine-
uuka B (x) (ze B (x¥) — He HyJ/Ib0BHII MHOrOYJIeH) 3HAWTH HEMOBHY YACTKY
@ (x) ta ocrauy R (x).
BasHauuMo, 1[0 V BUIAJKY, KOJIM cTeliHb JineHoro A (x) meHmmii 3a
cTelinb AinbHUEA B (x), BBaskalTh, 1110 HernmoBHa YacTka @ (x) = 0, a octaua

R (x) = A (x).
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I Bnpasn
1. Buxomnaiite gifleHHA MHOTro4YJIeHA HA MHOTOYJIEH:
1)3x*—-6x*+2x -8 mHa x — 2; 2)x° +1nax+1;

3) x* + 3x* + 8x — 6 Ha x* + 2x + 3.

2. BwkonaiiTe JjileHHA MHOTOYJIEHA HA MHOTOYJIEH 3 OCTAYelo:

Dax* -2x*+at-x+1maxt+x+2;
xr+x+2+a+tlmrr-x- 2.

3. Ilpm axwmx sHaveHHAX a i b MHorounen A (x) ginuThea Ges ocradi Ha
mHorouseHn B (x)?

DA =x*+ax+b,B(x)=x*+5x+T;
2)A(x)=2x* -5x2 +ax + b, B(x)=x?—-4;
NAX)=x*-2+x-ax+bB(x)=2*-x+2.

4. 3HalJiTh HENOBHY YacTEY 1 ocTady mpM jAijeHHl MHOrouneHa A (x) Ha
mMHOTo4YNeH B (x) MeTojoM HeBHM3HaUYeHWX Koe(illieHTiB:
DAMX)=2*+6x2+11x+6, B(x)=x*-1;
DAX)=2x*-19x-30,B(x)=2*+ 1.

7.3. Teopema be3sy. KopeHi MHorouneHa. ®opmyau Bieta

Posrnsinemo ginenns muorouseHa f (x) Ha aBousieH (x — a). Ocrinbku
cTelniHb TiTbHUKa JopiBHIOE 1, TO cTeniHb ocTavi, SKY MH OJI€pPiKHMO, ITOBH-
HeH OyTH MeHInuM 3a 1, To6TO B IILOMY BHIAJKY ocTadyeio Oy/e Jesike Uyuc-
a0 R. Takum umHOM, AKINo posginuTu mHorodeH [ (x) Ha asounen (x — a),
TO OJIEPHUMO

f(x)=(x-a)-Q(x) +R.

Il piBHiCTE BUKOHYETBHCS TOTOHO, TOOTO NpU OYIb-AKOMY 3HAUYEHHI X.
Ilpu x = a maemo: f(a) = R. Onep:xanuil pesyJbTAT HA3UBAIOTE TEOPEMOIO
Besy'.

Teopewma 1 (Teopema Besy). Oecmaua 6id dinenna muozounena [ (x)
Ha 0eéounen (x — a) dopienroe [ (a) (mobmo 3HaLeHHI0 MHOZOYNLEHA
npu x = a).

Hpukaax 1  osegith, mo x° — 3x* + 2x® + 4x — 4 ginuTses Ges ocTadi Ha
ax— 1.
P Iligecrasusmm B f (x) = x° — 3x' + 22° + 4x — 4 3amicTs X 3HavenHsa 1,
opepsyemo: f (1) = 0. Orsxe, ocraua Big ginenss [ (x) va (x — 1) gopis-
mioe 0, To6ro f (x) mizmTees Ha (x — 1) 6e3 octaui. <

Ozravennd. Jueno o Ha3usaemvea KopeHem MHozovaeHa [ (x), axwo

fa)=10

! Besy Etpern (1730-1783) — dparnysbrnii MaTeMaTHk, AEHN 3pobue sHAYHENR
BHECOK Y POSBHTOE Teopil anrebpalyanx piBEAHB.
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Axwo muozounen [ (x) diaumocs na (x — o), mo oo — KOpPiHb 4b020 MHO-
20UCHA.
® Jli#iceo, axmo [ (x) gimuteesa Ha (x — a), 1o f (x) = (x — @) + @ (x) i TOMY
() =(x =)+ @ () = 0. Oraxce, 0. — KopiHb MHorousnena [ (x). O
Cnpasejiuse i 3BopoTHe TBep/zkeHHsA. BoHo € Hacnidkom meopemu Besy.
I Teopema 2. Axuwo wucno o € kopenem muozounena f (x), mo yeii
MHOzZOUNLeH Oinumbes na deéounen (x — ) 6e3 ocmani.
® 3a Teopemoro Besay octaua Bij ginenss f (x) Ha (x — o) mopiBHIOE [ ().
Aoe 3a ymoBoOwO 0. — KOpiHB [ (x), oTxe, f () = 0. O
VaaranbHeHHAM TeOpeMM 2 € Take TBep/rKeHHs.
Teopema 3. Axwo mnozownen [ (x) mae nonapuo pisui Ko-
peHi o, O, .., O, mo 6in dinumvcn 6es ocmavwi na dobymox
(x—a)(x—o) . (x—a)
® Jlns joBejeHHS BUKOPHCTOBYEMO METOJ MATEMATHYHOI iHAYKIL.
Ilpu n = 1 TBep/zkeHHA J0BejleHO B TeopeMmi 2.
IMpunycrumo, mo TBep/pkenns cnpaseuse npu n = k. Tobro, saxmo o,

Olyy =+ey O, — IOMNAPHO Pi3HI KOPEHI MHOrOYJIeHa f (x), To BiH gimuTbeS HaA
nobyrok (x — ) (x — o)+ -(x — @0,). Topi
F(x)=(x —a,) (x = a) e e(x — @) Q (x). (1)

HoBemeMo, 1[0 TBep:KeHHS TeopeMH clpaBejsuBe U npu n =k + 1.

Hexait o, o, ..., ,, &, , , — DONapHO pisHi KopeHi MHOrounena f (x).
Ockinbku o,  , — kopiab f (x), 1o f(w, ,) = 0. Bepyun go ysaru pis-
HicTb (1), KA BUKOHYETBLCA 3rijHO 3 NPUIYI[EHHAM IHIYEIIL, oJepiKy-
€Mo:
Floy ) =(o,,, ) (o, , —0)eeeee(e, ., —)Q (e, ,,)=0.

3a yMOBOW BCi KOpEHi O, ly, ..., L, O,  , Pi3HI, TOMY KO/IHe i3 umcen
O, — Oy O, | — Oy euey @, | — , He nopiBHIOE HYJNO. Toxi @ (o, , ,) = 0.
Orixe, o, , , — KopiHb MHOrounena @ (x). 3a Teopemol0 2 MHOro4JeH

@ (x) gimurees Ba (x — «, ), 70610 @ (X) = (¥ — o, , )-Q, (%) i 3 piBHO-
cri (1) maemo
f=Ex-a)(x-—o)..-(x-—a)(x—a,,)) - Q (x)
Ile osnauae, o f (x) ginmTees Ha Ho6yTOK
(x—o) x—a)swrlz—o) x—a
To6TO TeopemMa JoBeneHa U mpu n =k + 1.
Or:xce, TeopeMa clipaBe/lIUBa U OyIb-fskoro HaTypajbHoro n. O

Hacnigox. MHuozounen cmenens n Mac He 6inbule n Pi3HUX KOPEHIG.

@® Ilpunyctmmo, Imo MHOTO4YNeE n-ro cTeneHa wmae (n + 1) pisEmx
KOpeHiB: 0, Oy ..., O, ¢ . ,. Tomi f(x) gimmTeca Ha [g06yTOK
(x —a) (x — o) ...(x — o, , ) — MHOrOuNEeH cremena (n + 1), ane ne
HeMo#JMBo. TOMY MHOrOYJIEH 71-TO CTelleHsA He MOoje MaTH Oinblme Hix
n rkopenis. O

k+1)’
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Hexali Temep mHOrousen n-ro cremens f(x)=ax"+a, x" '+ ..+
+a,x* + a,x + a, (a, # 0) mae n pisHMX KOpeHiB o, O, ..., & . Tozxi mei
MHOIo4JIeH AinnThed 6es ocraui Ha g06yTok (x — o) « (x — o) ~vos (x — ).
Ileit moOyToK € MHOTOUJIEHOM TOro caMoro n-ro crenend. OT:ke, y pe3yibTa-
Ti JIJIEeHHA MOYKHA OJI€P>KATH TiJbKEM MHOI0OYJIEH HYJIBOBOTO CTeIleHsA, TOOTO
ypcno. TakuM yuHOM,

ax +a _ '+ +taxttex+o,=0(x-0)x—-0a)..(x-o) (2)
fArmo poskpuTH Ay:KEM B npasiii yacTmHi piBHocTi (2) i npupiBHATH
koedilieHTV NPy CTAPIINX CTeNeHAX, TO Ofiep:kuMo, mo b = a , TobTo

ax"+a, x '+.tax*tax+a,=a(x—0o)(x-a)...(x—0) [(3)

IlopisHiouK KoedillieHTH NpK OHAKOBUX CTEIEHAX X, 1[0 CTOATL B TO-
rosxuHocri (3) suiBa i cnipasa, ofiepikyemMo criBBiHOIIeHHs Mix koedilienTa-
MU piBHAHHSA Ta HoOro KOpeHsAMH, fAKi HasuBaloTh popmyaamu Biera:

a, )

O + 0y + .o+ 0, =———;

_an_zw
0400y + 040t +en b O, 400, =25

_ By 3 4
00000 + 04, 00,00, + .ot 01,00, 01, =25 (4)
n
i,
0, 0L,00... 0L, =(—1)" -2,
aﬂ
Hanpurnan, nmpu n = 2 MaeMo:
| _%
o, +(12——a—, 00, =—2,
2 2
amnpun = 3:
iy .
o, + 0, + 0, =——2;
az
i
0, 0L, + 0, 0 + 0L, 00, =a—'; (5)
r

__ %
001,00 =—E-
3

BuronanaAa Takux piBHOCTEeH € HeoOXiHOM 1 JOCTATHBOK YMOBOIO TOTO,
106 umena o, O,y ..., 0, Oy7IH KOpeHAMHM MHOTOUYJEHA

[ sazmri, 0t .. veraxta, (o, £0).
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Popmynn (3) i (4) enpaBe MBI He TIIBKEW 1A BUNAAKY, KOJHU BCi KOpeHi
MHorounena f (x) pisui. BBegemo nonamms kpannozo Kopens MHOZOLICHA.
Hxmo muorownen [ (x) piamthen 6e3 ocravi Ha (x — )", aje He HianTHCH
6e3 ocraui va (x — )" ' 10 KAKYTH, IO YHCIAO ¢ € KOPiHb KpaTHOCTI &

muorouwnena [ (x).

Haupuknajg, sxuo pobyrok (x + 2)* (x — 1)? (x + 3) sanucaru y Buriszii
MHOI'OYJIeHa, TO /s 1LOro MHoOrodsena uyucsio (—2) € kopenem kpartHocti 3,
ymuesio 1 € kopeHeM EpaTtHocTi 2, a yucesio (—3) € kopeHeM kpaTtHocTi 1.

Buxopucrosyioun ¢opmynmm Biera y BuUnajky EpaTHHX KOpeHiB, He00-
XiJIHO KO3KeH KOpiHb 3allMcaTH Take 4YMCJIo pasiB, sike JIopiBHIOE Horo kpar-
HOCTI.

[lpuknax 2  IlepeBipre cnpasegymmBicTes ¢opmyn Biera mana MHOrOYJIEHA
f(X)=x"+2x>—-4x - 8.

P (=2 +2x-4x-8=22(x+2)-4 (x+2)=(x+2)(x*-4) =
=(x - 2)x + 2)°. Tomy [ (x) ma€ kopeni: o, = 2, a, = -2, o, = —2 (OCKiNb-
KM —2 — KOpiHB KpaTHOCTI 2).
ITepeBipumo crpaBeguBicTs opmya (5).
¥ namomy Bunagry: a, = 1, a, = 2, a, = -4, a, = -8. Toxi
2+(-2+(2)=—% 2:(-D+2-(D+(-D-(-D="5 2(-D- (D=7

x Gaunmo, yci piBHOCTI BUEOHVIOTBCHA, TOMY (opmyan BieTa € cripaBep-
JIMBHMMY I JAHOTO MHOTOYJIEHA. <.

I[Mpurnan 3 CrragiTe KBajgpaTHe piBHAHHA, KOPEHAMH AKOT0O € KBaJpaTH
KopeHiB piBHAHHA X — 8x + 4 = 0.

P Tlozmaummo kopeni piBHAHHA X2 — 8x + 4 = 0 4epes x, i x,. Toxi xope-
HAMM IIYEaHOTO PiBHAHHA NOBMHHI OyTH umcna o, =x° i o, =x5. Otxe,
e piBHAHHA Mae BUraag x2 + px + ¢ =0,

2 2

ne p=—(0y +0,) :_(xlz +x§)= —((x]xz) —2x]x2), q=040, = x725 =(%,%,) .
3a dopmynamu Biera maemo: x, + x, = 8 i x,x, = 4. 3Bifcu 3Hax0IMMO,

g=(xx)=42=16,a p=—((x, +x,) —2x,x,)=—(8°—2-4)=—56.

Takum uMHOM, MIyEaHe piBHAHHA Mae BUriag x° — 56x + 16 = 0. <]

H Bnpasu

1. BmaliziTe ocrauy Bij gineHHs MHorouwneHa x° — 4x' + 2x* — 5x + 1 Ha
x+2.

2, BualigiTs koedilieHT @, 3HAOUYM, [0 OCTAYA BiJ JileHHA MHOIOYJIEHA
x* — ax® + bx — 3 Ha x — 1 nopisHoE 6.
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10.

11.

12,

13.

14.

Muorounes [ (x) mpu gienHi Ha X — 1 Ma€e ocTauy 4, a TPy JiTeHH HA X — 3 —
ocrauy 6. BmHaiigiTe ocrauy Bij gitenHs mHorouneHa f(x) ma x” - 4x + 3.
Ilpu axux sHaveHHAX a i b mEOrOUNeH X' + 2x° + ax? — bx + 2 gimuThes
6e3 octaui Ha x + 2, a npw ginenHi Ha x — 1 Mae ocTauy, Aka JopiBHIOE 37
Ocraua Bij gineHHs mHorousneHa f(x) ma 3a? — bx + 2 gopieHoe 7x + 1.
SHaIITE ocTavyy BiJ JiJeHHA IHOT0 MHOTOUJIEHA Ha ABoYJeHn x — 11 3x — 2.
BanuuriTe popmysn Bieta mpu n = 4.

CrnajgiTe KyOiUYHMIT MHOrOUJIeH, AKHII Mae KopeHi 5, —2, 1 i kKoedimieHT
npM cTapimomMy uieHi —2. Poss’axiTh 3aauy ABoMa crocobanmm.

Ilpy sAKMX B3HAYEHHAX @ cyMa KBaJpaTiB KOPEHIB TpWuJeHa Xx° —
- (a + 2) x + 3a popisuioe 127

Slky kpaTHicTh Ma€ Kopiub 2 jansa mMHorouwneHa f (x) = x® — bx' + Tx® —
— 2x% +4dx— 87

CrnagiTe kyOiuHMIl MHOrOYJIEeH, AKMH Mae KOpiHb 3 KpaTHOCTi 2 i KO-
piEb (—1), a koediieHT NpH cTapIIoMy 4JieHi 2.

BHaiimiTe Taki a i b, mob yneno 3 Oyyo KopeHeM He MeHII HiX Apyroi
EpaTHOCTI Ana MHorounena [ (x) = x* — bx? + ax + b.

CrnaiTh KBaJApaTHE PIBHAHHA, KOPEHl AKOI0 MPOTHJIEKHI KOPEHAM PiB-
HAHHA x* — Bx + 1 =0.

CrnaxiTe KBaJipaTHe PIBHAHHSA, KOpPeHI AKoro obepHeHi /I0 KOpeHIB piB-
HaaHA 2x% — 5x + 1 = 0.

CrnagiTe KBajpaTHe PiBHAHHA, KOPEHAMH AKOIO € KBaJIPaTH KOPEHIB
piBHAHHA x% + 6x + 3 = 0.

7.4. Cxema lNopHepa

HinuTn muOrouneH f (x) Ha ABouseH (x — a) iHO/I 3pyYHO 3a [IOTIOMOI'OIO

creriajbHol cXeMH, AKY HASUBalOTh cxemow IopHepa.

Hexait muorounes f(x)=ax" +ax" '+ ...+a, x+a, (a, # 0) norpi6-
HO PO3JiMTH Ha JBowieH (x — a). ¥V pesyibTaTi JijieHHS] MHOTOMJIEHA N-TO
CTENEHS HA MHOIOWIEH MEPIION0 CTENEHSI OJEP/KUMO JESKHMIl MHOI'OYJIEH
Q (x) (n—1)ro crenens (10610 Q (x¥)=bx" '+bx"? + ... +b, x+
+ b, ,, ne by # 0) i ocrauy R. Toxi f(x)=(x—a)-Q(x)+ R, mobro
a2 t+ux "t wate e
={x—a)(bx* " *+ b *+...+b_x+b )+ B
OckinekwM JiBa i nNpaBa YACTHHM TOTOYKHO PiBHIi, TO MepeMHOKUMO MHO-
ro4JieHH, Kl cToAThL clipaBa, i NpupiBHAeMO KoedillieHTH IIpU BiIMOBiI-
HUX CTEleHAX X:

x* a,=b,

e =1 a, =b —ab,

xu=E a,=b, — ab,

xl an ]:br.l l_abn—z
x? a =R—-ab
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bﬂ

=ay, b, =ab, +a,, b,=ab, +a,, .., b

3uaiiiemo iz nux piBHOcTe# Koedinientw by, b, ..., b, | i ocTauy R:
n-1 = abﬂ 2 + au b R = abi’! 1 + aﬂ'

fAx Gaunmo, mepmmii Koe(il[ieHT HENMOBHOI YACTEM JOPIBHIOE MMEpPIINo-

My koedinieTy mineHoro. PemTy koedilieHTIB HemoBHOI YacTEM i ocTauy

3HAXOJATH TAKMM YHHOM: JIIA Toro miob sHaiTH KoedimienaT b

 + 1 HEIIOBHO1

4YAaCTKHM, AOCTATHBO TNONepeAHbO 3HalAeHui kKoedinieHT b, MOMHOKMTH Ha
a i gopatm k-it koedinient pineHoro. 1o nmponeaypy moninsHO odopMaATH
V BHUIJIAJL CIENiaTbHOI cXeMHu-Tab M, Aka HasuBaeThesA cxemorlo I'opHepa.

all @/‘ al @ al @ P e an-l ®/ all

a b,=a, | b=ab,+a|b~ab+a] --- ba-s B

ocTavua

Tlpuxaan 1 Poszinits 3a cxemoro I'oprepa muorounen f (x) = 3x* — 2x% —4x + 1

>

HA JBOYJIEH X — 2.
Banumemo cnouarky sei koedinientu muorownena f (x) (axmo B MHO-
rouseHi NponyileHo cremniHs 2, To BiAnopiguuii koedinienT BBarkaeMo
piBaumM 0), a motiM sHaliemMo KoedillieHTH HeNOBHOI YaCTKHY i1 ocTauy 3a
BKA3aHOI0 CXEMOI0:

3 f_2 0 /—4 /1

- 12 @1 25

Omsxe, 8x — 2x° —dx + 1 = (x — 2)(8x® + 4x2 + 8x + 12) + 25. <

Ilpurnan 2  IlepeBiprte, un € x = —3 KOpeHeM MHOro4YJeHa

>

f(x)=2x" + 6x° + 4x? — 2x — 42.
3a Teopemoro Besy ocraua Bij gisenHs mHOorouneHa [ (x) Ha x —a Jo-
pisaoe [ (a), ToMmy 3Haliiemo 3a gomomorown cxemu ['opHepa ocTauy Bif
minensa f (x)ma x — (-3) = x + 3.
2 6 4 -2 —42
-3 2 0 4 —14 | O (ocraua = f (—3))
Ockinbku f (-8) = 0, To x = -3 — kopius MHOrounena f (x). <

Bnpasn

BuropuctoByroun cxemy I'opHepa, 3HAHITE HENOBHY YACTKY TA OCTAYY
Bij AimeHHs MHorouneHa A (x) Ha asounen B (x):

DA =x*+3x2+3x+ 1L B(x)=x+1;
2)A(x)=5x*—26x>+2bx—4; B(x)=x— 5;

3)A(x)=x*—-15x*+ 10x + 24; B (x) = x + 3.
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2.

Burxopucrosyioun cxemy l'opHepa, nepeBipTe, UM JiJIUThCA MHOTOUJIEH
f (x) Ba aBoumeH q (x):

Df(x)=4x*—2*-2Tx - 18; ¢ (x)=x + 2;

2)f(x)=x"—8x*+16x% + 4x — 20; g (x) = x — 2.

PospiniTe muorounen A (x) va jpsounen B (x):

1)A(x)=2x*-19x* +32x + 21; B(x)=x—T;
2DAX)=4x*-24x*+ 21x-5; B(x)=2x - 1.

7.5. 3HaxX0AXKEeHHA pauioHanbHUX KOPEHIB MHOro4YneHa

® Srxwo £ e xopenem muorounena f (x), To f (-‘E):O. IligcraBnsemo <
q q

3 WinMu KoedilieHTamu

Teopema 4. Axwo MmHozouneH 3 yYiauMu KoediyieHmamu
fx)=ax"+a, x"'+..+ax+ a, nae payionanvuuil Kopine

x=£ (g # 0), mo p € dinvrurom einviozo wnena (a,), a ¢ — dinv-
HUKOM Koe(iyienma npu cmapulomy YieHi a .

p

saMmicTh X y [ (x) i 3 ocTanHBOI piBHOCTI Maemo
n—1

n
aﬂ:—"+a,, e +...+a,f+a{,=0. (1)
Iomuoxkumo o6uasi yactunu pisuocrti (1) va ¢" (g # 0). Ogepsxyemo
ap"+a, p'qg+..+apg '+aq =0. (2)

V piBuoeTi (2) Bei gojaHEHM, OKpiM ocTaHHBOIO, HinAThesa Ha p. Tomy
aq =—(ap' +a, ,p"'q+..+apg ') aimarees HA P.

Ale KO MM 3aIIMCYEMO palliOHANBEHE YHCJI0 YV BUTJIAIL £ 1o neit Jpi6
q

BBajyKa€TLCA HECKOPOTHUM, TOOTO P i ¢ He MalOTh CHINBHUX JLILHHKIB.
HobyTok a,g" Mosxe pinmuTuca Ha p (KoM p i ¢ — B3Aa€EMHO NpocTi yuca)
TLIBKM TOJi, Koau a, pimuthes Ha p. Tobro p — pinbHuMK BitbHOTrO uie-
HA Q.

Amnanoriuso Bci gopanku pieHocti (2), kEpiM nepimoro, ginATbeHs Ha (.
Togiap'=—a, p' 'q+...+apq '+ ag") simreca Ha . Ockinbkn
p i ¢ B3aeMHO npocTi YMena, TO @, ALIMTBCA HA ¢, TOOTO ¢ — JLIBHUE
roedimienTa npu crapimomy dwieHi. O

Bigznaumnmo aBa Hacxigkw i3 niel Teopemu. ko B3saTu ¢ = 1, To Kope-

HeM MHOrou/ieHa Oyje 1iine umcno p — AinbHUE a,. Orsixe, Mae micne Takwuit
HacJiIoK.

Hacnigor 1. Byfv-akuil yinui kopiHb MHOZOYIEHA 3 YiAUMU KO-
eQiyienmamu € OinNbHUKOM 11020 6i1bHOZO LLEeHA.
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fAxmo B 3aganomy MmHOrousewi f (x) a, = 1, To ZiABHMEAME @, MOMKYTh
OyTH TinbkM ynesaa +1, Tobro B npomy Bunaaky ¢ = +1, i mae micie:
Hacninok 2. Axwo roediyienm npu cmapuiomy wieni pieHAHHA
3 yinumu koegiyienmamu dopienioe 1, mo éci payionanvhi Kopewi
Yv020 piéHAHHA (AKWO 60HU icHYIOMb) — Yini wucna.

[lpuknag 1 SnaiijgiTs panionanbHi Kopeni MEorousiena 2x* — x? + 12x — 6.
P Hexait neckoporauii api6 £ € xopenem muorouwsnena. Togi p Heo6ximHo
4q

HIVEATH cepell JiMbHUEIB BLIBHOTO 4JeHa, TobTo cepex uncen +1, +2, +3,
+6, a ¢ — cepej HIMBHUKIB cTapmoro koedimierTa: +1, £2.

TakuM yMHOM, palioOHANBHI KOpeHi MHOTroYJIeHa TOTPiOHO IIYKATH cepe/
qyucel i%, 1, i%, 12, 13, +6. llepeBipsTH, 4K € JaHe YUCJIO KOpeHeM
MHOr'o4JieHa, JAOLiILHO 3a jonomoroio cxemu l'opuepa. [lpu x:% MaeMo
TabJIUIIo.

2 i | 12 | -6

Kpim Toro, za cxemow [opHepa
MOJKHA 3aIMCaTH, I]0

2 | 0|12 0 2x3—x2+12x—6=(x—%)(2x2+12).

1
2

Muorounen 2x? + 12 He Mae gilficHuX KopeHiB (a THM GifblIe panioHalb-
HHMX), TOMY 3aJ]aHMil MHOTOUJEeH Ma€ €JAVMHWIl PpalioHalbHHUII KOpiHBb
1

x=—. <

2
Ilpurnan 2  Posrnagite mHorounen P(x)=2x'+3x*-2x*-x -2 Ha
MHOKHWEH.
P lllykaemo nini kopeHi MHOrOWJIeHa cepel JLILHUEIB BiIbHOrO uiena: +1,
+2. Migxomuts 1. [limumo P (x) Ha x — 1 3a monomoromw cxemu ['opHepa.
2 3| —2|-1]|-2 Tomi P(x) = (x — 1)(2x® + 5x° +3x + 2).
1 9 5 3 2 0 IIyxaemo wini KopeHi Ky6iuHOro MHO-
rounena 2x° + 56x?+3x +2 cepex
IiMbHUEIB ¥ioro BinbHOro unena: +1, +2. Iligxomute (—2). [linumo Ha x + 2.

2 5 3 2
—2 2 1 1 0

Maemo P (x) = (x — 1) (x + 2) (2x% + x +1).

Kpagpatamit Tpuunen 2x? + x +1 He mMae gilicHUX KOpeHIiB 1 Ha MiHi#HI
MHOHHUEKHW HE PO3KJIA/IA€THCA.

Bidnoside: P (x) =(x — 1) (x + 2) (222 + x +1). <
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3a3HAYMMO, 1[0 B MHOKHMHI JIMCHUX YKCe) He 3aBiK/IM MOJKHA 3HANUTH Bei

KOpeHi MHOrouJieHa (HanmpHuEJIaj, ke KBapaTHUi TpuaieH x° + x -+ 1 He mae
gilicHuX kopeHiB). TakuM YMHOM, MHOTOUWJIEH 71-TO CTEIIeHA He 3aBiT MOH-
HA PO3KJACTH B J0OYTOK JiHIHWX MHOMKHHEIB. AJlle MHOTOYJIEH HENapHOro
CTENEeHA 3aBH/IN MOKHA PO3KJACTH B I0OVTOE JiHIMHUX i KBaJPATHUX MHOM-
HWKiB, & MHOTOYJIEH MAPHOIO CTeNeHA — Yy A00YTOK KEBaJApaTHUX TPHUJEHIB.

HﬂlTpHRJIﬂ.!I, MHOI'OYJIeEH YeTBepPTOI'0 CTeNeHA PO3RJIAJAETHCH B 1];06)7"['01-\'.

JBOX KBaJpaTHUX TpHuJeHiB. [[na Toro mob sHaiiTH KoedilieHTH ILOro pos-
KJIaay, iIHO/i MOYKHA BUEOPHCTOBYBATH Menmod HesU3HaveHux Koeiyienniie.

Ilpuxaanx 3 PosknagiTe Ha MHOMKHWEHM MHoro4JeH x* + x® + 3x% + x + 6.

>

3HaiflT pallioHaJbHI KOpeHI He BJAE€ThCA — MHOIOUJIEH He MA€ paIlfio-
HAJMBHUX (I[iIMX) KOpeHiB.
Cnpobyemo 3HAHTH pO3KJIAJ] HMBOT0 MHOTOYJIEHA B JOOYTOK JBOX KBA-
JpaTHUX TpuueHiB. OcKiNBEM cTapmmii KoedillieHT MHOroUYJIeHa JOpPiB-
HIoE 1, TO ¥ YV KBaJ[paATHUX TPUUJIEeHAX Bi3BMeMO cTapili KoedilieHTH
piBEEMHE 1. TobTo mykaTHMeMO pPO3KJia ] HAIIONO MHOTOYJIEHA ¥V BUIVIA/L:

W+ 3+t x+6=(2+ax+8)(2*+cx+d), (3)
ne a, b, ¢ i d — arick HeBU3HAaYeHl (MoOEM 110) KoediieHTH.
Muorounenu, Mo cToATH y JiBii i mpagiil yacTuHax i€l piBHOCTI, TO-
TOXKHO PiBHI, TOMY Koe(il[iEeHTH NpH OJHAKOBUX CTEI€HAX X YV HUX OJI-
HakoBi. Poskpmenmo ayskkm B mpasiil yacTHWHI piBHOCTI i mpupiBHAEMO
BigmoBiiHI koedinienTr. Ile sapyuHo 3anucaTH Tak:
¥+ +3x2+x+6=x'+cx®+dx*+ax®+acx® + adx + bx* + bex + bd.
OpepsxyeMo cHCTEMY:
1-1,
l=a+e,
2 3=ac+b+d, (4)
 1=bc+ad,

xo szd.

Crnpoba posB’A3aTH I[I0 CHCTE€MY METOJNOM MiJCTAHOBEM IPHBOAUTEL [0
piBHAHHSA 4-T0 cTemeHs, TOMY cnpobyeMo posB’sazaTu cuctemy (4) y mi-
IMxX uuenax. 3 ocTaHHBOI piBHOCTi cueremu (4) omepskyemo, mpo b i d
MOKYTE OYTH TiMBEM AiMbHHEaMH uyucla 6. Vel moxcmsi BapianTu 3a-
nuireMo B Tabauiio.

[

R

KoedinienTu b i d y piBuocri (3) pis-
b |1 |-1]2)|-2 HONPpPABHI, TOMY MM He pPO3rIAIacMO
P 6 | -6 3 | _3 Bunagku b=6 i d=1 abo b=-6
id=—1ir.xa.

Ilna rosxHol napu suadens b i d 3 TpeThol piBHOCTI cuctemu (4) s3Halije-
mo ac: ac =3 — (b + d), a 3 apyroi pisaocTi a + ¢ = 1.
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3Hawum a + ¢ i ac, 3a TeopeMoio, obepHeHOIO 0 Teopemu Biera, 3Ha-
XOIMMO @ i ¢ AK KopeHi EBajgpaTHoro piBHauHA. Koym Oyme sHaiizeno
Bei umena a, b, ¢, d, To i3 yerBeproi piBHocTi be + ad = 1 cucremu (4)
MOZKHA BHOpaTH Ti umMcsa, AKi € po3B’askamMum cucTemH (4). 3pyuHOo 11i
MipKYBaHHA O(POPMHUTH V BHIVIAIL Tabsmii:

b 1 -1 2 -2
d 6 -6 3 -3
a+c=1 1 1 1 1
ac =3 —(b+d) —4 10 -2 8
a HelliJle | He icHYe 2 -1 He icHye
c Helllsle | He icHye -1 2 He icHye
be +ad =1 = = |fed=t ketee=ll -

5%

6",

HAx 6aummo, cucremi (4) sagoBosbuse Habip ninux uncen a = -1, b =2,
¢ =2, d=3. Togi piuicts (3) mae Burmisa

¥+ +3x+x+6=(x—x+2)x* + 2x + 3). (5)
Ockinbku kBajgpaTtHi TpuuieHn x* —x + 2 i x? + 2x + 3 He MalOThL He
TiNBKHW parioHaAILHUX, aJe U JilicHuX KopeHiB, To piBHicTh (5) gae ocra-
TOYHY BinoBigb. <

Bnpasn

BHalIiTE LT KopeHi MHOro4YJaeHa:

1) % —5x+ 4; 2) 2x®* + x? — 13x + 6;
3) bx* + 18x%7 — 10x — 8; 4) 43t — 115"+ 9%~ 2.
BHaliTE panioHAJILHI KopeHi piBHAHHSA:
Dxr*-3x2+2=0; 2)2x* -6 —x+1=0;

a3+ —2—-bx—-2=0; 4H)3xt -8 -2 +Tx—-2=0.
PosknagiTe MHOro4JieH Ha MHOMHUKH:

1) 2x® — x® — bx — 2; 2) x* + 9x% + 23x + 15;

) xt—2x*+2x—1; 4) x* — 2x* — 24x* + 50x — 25.
BHalaiTh HilicHi KopeHi piBHSHHS:

Dx®+x2—-4x+2=0; 2) P =Tx—6=0;

)2 - b+ =2=0; 4)2x* —5x2+1=0.

PosknaiTh MHOrOUJIEH HA MHOYKHUEH METO/IOM HEBUSHAYEHUX KoedillieHTiB:
1) x* + x* — 5x% + 13x — 6; 2) x+ — 4% = 2022+ 13x — 2.

PosknagiTe MHOrouneH Ha MHOMKHHEH, 3asjajlerifb 3allHMCcABIIN
fioro 3a [OMOMOrol0 METOAY HeBH3HAYEHUX KoedilieHTiB y BHUIIIAIL
(x? + bx + ¢)? — (mx + n)*

1) x*4+4x— 13 2) i =Axt—1; 3) x* + 4a®x — a'.



130 Pozpin 1. @YHKLII, PIBHAHHA | HEPIBHOCTI

§ 8  PIBHAHHSA | HEPIBHOCTI, LLLO MICTATb 3HAK MOAYAS

Ta6nunsa 15

1. Po3B'A3yBaHHA piEHAHb
i HEPIBHOCTEW, LLIO MICTATb 3HaK MOAYAS

g |

\

3A OZHAYEeHHAM

a,mpua >0,
|a|=40,mpna=0,
—a,upna<0.

38 reOMeTPHYHHM
3MICTOM

38 3ATAJIBHOK CXEeMOI
1. 3uairmm O]13.

|a| — eidcmane  na
yucnogiit npanmiic 6id
mouku 0 do mouku a.

2. 3uaittu Hyai Beix migmo-
AYIABHAX (DYHRIL.

. lospauutn myn wa O/I3
i posbwrn OJI3 ma mpo-

[V

1.|f(x) | = a.
2.|fF@|=g@|
.|/ (x)|>a
4.|f(x)| <a

MK,

. SHAHTH PO3R SI30K Y KOM-
HOMY 3 npomixkis (i me-
peBipuTH, WM BXOIHTH
el posB’H30K y poaris-
HYTHI TTPOMifROK).

PN

3 BHROPHCTAHHAM CHEIiAJIbHAX CIiBBiTHOIIEHH

2. BUkopucTaHHs reoMeTPUYHOro 3MicTy MoAyAR (Npu a > 0)

o

x If(x)|=g(x)@{

-1 >

|t|=a |t|=a
|t|>al It]<a lnm
-a 0 a t
1. | f(x) | =a & f (x) = a abo f (x) = —a.
2.|[f@|=lg@| =7 =g ) ado [ (x) =g (x).
3.|f(x)|>a<f(x) <—aabof(x)>a.
f(x)>-a,
4. |f(x]|<,a.<—>—a<f(x}<a<—>{
f(x)<a.
YaaransHeHHs

g(x)=>0,

f (x)= g (x) abo f (x) = —g (x).
Af@ > g @) < @) < —g (x) abo [ (x) > g (x).

- |f(x)|(g(x)@—g(x)cf(x}<g(x)<:b{

f(x)>—g(x),
f(x)< g (x).
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Ilpodoexcenna maba. 15

3. BuKkop1cTaHHA cneulianbHUX CniEBIAHOWEHb

Keadpaniie.

1. |[ul=uesu>0.

2. lu|l=—u=u<0.

8. |lu|l=|v|ut=0v.

4. |u|>|v| e u*>v: Topi|u|—|v|>0 < u?—v?> 0

3Hax pisHuyi modynie deox eupasie 3b6izaemoca 3i 3HaKOM PIZHUYI IX

=0,
5. |u|+|v|=u+ve "

v=0.

<0,

6. |u|+|v|=~u-uﬁ{u

v<0.
7. |lu|+|v]|=|lu+v|<uv>0.
8. l[ul+|v|=|lu—-v|<=u<0.
9

.]Jx-a|+|x-b|=b-ac=a<x<bpea<b

BN [puknanu 1 obrpyHTYBaHHSA

Poss’sazyBaTn Oyab-fAke piBHAHHA a00 HEPIBHICTH, 1[0 MICTHTH BHAK MO-
JIyJIf, MOYKHA OJHWM 3 TPHOX OCHOBHHMX cITOcOOIB: 38 O3HAYEHHAM MOAYJIA,
BUXO/AYH 3 TeOMETPHYHOTO 3MicTY MoOAyJA abo 3a 3araybHOIO cxeMoro. leaki
piBHAHHA ab60 HEPIBHICTH, IO MICTHTB 3HAK MOJAYJIA, MOKYTh 6YTH po3B’AzaHi
TAKO 3 BUKOPHCTAHHAM CIellialbHUX cliBBigHOmMEHL (Tabm. 15).

BamekHO Biji 06paHOro cnocoby ofepyeMo pizHi 3anmcH po3B’A3aHHA.

I criocib (3a o3HAUEHHAM MOJVJIA)

Komeumap

VpaxoByoouu o3HAYEHHS MOIYJIA,
PpoO3rjiasHeMO JBaA BHUIIATKH:

2x—-420i2x—-4<1.

Ba ozHaueHHAM Modynem dodam-
Hoz0 (Hegid eMHO020) uuCcha € came ye
yucno, a modynem 6id’emHoz0 wucna
€ npomunexcte itomy uucno. Tomy npu
2x—42>0 |2x—4|=2x—4,anpu
2x—4<0 |2x—4|=-12x—4).

Ipuxaan Posp’siziTh piBasnns | 2x — 4 | = 6.
Posé'asanna
P 1) fdxmo
2x—4 >0, 1)
TO OIEPIKYEMO PIBHAHHS
2x — 4 =6.
Toxi x = 5, 10 3a70BOJLHAE YMO-
B (1).
2) fAxmo
2x—4<0, (2)
TO OfIEP#KYEMO PIBHAHHS
—(2x — 4) =6.

Tomi x = —1, mWo 3a70BOJILHAE Ta-
KOk yMoOBi (2).

Bidnoside: 5; —1. <

V KoyKHoMY BHIIAJKY Po3B’A3YEMo
oJlep:kaHe PIBHsIHHSA i 3’fcoByeMo, YU
38/IoBoJILHSIE KOJKEH i3 3HAlIEHUX Kope-
HiB yMoBi, 3a sikol MU Horo 3HAXOIIN.
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IT cnoci6 (BMEOPHCTOBYIOUM I€OMETPHYHMI 3MICT MOIYJIA)

Pose’'azanus Komenmap
P 2x-4=6 0abo2x —4=-6, 3 reoMeTpMYHOI TOYKHM B3OpPY
2x = 10 abo 2x = -2, | 24 — 4 | — ne Bigerans Big Toukwm 0
x=5 abox=-1. 10 ToYEH 2x — 4. 3a yMOBOIO piBHAH-
Bionogide: 5; —1. < HA BOHa jopiBHioe 6, ane Bijgcrans 6

Moske OyvTH BigknageHa Big 0 Ak mpa-
Bopy4 (opepsxyemo umeso 6), Tak i mi-
Bopyu (opepixyemo umcso —6). Orixe,
piBricTs | 2x — 4 | = 6 MoxkymBa TOAI
i TinmeEM TOHi, Komm 2x — 4 =6 abo
2x-4=-6.

BayBaskeHHA. [Ipn 3acTocyBaHHI reOMEeTPHYHOr0 3MICTY MOIYJIA 3HAK
MOJY/Ii PO3KPHMBAETHCA HEABHO, TOOTO HE [IOBOAMTHCA BHEOPHMCTOBYBATH
O3HAYEHHA B ABHOMY BHMIIAJII.

BaranpHa cxeMa po3B’A3VBAHHA PIBHAHL Ta HEPiBHOCTEH, IO MICTATH
3HAK MOJVJA, — Ie (paKTHYHO TPOXH 3MiHeHWiIl MeToj iHTepBasmiB. IloAcHu-
MO 3MicT Li€l cXeMH Ha NMPHKJAji piBHAHHA, 1[0 MiCTUTH ABA MOAYJL, BHIY

[f@)]+]|g@)|=a(a>0).
@® Illo6 posp’aAzaTH Ile piBHAHHA, HeoOXijgHO POBKPHUTH 3HAKHM MOJIYJIB,

a JJIA Iboro NMoTpibHo 3HaTH, ne GyHENII [ (x) 1 g (x) OyayTs gojgaTHNMU,

a ge — Big'emanmu. TobTo GarTHYHO MW ITOBMHHI po3B’A3aTH HEPiBHO-

cTi

f(x)=0, (1)
g(x)=0. (2)

Kosny i3 uux HepiBHOCTEH MM BMIEMO po3B’A3yBaTH METOJOM IHTepBa-

mis. Ilepebynyemo npuiioM po3B’A3yBaHHA HEPIBHOCTEN METOI0M iHTep-

BAJIiB TAKWM YWHOM, 1100 BiH IaBaB MOMJINBICTE OJJHOYACHO PO3B’ A3YBATH

KOJKHY 3 OCTAHHIX HepiBHocTei. Ik Bijomo, po3B’A3yBaHHA HEPIBHOCTI

(1) meTogoM iHTepBaNiB MOYMHAETRCA 13 3HaxomwenHA i1 O/I3 (TobTo 06-

macti BusHaueHHA (QyHELII f (X)), a posr’azyeanHa HepiBHOCT (2) — i3

sHaxomxenHa 1i OJI3 (Tobro obnacti BuzHauenHsa ¢yHELMii g (x)). oo

II0YaTH OJHOYACHO po3B’A3yBaTH 0OMIBI HepiBHOCTI, HEOOXigHO 3HANTH

crisipHy obracTh Bu3HaueHHA AnA GyHELIR [ (x) i g (x), ToOTO 3HANTH

OJ13 sananoro piBEaHHA (e nepuiui 3 opieHmupieé MoTpibHOI cxemm).

11106 mpopoBxuTH po3s’azyBanHA HepiBHocTel [ (x) 2 0 ta g (x) = 0 me-

TOIOM iHTepBaliB, HeobXigHO 3HaiTH Hyal QyHELH [ (x) i g (x), TobTO

SHANTH HyJl BCix miamoayiasEux GyERWin (e dpyeuil opienmup).

Sxmo ga7i BHKOPHCTOBYBATH CXEMY METOLY IHTEPBaJIB OTHOYACHO 1A

IBOX HepiBHOCTEH, To HeobximgHo HA O]13 nosHEAYHTH HYJII WiIMOIYIEHMX

dyvarmii i posouTn 0/13 Ha mpomizkkn (e mpentiii opieHNIUD).



§ 8. PIBHAHHSA | HEPIBHOCTI, LLO MICTATL 3HAK MOAYAR 133

V KOoMKHOMY 3 0jlep:xaHUX NpPOMiKKIB 3Hakm ¢GyHELIN f(x) 1 £ (x) He
sMiHIOOTECA. OTiKe, MM MOKeMO 3HANTH 3HAKH MiAMOAYILHHX (DYHKIiHT
HA KOKHOMY mpomiskky (y Oyab-Akiil ToUIll I[bOro MPOMiKEY), PO3KPH-
TH 3HAKH MOJAYJIB i 3HANWTH PO3B’A30K 3AJAHOTO DiBHAHHA B KOMKHOMY
3 UMX NPOMLKKIB (1e vemeepmuil opieHniup 3aranbHol cxemu). <

MoskmMBicTh 3acTOCYBAHHA HABEJAEHOI CXE€MH /10 pO3B’ A3YBAHHA HEPiBHO-

cTeil, 1[0 MIiCTATH 3HAK MOJYJIA, OOI'PYHTOBYIOTH AHAJIOTIYHO.
B [(Mpuknagu po3B’fi3aHHA 3aBaaHb

Ipuxkaan 1 Poss’soxite piBHsHHS

| g
2.

_L|+|x-z|=z.
x-1

1. O/13: x # 1.
Hyni nmigmoayneaux ¢yseumii: ——=0 I 1 m 1

I
(x:())-mx-2=0(x=2). +’_'_'_v+._'+,+
Hyni 0 i 2 posbmsarore OJI3 Ha worupm 0 1 2 x
NPOMIKEM, V AKMX IiMOAYIbHI (PYHEIIIT Puc. 67

MaTh 3HAKHW', MOKa3aHi Ha pucyHEY 67.

3HAXOMMO PO3B’ABKHM 38JaHOI0 PIBHAHHA B KOXKHOMY 3 IPOMIMKEKIB
(oCKiJIBKM 3HAKM WiAMOAYIBLHWUX (VHEIIH oxHakoBi Ha mpoMikkax [
i IIl, spyuno ansa poss’azanHa ob’eqHATH 1[I MTPOMIZKEMN).

ITpomizkem 11 II1: x € (—ec; 0) U (1; 2). VpaxoByoun 3HAKH IMAMOIYVIBHUX
(VHEII HA IUX MPOMIYKKaX i1 03HAYEHHA MOJIYJA, OIEPIKYEMO, 10 B ITUX

NpOMizKKAX 3ajJijaHe PIBHAHHS pIBHOCWUJILHE PiBHAHHIO Ll— (x—2)=2.
x —

3eijgcn x = 0 abo x = 2. Jlo po3rIaHYTHX MPOMIKEIB OlepskaHi 3HAYEHHA
He BXOJIATH, OTHKE, ¥ IMX MPOMisKKaxX KOpPeHIB HeMae.

Ipowmizkor II: x € [0; 1). (Cnig 3BepryTH yBary Ha Te, 106 He TpoITyC-
TUTH 3HaYeHHA X = 0, Axe BxomuTes go OJ13.) ¥V npoMy npoMizKKY omep-

x

JKYEMO pPIBHSHHSA — = —(x—2)=2. 3Bigcu x = 0 — KoOpiHb, OCKLIBKH

BXOJIHUTH V IeH TPOMIiKOK.

Hpomizkor IV: x € [2; +<0) (i B npoMy mpomizkky moTpibHO He 3a6yTH

sHaveHHsa x = 2). Onep:kyeMo piBHAHHS Ll+ x—2=2. 3BBigem x =2 —
e

KOpiHb, OCKLIBKY BXOJUTE V 1€l MpOMIiKOK.

O6’eqHyI0UM BCi po3B’A3KH, SK1 MU Of[eprKalld B KOYKHOMY 3 IMPOMiMKKIB,

MaeMo po3B’fA30K 3ajaHOro piBHSHHA Ha Beiit OJ13.

Bionoside: 0; 2. <]

! Ha pucysry 67 y romHOMY 3 npoMmixkis nepinmit smax — ne sHak QyHEIIL

L, a apyruii — zHak QyEEOIL ¥ — 2. BuxoHyIOUn PHCYHOE, 3pyYHO CIOYATEY IIO-

x-1

SHAYNTH HA uncioBii npamii O/13, a moriv ma O/13 — mEyni migMmoayasHnx GyERIIH.
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ITpoimfocTpyeMoO TaKO¥ OJ€pPIKAHHA 1 BHKOPHUCTAHHA CIEI[iaJIbHUX CITiB-

BijfHOIIIeHb, HaBeeHNX y Tabmuii 15.

u=0,
v20.
Banuiemo 3afany pisHiers y Burasagi u + 0 = | u | + | v | i npoananisye-
Mo 1i, cnupaiouuch Ha BijoMi iz 6 kiacy npaBuia giit HaJ YUCIAMH 3 OJI-
HakoBuMM i 3 pisaumu sHakamu. [[lo6 momatu aBa umesna u i v, Mu
A0/ IX MOJYJIi, OT3e, 11 YMesa MaloTh ojHakoBl s3Haku. Akbu obuasa
ui yuesna 6ysnm Bix'eMHHMMH, TO iX cyma Oysa 6 Tesx Bij'eMHOIO, aje
u+tv=|u|+|v|> 0. Toxi onepscyenmo, 1o uuena u i v — obugBa He-
uz=0,

v=0,
=|u|+|v|. Orxe, pieaauns | u|+| v|=u + v piBHOCHIBHE cucTemi

O6r'pyHTyEMO, HANPHE.IaJ, criBBigHomenHs 5: |u|+|v|=u+v ﬁ{

Bij'emui. HaBnaku, skio { TO BUKOHYETBHCSI piBHiCTL U + v =

uz0,

HepPIBHOCTEH {U >0.

NMpukaan 2°  Poss’ssxite pisasessa | x — 5| +| 2x + 5| = 8x.

Fose’asanna

P  Ockimbru3x = (x — 5) + (2x + 5),
TO 3a/iaHe PIBHAHHA Mae Burysy | u | +
+|v|=u+ v, ane ua pisnicrs Moxke
BUEOHYBATUCA TO 1 TLIBEM TO/1, KOJIH
ypeaa U 1 v — obuaBa HeBijg €MHi.
OTsxe, 38/ aHe pIBHAHHSA pPiBHOCHJIBHE
cueTemMi

x—5>0, X+,
Bigcu 5
2x+5=20. x}—z.
Otsxe, x = b.

Bidnogidv: [5; +cc).<

Komenmap

Ao MO3HAYUTH Xx—8=u
i2x+5=v, To u+v=3x i 3agane
piBusEna mae suraag | u |+ |v]|=u +
+ v, a 3a cHOiBBijHOIIEHHAM 5 Take
pPiBHSIHHSA piBHOCUJILHE CHCTeMi

uz=0,
v=>0.
3ayBaKuUMoO, 1[0 3a/1aHe PiBHAHHA
MOJKHA pPO3B’A3YBaTH 1 32 3aralIbHOIO
cxeMoOm0, ajne TOxl po3B’azaHHA Oyie
Olapmn rpoMisgEHAM.

Ilpu pose’asysanui HepieHocmell, W0 Micmaniv 3HaKk Moy, MipEyBaH-
HA I[0/I0 POSKPUTTSA 3HAKIB MO/yJeil MOBHICTIO AHAIOTIYHI MipKyBaHHAM, AKi
BUKOPHMCTOBYBAJIMCSH IIPU Po3B’A3YBaHHI piBHAHB, 1[0 MICTATH 3HAK MOJIYJIA.

Ipuxaan 3
Poze'szanna

P 3a reomMeTpuUuYHMM 3MiCTOM MOIYV-

Jifl 3a/1aHA HEepiBHICTH pIBHOCHIILHA He-

piBHOCTI
—7<2x-5<T. (1)

Poss’sziTs HepiBHicTs | 2x — 5| < 7.

Komenmap

Hepisricts Buay | f (%) | < a (ne
a > 0) 3pyuHO PpO3B’A3yBaATH, BHKO-
PHCTOBYIOUHM TEOMETPHUYHME  3MicT
MoOayNA. 30KEpeMa, 38 aHa HEPiBHICTE —
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Togi -2 € 2x < 12, oTxe, Ile HepiBHiCTH BHAY | T | < 7. Ane mo-
-1 < x<6. JIVIB 9YMciia — Ie BiJICTAHB HA KOOp-
Bidnogide: [-1; 6]. < JMHATHIA npaMiit Big Toukm, 110

300paskye paHe umeno, go Toukm 0.
Tobro 3aaaHiil HepiBHOCTI 3a]0BOJIB-
HAKTH yCi TOYKH, AKI PpoO3TAIIOBAHI
B mpoMizkEy [~7; 7], omoke, 7T <1 < 7.
flkme  BHHMEAIOTH  YCKJA HEHHA
3 po3B’A3YBAHHAM I10/IBiHHOT HepiBHO-
cTi (1), To ii 3aMiHIOIOTH HA PiBHOCHJIE-
2x-52-1,

HY CHCTEMY {21: _E<T

Ilpukaang 4  Pose’sskiTh HepiBHiCTH

|*-3]

T M

P 1.0I03:|x-2|-1#0.Togi | x—2|#1, To6ro x — 2 # *1, orixe:

2,

3.

x #3abo x #1.
Hyni migmoaymeaux ¢yuenii: x — 3 = 0 (x = 3 — ve Bxoputs g0 0]13)
rax—2=0(x=2).

Hyue 2 posbusae OJI3 Ha yoTupu npomiz- 1 I o Iv

KM, HA SKUX OiAMOAVJIBHI (DYHEIIT MaloTh

» ] - A ot
3HAKH, IOKa3aHi Ha pucyHEY 68 (Ha Kosk- & &
HOMY 3 MOPOMIsKKIB Nepliuil 3HaK — Ie 1 B 3 x
sHak (QyHENII x — 3, a gpyruii — sHakK Puc. 68

dysELil x — 2).

3HAXOMMO pO3B’A3KHM 38JaHOI HEPIBHOCTI B KOMKHOMY 3 IpPOMi:KKiB

(oCKiNMBEM 3HAKM NigMOAVILHUX (VHEIIN € OJHAKOBUMH Ha IMPOMIisKKAX

1ill, 3pyuso gy po3B’sizaHHa 06’eHATH 1[I TPOMIiKEH).

IMpomiskeu I i II: x € (—==; 1) U (1; 2]. ¥YpaxoByouu 3HAKH HigMOIY.Ih-

HUX (QYHEIIH v MUX OpoMisKKaxX i o3HAYEHHS MOJYJ/IfA, OJEpP:KYEMO, IO

opu x € (—o=; 1) U (1; 2] 3apana HepiBHiCTE piBHOCHJIEHA HEpPiBHOCTI
) Toxi —91 TobTO —30 3eigen x < 1. Jlo mpomixk-

—(x-2)—1 1-

KiB, IKi MU pOSTJISAHYNIHM, BXOJATH yci 3HaUeHHSA X < 1, OT:ke, Y IbOMY

BUII&IKY po3B’a3koM Oyme x < 1.

Ilpomizkok III: x € [2; 3). Ha npomy npoMizkky ogep:kyeMo HepiBHICTH

—(x2 31 >1, Tobro —*- 3}>l Ane mpu Gyap-AEOMy 3HaYEHHI X i3 mpo-
x xX—

miskgy III octanHsA HepiBHiCTHL NepeTBOPIOEThCH Ha XUOHY HepiBHICTH
(-1 = 1). Ot:xe, y npomizkky Il mepisuicTs (1) poss’saskiB He Mae.
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Ilpomisok IV: x € (3; +o0). ¥ npoMy NpoMizKKY Olep»KyeMO HEepiBHICTH

xx;31 21, TobTO :—_::}l. $lx Gaunmo, mpu Oyab-AKOMY X i3 MpoOMiXK-

ky IV HepiBnicTs (1) nepeTBopoeTses Ha NPABUIILHY YUCJIOBY HEpiBHICTE

(1 = 1). Omxe, posp’sizkom HepiBHocTi (1) y npomizkry IV € Oyab-sike

ypeao i3 nporo npoMizkky (x > 3).

O6’eguyioun Bei po3B’sskH, SKi MM OJIepIKaiy B KOJKHOMY 3 IPOMIIKKIB,
MaeMo po3s’a30k 3aaHo0l HepiBHocTi Ha Beidt OJI3: x < 1 abo x > 3.
Bidnogidv: (—o; 1) U (3; +w). <

BasHAYMMO, 110 JUI8 pOo3B’A3YBAHHS JeSKUX HepiBHoOCTeH, 1[0 MICTATH
3HAK MOJY.JIfl, 3pYYHO BUKOPHCTOBYBATH TAKOXK CIIELiaJIbHI cliBBiJHOIIEHHSA,
HaBejeHi B Tabmuii 15.

(Jx=1]-|x+38])(|2x|-|x+6
[1-x|-|x+2|
P Ockimbem | a | 2 0 i ¢pysrnis y = > MOHOTOHHO 3pocTae HA MHOYKHMHI
HeBi/I’€MHMX YMcesl, TO BCi pisHMIIL MOAYJIB YV HEPIBHOCTI MOXHA 3aMiHUTH HA
pisamni ix kBagpaTis (T06TO0 CKOpMCTaTHCH criBBigHOmenHaM 4: |u | —|v]| >
> 0 < u?—v?>0). Toxi opep:kyeM0 HepiBHiCThL, piBHOCHJILHY 3ajaHili:
(=17 —(x+3)*)((220)" —(x +6)2){0
(1-x)°% —(x+2)* ’
Tenep, posknajauy Ha MHOKHWEHW BCi Pi3HWII KBaJpaTiB, MAeMO:
(A @x+2) (x-6) Bx+6)
(-1-2x)3

Hpuxaan 5° Posp’asxite HepiBHiCTD D <0.

JHaui meTomoM iHTepBaJiB ofep:yemMo —2 < x < —1 abo —é < x <6 (puc. 69).

Bidnosidv: —2 < x < —1 abo —é{.xcﬁ. <

3araJgbHa cXeMa, 3alpoloHOBaHa B Tabymi 15, Moske O6VTH BUKOpPHCTAHA
He TLIBKY IIpY po3B’A3yBaHHI PIBHAHBL YM HEpPIBHOCTEHN, 1110 MICTATH 3HAK MO-
IVIf, ajie i Tp¥ BUKOHAHHI MEPEeTBOPEHE BHpasiB, 1110 MiCTATE 3HAK MOIVJIA.

Hanpurnan, nns nmobynosm rpadira dyermii f(x) =|x+ 1|+ |x— 1]
8pYYHO CIIOYATEY 3a 3araibHOK CXEeMOKI PO3KPHTH 3HAKW MOJYIIB, & BiKe
notiM Oyayeath rpadik ¢ysELii f (x).

OdopmienHs po3B’a3aHEA MOAIOHOTO PUENIAAy MOXe OYTH TAEWM.

IMpukaag 6  Ilo6yxyiire rpadik dyarnii f (x)=|x+ 1|+ |x—1|.

» 1. ObnacTes BU3HaueHHA (YHEIIL: Bei x € R.

2. Hyni migvmonyneEEX pyHEELD: ¥ = —11x = 1.

3. IlosHauaemo Hy i Ha 00nacTi BU3HAYEHHS 1 po3buBaeMo obIacTh BU3HA-
YyeHHA HA TpoMizkEH (Ha pucyHEY 70 Takoyk yrasaHO 3HAKH ITiIMOLYIIb-
HUX (PYHEIIH ¥V KOXKHOMY 3 IPOMIKEIB).
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+ - + - + - - +, — T, +
-2 -1 _% 6 1 1 x
Puc. 69 Pue. 70
y!
4. Toui
—(x+1)—(x—1), armo x < -1,
f(x)={x+1—(x—1), armo —1<x<1, 2
x+1+x—-1, sargmox=>1.
—2x, AROO x < -1, 1 1
Omxe, f(x)=42, sarxmo —-1<x<1, 0 £
2x, axmox=>1.
Byayemo rpagik niei ¢yuruii (puc. 71). Puc. 71
E 3anuTaHHA ONA KOHTPO

1. IlosicHiTh, AEMMM criocObaM¥U MOYKHA PO3B’A3YBATH PIBHAHHSA Ta HEPiBHO-
eri, 1o MieTaTh 3Hak Moay.aa. IlpoimoerpyiiTe 11i cnnocobu Ha NpUEJIA aX.

2. OOrpyHTyiiTe crienjiasbHi CIiBBifHOIIEHHA, HaBeaeHi B Tabaumi 15. I1po-
imocTpyiiTe IX 3acTOCYBaHHSA 10 PO3B’A3yBaHHA PIBHAHBL Ta HepiBHOCTEIH,
1[0 MiCTATH 3HAK MOJIYJIA.

3. O6rpyaryiiTe ysaraJbHeHHS BHEOPDHUCTAHHA TIeOMETPUYHOINO 3MicTy
MopayJisi, HaBegeHi B Tabymi 15. IlpoimoctpyiiTe ix 3acrocyBaHHs [0
po3B’A3yBaHHs PiBHAHBL TA HepiBHOCTeH, [0 MICTATH 3HAK MOIYJIA.

B Bnpaewn

Pozs’saxiTe piBHAHEA 1 HepiBHOCTI, IO MicTATH 3Hak mMoayasa (1-15).

1. 1)|8x-5|=7; 2)|8-4x|=6; 3)| x2 - 5x|=6.

2. 1)|2x-3|>5; 2)|3-5x|<7 39 |XLl>2 4)|2"‘3|<1.

x+1 x—=5

8. 1)|x-2|-2x-1=0; 2)x*+38x+|x+8|=0.

4. D|x-1|+|x-8]|=2; 2)|x+1|+]|x—5|=20;
3)|x+5|+|x—8|=13.

5. 1) |x+3|<x-2; 2) | w1 | % | x—2 <2 1;
3)|x+38|+|x—-1]|<|6—-3x]

6. 1) Vx> —2x+1+|x-2|=1; 2) Jx?+dx+4+|x|=x+5.

7. 1) Jx*—4x+4+Jx?=8; 2) V16—8x+x? +Jx?+ 2x+1=5.
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8. 1) |"z_"’*|ﬁ=1; 2) L=|x+1|,

.r2+|.r—5| |x+l]—2
9. 1)||x-1|-2|=1; 2)||2x-4|-5]|=3.
10. 1)| 2* — 4x | < 5; 2)|x2-x-6]> 4.
11. )3 |x-1|+22-7>0; 2)|x-6]>x2-5x+09.
|x+38]+x _ 11
12. 1) Ry, 2 <y
13. )||x-1|-5]|<2; 2)|x-1|+|x+2|-|x-3]|>4.
14. 1)| x - 2x%| > 222 — x3 2)| 22+ x—20|< & + x — 20.
5 - A . 4 Six-
16. 1) > =2 2 =l

16. IlobyayiiTe rpadix QyHELIT:
Dy=|2x-4|+|2x+6|; 2y=|x-5|+|8x+6]|

§' O  PIBHAHHA | HEPIBHOCTI 3 MAPAMETPAMMU

9.1. Po3B’'A3yBaHHA pPiBHAHL | HEPIBHOCTEW 3 NapaMeTpaMmu

Axmo kpiM 3MiaHOl Ta uymcnoBuX KoedillieHTIB g0 3anucy piBHAHHS
Yl HEpPIBHOCTI BXOJATH TaKO03 OykBeHl koedilliecHTH — mapamMeTpH, ToO IpHU
po3B’A3yBaHHI MOYKHA KOPHUCTYBATHCH TAKHUM OPIEHTHPOM.

Bydv-axe pienanna w4u HepieHICMb 3 NAPAMEMPAMU MONCHA
posé’as3yeamu AK 36uNalUHe PIGHAHHA YU HepiéHicmb 00 mux
nip, noku 6ci nepemeéopeHHs abo MIpKYEaHHA, HeoOXiOHi Oasn
PO36’A3Y6AHHA, MOJNCHA SUKOHaAMU 00HO3HavHO. AK1yo axec nepe-
MEOPeHHA He MOJHCHA eUKOHamiL 00HO3ZHAYHO, MO PO36 A3YEAHHA
Heobxi0Ho po3bumu Ha Kiibka éunadkie, wob Yy KoiHOMY 3 HUX
610Nn06i0b Yepe3 napamempu 3anicy6araci 00HOIHAYHO.

Ha erani nomyky mninany po3s’A3yBaHHSA PIBHAHHSA YK HEpPIBHOCTI 3 Ia-
pameTpamMu a6o B X0l po3B’A3yBaHHS YACTO 3PYYHO CYNPOBOIKYBATH Bifmo-
BifHi MipKyBaHHS cXeMaMH, 38 AKHUMH JIEMKO [IPOCTEXKUTH, V AKUII MOMEHT
MM He 3MOIJIM OJHO3HAYHO BUKOHATH HeobOXifHI NepeTBOpeHHS, Ha CKilb-
KM BUNaJKIB goBesocd po30HUTH po3B’SA3aHHA Ta YMM BigpisHAEThCHA OTHUH
Bunajok Bijg iHmoro. Illo6 Ha Takmx cxemax (UM B 3anmcax I'POMIsgEHMX
po3B’fA3aHL) He 3arybUTH SAKYCH BillOBijb, JOIINBHO NOMIIIATH OCTATOYHI
BijmioBiji B IpAMOKYTHI paMEH. 3ayBaskuMo, 110 BigmoBigs Tpeba sanucaTu
[IJIS BCiX MOKJIMBUX 3HAYEHb NapaMeTpa.
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Ilpukxan 1 Pose’axiTe HepiBHicTH 3i 3MiHHOW Xt 3ax + 2 > x + ba.
Komenmap

3ajiaHa HEPiBHICTH € JHIITHOIO BijlHOCHO 3MiHHOI X, TOMY BHEOPHCTAEMO
BijloMMiT anropuUTM po3B’A3yBaHHA JiHIIHOT HepiBHOCTI:

1) mepeHocHMO YJieHHM 31 3BMIHHOIO X B O/IHY YACTHHY, a 6e3 X — y apyry:

3ax — x 2 ba — 2;

2) BMHOCHMMO B JIBiil 4aCTHHI 38 JAYKEHW CHLJIBHHI MHOMKHME X (T0oOTO

IMPUBOAMMO HepiBHicTE fo0 Buraany Ax = B): (3a — 1) x = ba — 2.

JIna sHaxXojKeHHA po3B’A3KIB OCTAHHHLOI HepiBHOCTI MM 0 XOTiMM moO-
gimaTr obmuaBi 1i yacTuaM Ha (3a — 1). Ase Ao 0OHIBI YaCcTHHU HEpiBHO-
CTi MOALINTH Ha J0JIaTHE YHCJI0, TO 3HAK HEPiBHOCTI He 3MIHWTHCA, 8 AKIIO
HA Bij'€eMHe, TO B3HAK HEPIBHOCTI HeOOXijHO 3MIHMTH HA TPOTHJIEHHWH.
Kpim Toro, ciijg ypaxyBaTH, [0 Ha HYJb JiJIATHA He MoxkHA. OTike, MoYM-
HAOYM 3 IIHOTO0 MOMEHTY MOTpiOHO pO3rIAHYTH TpHW BHHmajkwm: 3a — 1 > 0,
3a-1<0,3a-1=0.

Hapeneni Buille MipKyBaHHA MOYKHA HAOYHO 3aITHCATH TAK:

Sax+22x+ ba

Po3eé'a3zanua
P 3ax—x>5a -2

(Ba-1)x >5a-2

5a-2 1 5a-2
0-x >
2 a1 3 <8a_1
x — OyAL-SKe 9Mcio
. . ) 1 5a—2, . ! 5a—2.
Bidnoegide: 1) akiio a>3,'rox>—3a_l, 2) axujo a<3,'rox$;—3a_l,

3) axmo a:%,m x — Oyap-Aake gamuciIo. <

Ilpu pose’ssyBaHHi OGiNbIn CEJISIHMX pIBHSAHL YM HepiBHOCTeH cJrif
naM’ATaTH, 110 PiBHAHHS Ta HEpPIBHOCTI 3 NapaMeTpaMu HaliuyacTilme pos-
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B’A3YIOTH 38 JONMOMOI0K0 PiBHOCHJIBHMX NEpPeTBOPEHb, a BCi piBHOCHJIBHI Ie-
PeTBOpeHHsA PiBHAHL UM HepiBHOCTell BHKOHYIOTH Ha o0JacTi JOIMycTHMHX
aHaueHb (O]I3) saganoro piBHAHHA YHM HepiBHOcTI (To6TO Ha cHiNBHINH 00-
JacTi BUBHAYEHHSA JJA BeiX (QYHEIIN, AKI BXOAATH JI0 3alMCY PiBHAHHA Y
HepiBHocTi). Tomy, mepmn Hizk 3anMcaTH BiANOBIAL, nompioHo 0608’ A3K060
epaxyeaniu OI13 zadanozo pi6HAHHA YU HEPIEHOCHLI.

. . a .
Ipuxaax 2 Poss’axiTe piBHAHHSA ;f—_;zl+;, Jie X — BMiHHA.

Komenmap

Bagani aApoboBi BuUpasy iCHYIOTH TOAL i TLNBEM TOAl, KOMU BHAMEHHUKHU
3ajaHux ApobiB He JAOPiBHIOITHL HYJIO, oTske, OJI3 piBHsaHuA: x # 3, x # 0.

IMomHOkMMO 06M/IBI YACTHHM 38, 1aHOr0 PiBHAHHA Ha BUpas x (x — 3) —
CHiNBHMI 3HAMEHHME /pobGiB — i ojep:kMMO Iijle piBHAHHSA, AK€ 3a
ymoBu x (x —3) # 0 (robro ma OJI3 sajaHoro piBHAHHSA) PiBHOCHUJIb-
He sagaHoMy: x*=x (x—3)+a (x— 3). 3 uboro piBHAHHA OJEPIKYEMO
x®=x* - 8x + ax — 3a, Tobro ax — 3x = 3a. Tozi (a — 3) x = 8a.

Jlns Toro mob sHaliTy 3HAYEHHA 3MIHHOI X, XO0TLIocA 6 noalmMTH 00MIBI
YACTHHHN OCTAHHBLOT'O piBHAHHSA Ha (a — 3), ane npu a = 3 gosesnocs 6 ginuTH
Ha 0, mo HemoxuuBo. OTyke, MOYMHAKOYM 3 I[LOI0 MOMEHTY, NOTPi6HO po3-
MIAHYTH JBA BUIAJIKH.

Posp’sizannsa BiANoBijHO 10 HABeJeHUX BHINE MipKYBAHL MOYKHA HAOYHO
BAIUCATH Y BUIJIA/l CXEMH.

X 142
x-3 x

Poszé’'azanna
P> O3:x#3,x=0.
*=x(x-3)+a(x-38), x*=x%-3x +ax - 3a, ax — 3x = 3a,

| KOpPEHiB HeMae |

3’acyemMo, IpM AKHWX 3HAYEHHAX @ 3HAW/EeHI KopeHi He BXogaTh o Ol13

PiBHAHHA, TOOTO MpHM AKMX 3HAUYEHHAX @ ojep:xyeMo x = 3 1a x = 0.
%:3, Toxai 3a =3 (a — 3), 3a =3a — 9 — poss’askis Hemae. Orxe,
a—

IpU BCiX 3HAYEHHAX  KOpiHb % He JIOpiBHIOE 3.
ﬂ -—
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3"d =0, Tomi a = 0. Orxe, npu a = 0 maemo x = 0 — cTopoHHI# KOpiHE
a—i

(ve Bxomute go OJI3), Tobro npu a = 0 3asaHe piBHAHHA He Mae Kope-

HiB.
Bidnoeidv: 1) npu a = 3 i a = 0 KopeHiB Hemae;

2)npua#3,a#0 x=—2 <
a-3
Tlpuknan 8  Poss’suxitTh piBHsSHHS % =% BilHOCHO B3MiHHOI X.
Komenmap

Byzemo BHMEOHYBATH PIBHOCHJILHI TEPETBOPEHHA 38JaHOTO PiBHAHHA.
Jlna nporo sHaiiemo iioro OJI3 (3HaMeHHNEN JApobiB He JOPIBHIOITE HYJIIO).
Sko gami o6MaBi yacTHHHM PiBHAHHA NMOMHOYKHTH Ha JoOyTOK BHpasiB, 110
CTOATH Y 3HAMEHHHMEAaX ApobiB (i Axmil He gopiBHIoe Hym0 Ha OJ13 piBHAHHA),
TO OflepsKMMO PiBHAHHA ax’ — bx + 4a = 0, piBHocunbHe 3agaHomy (Ha OJI3
3a8/IaHOT0). AJle ocTaHHE PiBHAHHA Oy/e KBaApaTHUM TiBEM npH a # 0, Tomy
A ¥ioro po3B’A3yBaHHA CJij posrasHyTH asa Bunageu (a = 01 a # 0).

HArmo a # 0, To AnA JocHiyKeHHA OJep7KAHOI0 KBAJAPATHOTO PiBHAHHA
noTpibHO posrnaryTH me Tpu Bunagku: D=0, D <0, D > 0 i B KoskHOMY
3 HUX NepeBipUTH, YN BXO/JAATH 3HaileHl kKopeHi jo O/I3, um Hi. [Ipu D = 0
3pYYHO BUKOPHCTATH, 110 3HAYEHHA KOPEHA BiJIOBIIHOTO KBaJpaTHOTO PiB-
HAHHA 30iraeThesa 3 abenucoro BepmmEW napabomm y = ax® — bx + 4a, Tobro

b _ 5 ; 3
E=Ly=— = Poarnsaparoun Bunagor D > 0, ciig nam’ATaTé TAKOMK PO
nonepeane obmeskennsn: a # 0.

Ockinekn kopeHi piBHAHHS (1) 3anMCYIOTBCHA JOCTATHLO I'POMIZTKMMU
dopmysamu (ITUB. po3B’A3aHHA), TO 3aMiCTh MiJICTAHOBKEM OJEpPyKAHUX KOpe-
HiB B obmesxenna OJ[3 migeraBumo «3abopoHeHi» 3HAYeHHA X YV piBHAHHA (1)
i 3’Acyemo, py AKMX 3HAYEHHAX NapaMeTpa @ MU OTPUMAEMO 3HAYEHHS X,
Akl He BxoaaTh g0 O]13, a nmoTiM nepeBipyMo OTpUMAaHI 3HAYEHHSA ITapaMeTpa.

Poze’'sa3anns
P OlI3: x # 0, x # a. Ha niit OJI3 3a/iane piBEAHHA piBHOCHJbHE PiBHAH-
HAM: ax? — x = 4x — 4a,
ax?—5x + 4a =0. (1)
1. $Hrmo a = 0, To 3 piBEAEEA (1) ogepsxyemo x = 0 — nwe BxoguThs o OJ13,
omxe, mpu a = 0 KopeHiB HeMaEe.
2. §lgkmo a # 0, To piBEsHHEa (1) — KBagpaTHe. Horo JUCKPUAMIHAHT
D = 25 — 16a®. PosrnssEeMo Tpy BHIAJEH:

1) D = 0, Tobro 25 — 16a% = 0, a:i%. Toxi piBasuus (1) Mae oxHe 3Ha-

YeHHA KopeHA X — %.
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Axmo a=%, TO KOpiHb x = 2 piBHsaHHA (1) BxomuTe 10 O/I3 i € Kopenem

30/IAHOTO PiBHAHHA.

HAxmo a:—%, TO KOpiHb X = —2 piBHAHHA (1) Tesrk BxoguTs g0 OJI3 i €
KOpeHeM 3a/IaHOT0 PIBHAHHSA.

2) D < 0, Ttobro 25 - 16a* < 0, orxe, a<—% abo a>%. Topi piBHAHHA
(1) ne mae xopeHis.

3) D > 0, Tobro 25 — 16a? > 0, oTe, _§<a<%, ane a # 0. Toi piBHsH-

HA (1) Mae aBa KopeHi

_ 5++/25-1647 @

R

3’AcyemMo, NIpH SKMX 3HAYEHHAX a 3HaljIeHi kopeHi He BXoaaTh jo OJ13,
TOOTO MpU AKHUX 3HAYEHHAX a ojepskyemo x = 01 x = a.
Iigcrasnsroun B piBuauuga (1) x = 0, ogepixyemo a = 0, ane upn a = 0
3a/laHe pPiBHAHHA He Ma€ KOpeHiB.
IigcraBnsrouu B pisaanus (1) x = a, ojgepsxyemo a® — 5a + 4a = 0, T06-
roa® —a=0,a(a®—1)=0. Togi a = 0 (3asane piBHAHHA He Mae Kope-
HiB), a6o a = +1. IlepeBipumo 1i 3HAYEeHHSA a.
Ilpu a = 1 OJI3 sanucyernesa Tak: x # 0, x # 1. I3 opmynn xopewnis (2)
maemo x, =4 (Bxoute o OJI3) i x, = 1 (ue Bxomure go O][3). Orixe,
npu a = 1 3ajjaHe piBHAHHA Mae TiILEM OJMH KOpiHB X = 4.
Ilpu a = —1 OJI3 sanucyetbesa Tak: x # 0, x # —1, a i3 dopmynm Kope-

X

HiB (2) orpumaenmo: x, = —4 (Bxoaurs g0 O/I3) i x, = —1 (me BxoaUTHL

mo OJ13). Otxe, npu a = —1 3ajaHe piBHAHHSA Ma€ TLILKU OJIMH KOPiHb

x =4

Takum uymHOM, GopMyny KopeHiB (2) MoHa BHEOPHUCTOBYBATH, AKIIO
5 5

—;<a<i, Timeku npu a = 01 a # +1.
. . 5
Bidnogide: 1) sikio a=—, 10 x = 2

2) akmo a:—g, TO X = —2;

3) akmo a =1, To x = 4;
4) akmo a = -1, To x = —4;
Bmano ae(-2; 1)U LU @ DU (1 2], 0 x,, =SV
6) akmio ae(—oo; %) u (g, +m) a6o a = 0, To kopenis Hemae. <
3ayepayxeHHA. 1106 monermuTy 3anmmc BiAIOBiAL B IBOMY T2 aHAJOTIU-
HUX TPHEIaJax, MOYKHE KOPHCTYBaTHCA TakuM cmocobom. ITeped zanucom
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eidnoeidi e cknadnux abo epomizdxux eunadkax 306pa3umo ice napamenpa
(a) i sidminumo Ha Hilt yci ocobauei 3HAYEHHA napamempa, AKi 3'A6uUIUC
6 npoyeci pose’ssyeanna. ITid siccio napanempa (nisiute 6i0 Her) sunuuiemo
eci odepacani po3é’asxu (Kpim po3e’ 3Ky «KOPeHi6é Hemae») i Hanpomu Komi-
HOT 6idnosidi eidmimumo, npu AKUX IHAUEHHAX napamenmpa yio 6idnoside
moxcHa surxopucmosyeamu (puc. 82). ITicasn yvozo éidnoside 3anucyonme 0an
KONCHO20 3 0COONUBUX 3HAYEHb napamempa i ONL KOHCHO20 3 0depHcaHux npo-
MiNCKI6 oci napamenipa. 3o0KpeMa, Y PO3TIAHYTOMY NMPHUKJIAJL Tepej] 3arucoM
Bi/INIOBi/Ii 3pyuYHO 300pasvTH HA YepHETIII Taky cxemy (puc. 72).

_5 5

4 0 1 4 X

L] L] : : . ’
Dx=2 ; : : @
2x=-2 e | .
_ 5+/25-164? : : : : ;
8) %y == e o o o o
a \ H V \ V
)x=4 P s ®
5) x = —4 i @ : P

Puc. 72

9.2. MochipHMUbKI 3apadi 3 napameTpamMu

Heski mocnigauneki 3a1aui 3 napaMeTpaMy BAAE€ThHCSA PO3B’sA3aTH 34 Ta-
Koo cxemoro: 1) pozg’asamu 3a0ane PiBHAHHA YU HepigHicmb; 2) docaidumu
odeprcaHiil po38’A30K.

I[purknanx 1  3nafixiTe yci 3HaYEHHSA @, TP AKUX PIBHAHHEA w =0
x4+
Ma€ €IMHHI KOpiHb.
Poze’azanna Komenmap

P OJlI3: x # —7. Ha OJI3 ozepsxyemo OckineEM Jpi6 gopiBHIOE HYJIO
piBHOCHIIbHE PIBHAHHS TOMI 1 TLTBEM TO/i, KOJHM HOT0 YHCENH-
(x +a)(x— 5a)=0. HHUE JIOPiBHIOE HYJI0, 8 3HAMEHHUE He

Toxi ¥ +a = 0 abo x — ba = 0. | AopiBHIOE HymI0, To Ha OJI3 (x + 7+ 0)
Opepayemo x = —a abo x = ba. 3a/laHe pIiBHAHHA PiBHOCHUJBHE PiB-
Vpaxyemo OJI3. Jlna mnporo | HaEHW (x + a) (x — ba) = 0. Jlani Bpa-
3’sicyeMo, KoM X = —7: XOBYEMO, IO AOOYTOE JOPIBHIOE HYJIO
—a=—-T7npuna="17, Toml 1 TIMBEEW TO/l, KOMM Xoua 6 OguH

56 = —7 npm a= il i3 MHOKHWMKIB NOPiBHIOE HYJIIO (a mpy-

5 Tl Mae 3MicT).
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Toxi npm a = 7 opeprxyemo:
x =-a = -7 — CTOpPOHHIil KOpPiHb;
x = ba = 835 — emmHEMII KOpiHE.
IIpn a=—§ O/IEPIYEMO:
b ]

x = ba = -7 — cTopoHHIiT KOpiHB;
x=—a=% — €JIUHUI KOpiHb.

¥
Taxosx 3ajaHe pIBHAHHA MATHME €/IH-
HHWil KOpiHb, AKII0 —a = ba, To6To pn
a=0(romi x=-a=0Tax=>5a=0=
%= =T).
Bionogidv: a = T, a:mé. a=0.<

Jocaimkennss wiibkocri po3s’sskiB piBHAHL Ta IX cuereMm,

Ilicis uboro s3’sicyemo, 1pU AKHX
3HAYEeHHAX « 3HalJeHi KopeHl He
exogate go OlI3, Tobro x = —7: npu-
piBHIOEMO KOpeHi g0 —7 i sHaxogumMoO
BIJINOBi/IHI 3HAYEHHSA (.

[Ipu sHalileHux 3HAYEHHAX
@ OJHUH i3 JBOX OJeprKaAHUX KOpPeHiB
Oyse croponHiM (x = —7) i piBHaHHA
MaTUMe €JMHUI EKopiHs (oaHe 3HA-
uyenHs kopens). Kpim Ttoro, sagane
PIBHAHHA MATHME €JIUHHI KOpIHBL Ie
i y TOMY BUNSJIKY, KOJH JIBA OJ€pKa-
Hi KopeHi (x = —a Ta x = ba) 36iraTu-
MyThes (i BxoguTumyTs o 0J13).

ITpn

pPO3B’A3YBAHHI JleAKHMX 3aBJAHL i3 UapaMeTpaMHM MOYKHA KOPUCTYBATHUCH
TAKMM OpIEHTHUPOM: AKWO 8 3a60aHHI 3 napamempamu iidemovcs npo Kilb-
Kicmv po3e’asxie pieHanHa (HepieHocmi a6o cucmemut), no O aHani3y 3a-
danoi cumyauyii wacmo 3pYiHO GUKOPUCMOBYEaMU zZpapiuHy IiNOCMPAYi0
PO36’A3YEAHHA.

JocTaTHhO NMpoOCTUM € BiJNIOBijHe J0C/i/KeHHSA B TOMY BHIIAIKY, KOJH
3ajlaHe pIBHAHHSA MOKHA mojaTv y Buriaagai f (x) =a, ockinbkm rpadik
dyurnii ¥y =a — e npama, napanensHa oci Ox (aka neperunae Bice Oy
y Touni a). BigsHauumo, 1o, 3aMiHIOOYH 3ajlaHe PIBHAHHA HA PIBHAHHA
f (x) = a, noTpibHo crigryBaTH 38 PIBHOCHJIBHICTIO BUKOHAHUX ME€PETBOPEHb,
00 ojiep:kaHe piBHAHHS MAJIO Ti caMi KopeHi, mjo i 3ajiaHe, a oTke, i Kifb-
KieTh kopeHiB y Hux Oyge oaHakoBoio. J[ia Toro mo6 BU3HAYMTH, CKLIBKH
KOpeHiB Mae€ piBHAHHA [ (X) = @, JOCTATHHO BUSHAYUTH, CKLJIBKH TOYOK Iepe-
TuHY Mae rpadik ¢yHENIT y = f (x) 3 npaMoo y = @ npy pisHUX 3HAYEHHAX
napamMerpa a. ([[nsa nqporo Ha BiNoOBiTHOMY PHCYHEY JONiJIbHO 306pasuTH Bei
XapaKkTepHi MOJIOKeHHSA MMpAMOoi.)

Ipukaas 2  Ckinbkyu xKopenis mae piBuauus | x2 — 4 | x || = a sanesxno Big
3HAYEHHA NapamMerpa a?
Posze’azanusa Komenmap

P Ilobyayemo rpadirm pyHELIR
y=|a%2— 4|x||ra y=a (puc. 73).
AHaTi3youn B3aEMHE PO3MIIEeHHA
ofep:kaHuX TpadikiB, OTPHUMYyEMO
sidnoeide:

OckinbEN B IIBOMY 3aBJ2HHI MOBa
#ijie Ipo ELIBEiCTE po3B’A3KiB piBHAH-
HA, TO JJd AHANI3Y 3aJaHOI CHUTYyAaIlii
crpobyemMo BHEOpHCTATH rpadidHy
imTrocTpaIio po3B’A3yBaHHA.
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1) npwma < 0 piBHAHHA KOPEHIB HE Mae;

2) npwma = 0 piBHAHEA Ma€e 3 KOpeHi;

3) mpma <0 < 4 piBHAHEA Mae 6 ko-
PeHiB;

4) npwu a = 4 piBHAHHA Ma€ 4 KOpeHi;

5) npwma - 4 piBHAHHEA Ma€ 2 KOpeHi.

y=a 7
a

\ 1
4 2 of 2 4 ox
% F1\ 1
\ I A I
\ / L /
\ / A /
-~ _4 - - <,.
Puc. 73

1. Byayemo rpadik QpysrLii
y=|x*-4|x||
(vpaxosyioun, mo x? = | x |2, noby-
JoBa Mozke BijbyBaTucs, HAIpH-
KJIAJl, 38 TAKUMH eTanaMu:
X-4dx->|xR-4|x|>
> |x2—-4|x]|]).
2. DByayemo rpadik ¢pyHELil y = a.
3. AsnanizyeMo B3a€MHe pO3Mill|eHHs
ojep:kaHux rpadikiB 1 samnucy-
emMo BignoBige (ELIBKicTH Kope-
uiB pisusnus [ (x) =a popiBHIOE
ELIBKEOCTL TOYOK II€peTUHY Ipa-
Gdira ¢pyuruii y = f (x) 3 npamoro
y = a).

BaszHauMMoO, 1110 3HAYHY KLNBKICTh JOCHIJHUILEUX 3aBJaHb HE BJIAETHCS
poss’szaTu GesnocepenHiMu obumncnenHsMu (460 Taki obuucleHHS € Tyie
rpomizgrumm). ToMy YacTo JOBOJUTHCA CHIOYATEY OOI'pYHTYBATH AKYCh BJAC-
THUBiCTE 3ajiaHoro piBHSAHHA abo HepiBHOCTI, A MOTIM, KOPUCTYIOYHCH Ii€l0
BJIACTHUBICTIO, JJaABATH BIINOBi/L Ha 3alMTAHHS 3aja4i.

Hanpuknang, 6epyus o yBaru napHicts GyHEIIH, 110 BXOIATE 10 3aIIHCY
38/]aHOT0 PIBHAHHS, MOYKHA BUKOPUCTOBYBATH TAKHMH OpPIEHTHP.

Axwo e pienanni f(x) =0 @Qyuxyia [ (x) € napuorw abo nenapnoio,
mo paszom 3 6y0v-AKuMm KOpeHeM O MU MOICeMO 6Ka3ami ue o0un Kopins

Yvozo pienannn (—o).

Ilpurnan 8

SHalIiTe yci 3HaYeHHA TIapaMeTpa a, TpH AKWX PiBHAHHA

-a|xP+at-4=0 (1)

Mae €IUHUHN KOpPiHb.
Pose’aszanna
dyurnia f(x) = x*—a|x P+ a®- 4
e maproo (D (f) =R, f(-x) = (x)).
SIk1mo x = o0 — KOpiHB piBHAHHA
(1), To x = —0. Te¥ € KOpPEeHeM IbO-
ro pieEAHHA. ToMy e€amHHII KOpPiHB

Komenmap

Ilomiuaemo, mo B JiBiii uacTH-
Hi 3ajJlaHOro PpIBHAHHA CTOITH HApHA
(dyHELiF, i BUKOPHCTOBYEMO Opi€H-
THp, HaBegeHuil Buine. [lilicHo, AKIo
X =« — kopies piBaaeas [ (x) =0,
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y 881aHOI0 PiBHAHHA MOe OyTH TLIb-
KM Toji, Koam o = —u, Tobro o = 0.
Orsxe, €MHUM KOpPeHeM 3a/aHOro piB-
HAHHA Moke OyTH Tinpkn x = 0. Hrxuo
x =0, To 38 piBaauusa (1) opepiyemo
a*—4=0, roxni a = 2 abo a = 2.

Ilpu a = 2 pisasuus (1) nepersopio-
erhest Ha pisasHusA x*' — 2 | x [ = 0. Toxi
|lxf-2|xPF=0,|xP-(| x|-2)=0.
Ognepsxcyenmo | x = 0 (rozi | x | = 0, 10610
x=0)ab6o|x|-2=0 (rozi|x|=2, 106-
10 Xx = 12). OmKe, npu a = 2 piBHAHHSA
(1) mae Tpu KopeHi, TobTO yMOBa 3aJa4i
He BUKOHYETHCH.

Ilpu a = —2 piBuanH#A (1) nepeTso-
proeTbest Ha pisHsiHEa x*' + 2 |x [F = 0.
Topi |[x[P+ 2| xP=0,|xP-(] x|+
+ 2)=0. Ocrimeku | x |+ 2 # 0, To
onepsryemo | x F=0. Toxi | x |=0,
T06T0 X = 0 — emuumit Kopine. Orixe,
a = —2 3aJI0BOJILHSE€ YMOBI 3a1a4i.
Bidnosidv: a = —2. <

o f(o) =0 — npaBMIBHA YHCIOBA
PiBHiCTE. ¥ paxoBYIOUH NapHICTh (DYHE-
mii f(x), maemo f(—a)=/f(x)=0.
Otsxe, X = —0L — Te KOpiHb PiBHAH-
HA [ (x) = 0. €auHENIT KOpiHb y IBOTO
PiBHAHHA MoOyke OVTH TIiJBKEHM TOI,
KOJM KopeHi o i —« 36irafotbea. Topmi
x=a=—0a=0.

3’acyeMo, UM iCHYIOTH TaKi 3HA-
YeHHA napaMeTpa @, npum Agux x =0
€ KopeHeM piBHAHHA (1). (Ile 3HAaUeH-
HAa=21a =-2.)

Ockinbkw 3HaUYeHHA @ = 21 a = —2
MM OJIepKaiu 3 YMOBH, mpo x =0 —
kopiEb piBHAHHA (1), TO HeoOXigHO
MepeBipuTH, YM JiMCHO NP IIHX 3HA-
YeHHAX @ 38jJaHe PIBHAHHA MaTHMe
€VMHMI KOPiHb.

[Ipn posB’A3yBaHHI OfepHAHMX
PiBHAHB AOITBHO BHEKOPMCTATH, IO
r=|xk

9.3. BUKkopucTaHHA YMOB PO3MillleHHA KOPEeHIB KBaApaTHOro TpUYneHa
f (x) =ax?®+ bx + ¢ (a # 0) BipHOCHO 3apaHux umucen A i B
Posp’ssyBanHA JeAKMX JOCHIJHMIBEMX 38784 3 IapaMeTpaMy MOYKHA

B8BECTH JI0 BUKOPHMCTAHHA HeoOX1HMX 1 IoCTaTHIX YMOB pO3MIiIlleHHA KOpPEHIB

EBajipaTHOro TpruseHa. OCHOBHI 3 [UX yMOB HaBejeHo B Tabmumi 16 (y Tab-

JIUILi BUKOPUCTAHO TPaMIiiiHi NO3HAYeHHA: X, 2—%, D = b — 4ac).

Tabaunsa 16
HeobxiaH! | AoCTaTHI YMOBH PO3MILLEHHA KOPEHIB
PosmilleHHn
: y 3aranbHOMY
KOpeHIB
pe npua >0 npua <0 Bunaaky (a #0)
1. x, <A f4)>0 F(A)<o0
x, <A D=20;x, <A D>0;x <A
2 % %o {a - 1(A)>0,
———8 D> 0,
E ] Xg A ol = | 1
x, <A
A X
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ITpodoencernna maba. 16

HeobxiaHi | poocTaTHi yMOBH pO3MILLEHHA KOPEHIB

PosmilleHHA STl ONY
KOpPEHIB
pe npua >0 npua <0 i (@ #0)
2. x; <A<, f(A) <0 f(A)>0
—————8—>
xy A x A i s a-f(A)<O0
xy - x
3. x,>A f(A)>0 f(aA) <0
x, > A D>0;x,> A D>0;x,> A a- f(4)>0
A D=0,
xl xo 12 x .x“)A
|
4. A<x,<B fA>0f(B)>0 f(A)«:O;f{B)«cO[
A<x,<B D>20;A<x,<B| D>0;A<x,<B a- f(A)>C
A B a-* f(B)>0
A xl xg B xl iu In Xy Io xz x D}O‘
A B x A<x,<B
8. x <4 fTA<0fB)>0fA)>0,f(B)<O0
A<x,<B - B {a-f{/-l)<0,
A -
231 5t xy A xg x a- f(B)>0
xy B x
6. A<x <B F(A) >0, f(B)<0|f(A) <0, f(B)>0
x; > B {a-f{A):-U.
——r—r——> .
A x, B x B B o o e
A X3 x
7. m<A FA <0, fB)<0 | fF(A)>0,f(B)>0
¥ > B B
P ~ - {a f(A) <0,
X, A B % A B A B x a- f(B)<0
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EEE [MosicHeHHR i O6rpyHTYBaHHA

Ilna obrpyHTyBaHHSA 3a3HAYEHHWX YMOB JOCTATHBO CKOPHMCTATHCA THM,
mo rpagik pyeEnii f (x) = ax® + bx + ¢ (a # 0) — cyuinsHa (HeposzpusHa')
miHia. fKkmo Taka QyHEIIA Ha KIHOAX AKOTOCh MPOMIKKEY HaOyBae 3HAUEHD
3 pisHMMM 3HaKaM# (ToOTO BiNOBiHI ToukM rpadika po3TalloBaHi B Pi8HMX
miBNomuHAX BiffHOCHO oci Ox), To BecepeiMHI OO0 MPOMIMKKY € MpUHANMHIL
OJHA TOYKA, V AKi GyHEKIA JopiBHIOE HyI0 (puc. 74).

Y/ F

Pune. 74 Puc. 75

Hanpurnag, das mozo wob dea pi3Hi kKopeHi keadpaniHozo MpuiieHq
f(x)=ax®+ bx + ¢ (a #0) npu a > 0 6yau poamiwjeHi no pizxi Goxu 6id 3a-
darnozo wucna A, docmamueo 3agixcysamu minvku o0dny ymosy: f(A) <0
(puc. 75).

@ Jliticuo, rpadik kBagpaTiuHol Gyurmii f (x) =ax* + bx + copua > 0 —
napaboJa, BiTkEM sikol Hanpamieno Bropy. Toxi y Bunajky, Koju apry-
MEHT X NPAMYE 10 +oo abo 10 —oo (Ile M03HaAYATh 3a3BHUYAll TaK: X —> +oo
abo x - —0), dpyHELiA [ (x) npamye g0 +eo (f (x) > +e<), oTixce, [ (x) > 0
npu x —> +eo abo npu x - —o. fkmo Buronyetbes ymosa f (A) < 0, To
3l 3MiHOI 3HA4YeHHS APryMeHTY X BiJg A 0 +eo KBajipaTuuHa (QYHEILidA
f (x) aminloe cBiil 3HaK 3 «—» Ha «+», oTske, [ (¥) Mae npuHaliMHi ogMH
KOpiHb X, > A.

Tak camo 3i 3MiHOIO 3HAYEHHS APryMeHTY X BiJl —o 10 A KBajJpaTudyHa

dyurnia f (x) smiHoe ceiit sHak 3 «+» Ha «—», oTike, [ (x) Mae mpu-

HaliMHi ouH KopiEb X, < A. Ane kBajpaTHuii TpuuneH [ (x) He Moxke

MaTu Olibille IBOX KOpeHiB, oTske, mpu a > 0 ymosa f (A) < 0 mHeobxigHa

i mocTaTHS IyiA Toro, o6 JBa pisHi KOpeHi KBaJpaTHOrO TPUUJIEHa po3-

MilyBames mo pisHi GokM Bij 3ajanoro uuena A.

Ananoriuni MipkyBauHda npu a < 0 NOKasyOTh, 10 /Ui BUKOHAHHSA i€l
caMoi BUMOTH HeobOxigHo i goctaTHbo, mob [ (A) > 0. I1i aBi yMoBH MoXkHA
o6’emuaTy B oxuy: a-f (A) < 0.

0, {a <0,

f(4)>0. OTsxce,

. a>
IiiicHo, a-f(A)<0@{f(A)<0 abo

! Bignosigry saactusicts Gyzie obrpyaToBaso 6itemn erporo B 11 kaaci mig gac
POSTAAAY TAK 3BAHNX HelepepBHNIX (PyHEmii.
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xeadpamuui mpuvnen [ (x) = ax* + bx + ¢ (a # 0) mae dea pisni
KOpeHi, wo 3naxodamuesn no pisni 6oxku 610 sadanozo wucna A,
modi i minvku modi, konu eukonyemovens ymosa a*f (A) < 0.

AnanoriuHo MoskHa oOr'pyHTOBaTH W iHIII yMOBM, HABeleHi B Tabiu-
ui 16.

BayBajkuMo, 1110 HaBe/eHI YMOBHU He 000B’SA3K0BO 3anaM’ATOBYBATH: LA
IXHBOIO 3aIUCY MOJKHA KOpHCTyBaTHCsA rpadikoM kBajgpaTudHol PyHELIT (30-
OparkeHUM 1 NOTPiGHOro posMileHHs KOpeHiB) i TAKUM OpPiEHTHPOM.

Jlna mozo wob kopewi keadpammozo mpuuaera f (x) = ax? + bx + ¢ (a # 0)
6ynau poamiweri 3adanum wunom eidnocho dawux uucen A i B, Heobxidno
i docmamHbo BUKOHAHHA CUCTEMU YMOB, AKA BKIIONAE:

1) 3naw Koeiyienma npu cmapwiomy YaeHi;
2) 3nawu 3navens [ (A) i f (B);
3) 3Hax uckpuminanma D;

4) nonomcenna abeyucu eepurumi napabonu (xo = —5) gidHocHo danux uu-
/3

cen A i B.

3a3HAYMMO, 1110 /LI BUNAJKIB, YV SKMX Xoua 6 oj{He 3 JaHUX YHCe] po3Mi-
I[eHO MiK KOpeHSfIMH KBapaTHOro TpudsjieHa (IuB. Ipyruii, n’aTuil, mocTuil
i cbomuit pagen Tabua. 16), mocraTHo, 106 BUKOHYBAJIMCA NEPIi IBi yMOBH
1ILOTO OPiEHTHPA, & JJf IHIIUX BUNAIKIB JOBOIUTHLCSA PO3IJIAJATH BCi HOTHPH
YMOBHU. 3ayBAKMMO TAKOXK, 1110, 3AMIHCYIOYM KOKHY 3 YKA3aHUX YMOB, CJIiJT
pO3IIAaTH, UM BHKOHYBATHMETbHCS BHMOra 3aja4i B TOMY BUNAJIKY, AKIIO
B I[ifi yMOBi 3anMcaTH 3HAK HECTPOrol HEPiBHOCTI.

Ipuknaxg 1  BHaligiTe yci 3HaueHHs napameTpa @, A AKUX DiBHAHHSA
ax? — x + 3a = 0 Mmae ojuH KopiHb Ginbmuil 3a 2, a Apyruit —
MeHIuMH Big 1.
Komenmap
Ockinbku 3a/iaHe piBHAHHSA Ma€ JBa Pi3HUX KOpeHi, TO BOHO KBaJpaTHe

» 14411242
2a

BiJIb HA 3aIIMTAHHA 3aJ1a491, JOCTATHLO PO3B’A3aTH CYKYIHICTE i3 IBOX cHCTEM
x> 2 X< 1
’ abo { 1

x, <1

. i, m106 oTpuMaTH BifIo-

2
(ro6ro @ # 0). Toxi x,:““;”“ , x

ipparioHaIbHUX HepPiBHOCTEN: { Ane Takuil ULIAX

x,>2.
PO3B’A3YBAHHSA JOCTATHLO I'POMI3IKMIL.

Cropobyemo cEOpHCTATHCS YMOBAMM PO3MIill[eHHS KOpPEHIB KBAJIpaTHOIO
TpuuieHa. /A mboro MoskHa GeslocepeHhO BHEOPHUCTATH BiAMmoBigHi yMo-
BH, 3adikcoBani B Tabmumi 16, abo orpumaTH iX 3a JOMNOMOIOI0 B3AIPOIIO-
HOBAHOTO OopieHTHMpa. 3okpema, nosuauumo [ (x) = ax? — x + 3a i 306pasumo
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rpadir kBagpaTnuroi QyHENIl f (x) (mapabony) B TAKMX MOJ0XKEeHHAX, AKL
3aJI0BOJILHAIOTH YMOBI 3aja4i (puc. 76, a i 0).

\ : 2/a>0~‘ ﬂ .
U * / 1 2|\a«:0

a 0
Puc. 76
s Toro 1mo6 kopeHi KEBaJgpaTHOro TpU4YJieHA po3MilysBasiucs 1o pisHi
Gokwu Big uncen 1 i 2, HeobxijgHo i gocTaTHRO, 11106 BUKOHYBAJIACH CYKYIIHICTD
a>0, a<0,
ymoB: 4f(1)<0, a6o f(1)>0, Ilomiuaemo, o B KOMHIN cHcTeMi 3HAKHM a
F(2<0 7(2>0.
if (1) raaif(2) nporunesxni, TOMYy 1110 CYEYIHICTL CHCTEM MOHA 3aMiHU-
af(@)<0,
af(2)<0.

™ pi'BHOCHJIb‘HOIO CHCTEMOK { 3 OBOI'0 BHILITHBAE TAKWI TIJIaH

po3B’AzyBaHHA.

Poze’sa3anna
P Ockinbkun 3aaHe piBHAHHSA Ma€ JBa Pi3HUX KOPeHi, TO BOHO € KBapaT-
UM (To6To a # 0). Ilosraunmo f (x) = ax? — x + 3a. Sl Bigomo, KopeHi KBa-
JPaTHOTO TPHYJIEHA MOKYThH PO3MIN[yBATHCHA IO pisHi Gokwm Big umcen 11 2
TOMI 1 TIBEYM TO/i, KOJM BHKOHYETHECA CHCTEMA YMOB:

af1)<0,

{a f(2)<0.
Opep:KyeMoO cUCTEMY {a {da=D<0, D
a(Ta—2)<0. (2)

[ b

TS

Poze’asyemo mepiBroceTi (1) i (2) i 3Ha-
XOAMMO CIIJIBHWNA PpoO3B’A30KE  CHCTEMH
(pue. 77).

0
(1) b!

(

(2) } Bidnoeide: 3aiane piBHAHHA Ma€ OAWH KO-
piEB 6inbmmmii 3a 2, a APYruil — MEeHIIHI

Pue. 77 Big 1 mpu ae (O;,%) <

E
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10.

Bnpaen

Poss’s:kiTh piBHAHHA Ta HepiBHOCTI 31 aMiHHOIO X (1-3).

. 1) bax —a = ax + a; 2)4 —ax =2x + Ta;
3) ax + 7a < ax + 8a; 4) 2a — 6x > 2ax + 11.

. D|x-2|+|x+1]=ax+3; 2)|x-al|+]|x|=2;

3)|ea-x|+|x+a+1]|=1.

. 1) ax+1=213. 9 zax_1=i£:ll; g) ax+1_2
x x—

x+a x

. BHAWTITH yci 3HAYEHHA @, NPV AKUX 3ajlaHe PIBHAHHA MA€ €IMHHUII KO-

pins: 1) (_"‘_"?g’;):g, gy F2N-00 g
=

x+12

. SBHAWZITL yci 3HAYEHHA @, NPHW AKNX 3ajlaHe PIBHAHHA Ma€ €IMHHI KO-

piae: 1) x®* +axb+a*+4a=0; 2)x*+ax*+a®>—-a=0.

. JInA KoskHOTO 3HAYeHHA napaMerpa b 3HAHIITh YMCJI0 KOpeHiB piBHAHHA

2x%? + 10x + | 6x + 30 | = b.

. BHaliiTe yei 3HAYEHHA NapaMeTpa a, TpH AKUX piBHAHHEA | x2 — 2ax | =1

Ma€ piBHO TPHM PiBHMX KOPEHi.

. BHaliTE yci 3BHaYeHHA NapaMeTpa @, TP AKUX piBHAHEA | x2 + 2x + a| =2

Ma€ YOTHPH PiSHMX KOpeHi.

. SHAWZITHL HaiibinkITe 3HAYeHHA napamMeTpa k, TpH sKoMy 00HABa KopeHi

piBHaHHEA x° + (2k + 6) x + 4k + 12 = O 6inbui Big —1.

BHaWJITE yci 3HAUYEHHA NapamMeTpa ni, A8 Axkux piBHauHEA (M — 2) x° —
-2 (m+3) x +4m = 0 mae oguH KopiHB OinbmMil 3a 3, a aApyruid —
MeHIIHi Big 2.

AOAATKOBI BIMPABU AO PO3AIAY 1

. Busnaurte cymy poss’a3skiB piBHAHHS:

D|x+56|=7; 2)|2x-1]|=5;
|x+7|=2; 4)|4x-8|+|2—-x|=4;
5)2|x-8|—-|8—x|=5; 6)5|x+4|-2|4—x|=4.

. Busnaure x + y, axkmo:

D]|x—y|+|4-x|=0; 2)|2x—-y|+2|2-x]|=0.

. Busnaure xy, Axmo:

D]|x-2|+42-4xy+4y2=0; 2)|y—-1|+22-2xy+y2=0.

. BHaHITH KiMbEICTh UiMMX po3B’sA3KiB HepiBHOCTI:

D]x-1|<2; 2)|x+2|<4 3)|x-3|<6; 4)|x+4]|<5.

. BHaUAITE KiNMbKicTh NiMMX po3B’A3KiB HepiBHOCTI B mpoMikky [—5; 5]:

D|x+2]|28 2)|x—-1|>4; 3)|x—2|>3; 4)|2x-1|>3.

. Busnaurte Haiibineinmii inuii po3s’A30K HepiBHOCTI:

|8x—-1|<2x+2; 2)|2-3x|-x<8 3)|7-3x|—-2x<2.
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7.

8.

9.

10.

11.

12.

13.

14.

15.

16.
17.

18.

19,

BusaauTe HaiiMeHImIMil [iaMil po3B’A30K HepPiBHOCTI:
1)|1-2x|-x<10; 2)|8x-2|+2x<8; 3)|dx-4|+4x > 5.
BusnauTe HaiiMeHIIMII po3B’A30K HEPIBHOCTI:

1)|8x+1|<x+7 2)|2x+38|<x+12; 3)|4x + 3| < x + 21.
SHaligiTh Halibinbllle 3HAUYEHHA NapaMeTpa a, IpH AKOMY PiBHAHHA MA€
pO3B’AB0K:

1)|2x-1]|=1 - 4a; 2)|8x+2|=38 - 4a.

3HalIiTE HaliMeHIle 3HAYEHHA NapaMeTpa a, NpH AKOMY PiBHAHHA Mae€
pO3B’ABOK:

1)|2x-1]|=4a +1; 2)|8x+8|=56a-"7.

BHaiigiTe HaliblIbITe Iijle 3HAYEHHA MapaMeTpa @, Npu AKOMY PiBHAHHA
Ma€e po3B’ABOK:

1)2|x-8|-a|8-x|=5; 2)3|x-2|+al2-x|=-4.
3HaiiiTh HaliMeHIIIe I[iJle 3HAYEHHA NapaMeTpa a, NpH AKOMY pPiBHAHHA
Ma€ po3B’ABOK:

1)8|x-8|+a|8-x|=5; 2)3|x-2|-a|2-x|=-6.
BuzHauTe 3HAYEHHA apaMeTpa N, NPH AKOMY PiBHAHHA MA€ TOYHO YO-
THPW PO3B’A3ZKH:

D]x(x]|-5)]=m; 2)[(x+1D)(x+1]|-3)|=m;
3)|26GB-|x|x)]|=m.

Ilpy AxoMy HaiiMeHIIOMY IiNOMY 3Ha4YeHHI INapaMerpa 7l pPiBHAHHA
x% — | 16x — 48 | = m mae yoTupm posB’azEn?

Ilpu sxoMy 3HaYeHHI mapaMeTpa m piBHAHHA x% — | 14x — 28 | = m mae
OMH po3B’A30K7?

ViaskiTh, cKiTbEN Beboro ificHux kopenis Mae pisusuus x°—3| x|=0.
SHaliTL Bl 3HAYEHHA NapaMeTpa @, IPpU AKUX 3a/laHa CHCTeMa PiBHAHL
Ma€ €JIMHHI pO3B’A30K.

x*+y*=4, (x-a)*+(y-4)*=9,
& {y:x2+a; 2 {x-y:O;
{x2+y2=a2, 4 (x—a)’+y* =4,
) (x-7)+y*=1 ) |y|=1-| x-12]|.

Pozs’ssxiTe 3aBaanna (18-29), BMEOPHCTOBYIOUM CEJIAJAaHHA PIBHAHB,
HepiBHOCTel abo iX cmereM.

PobGiTHuE moBuHeH OYB 38 MJIAHOM BUIOTOBHUTH 3a JeKiNibKa aHIB 72 Ie-
Tami. OCcKinbKH IMOJHSA BiH BUIOTOBJISB Ha 2 JIeTaJi MeHIIe IJIaHY, TO
s3akiHdMB poGoTy uepes 3 AHI micid 3amiaHoBaHoro TepMiny. CEimbEH
JeTasell B leHb MOBMHeH OYB BUIOTOBIATH POOITHUE 3a miaHoM?

Tpu ogHakoBi KoMGaiiHuM, MpaliolYKU pa3oM, 3i6paiu Bposkail 3 meprio-
ro moJif, a MOTIM aBa 3 HUX 3i6payu Bpo:kaili 3 mpyroro monas (iHimoi
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nyomi). Yesa pobora zaiiaana 12 rogua. Axbm Tpu KoMbaitHu BUKOHAJIHM
MOJJOBMHY Beiei poboTH, a moTiM YacTHHY, M0 3aJUIIWJACH, BHKOHAB
OJIMH 3 HUX, TO poboTa 3aifHana 6 20 rogue. 3a AKWIl Yac aBa KoMOaiiHM
MOZKYTH 3i0paTH Bposkail 3 MepIIoro moJya?

20. IlpopyrTHBHICTE Iepuroro BepeTtaTa Ha 25 % Oinbina 3a MpoAYETHBHICTH
apyroro Bepcrata. Ha apyromy BepceTaTi BUrortopsieHo geraneil Ha 4 %
Oinpure, Hixk Ha nepmomy. Ha crinbEM BiJIcOTEIB uac, BUTpaueHWil po-
OITHMKOM HA BHUI'OTOBJIEHHA JeTajieil Ha JpyromMy BepcTaTi, OiibImwil z3a
yac, MoTpiOHMI A 1iei poboTH Ha mepIroMy BepeTaTi?

21. Ilepma TpyGa HanmoBHIOE GaceilH BOJOI0 V JIBa pasH MIBHIIIE, HiX Apyra.
fxmo monoBMHY GaceifHY HANIOBHHUTH 4Yepe3 IepIly TPyoy, a 4acTHHY,
[0 3aJIMITHJIACH, Yepes JIpVIy, TO JJIA HATIOBHEeHHA OaceliHy Oye moTpio-
HO 6 rogmH. 3a CKIJBEY roJIMH MOYKHA HATIOBHUTH OacellH BOJOK TiIbKW
yepes nepimy Tpyoy?

22. JIBa BeJIOCHIIEIMCTH BHIKIKAIOTH OJHOYACHO HA3YCTPIY OJAWH OTHOMY
3 nyHKTIB A i B, Bijcrans mizk axumm 30 kM, 1 3ycTpiualoThesA 38 TOIH-
Hy. He 3ynuHAI0OYACH, BOHM ITPOJIOBXKYIOTH UIJIAX 3 TI€EID CAMOIO IIBHKIC-
TI0, 1 mepmunii npubysae B nyHET B Ha 1,5 roguam paHimme, HizK JApyruil
v nyHET A. BuasauTe IBHAKICTE MEPIIOTO BeJOCHIIEIMCTA.

23. ITporarom 7 rox 20 xB KaTep NpoiioB yropy mo piumni 35 KM 1 TOBEpHYB-
ca Hazad. IlIBuakicTs Teuii mopiBHIOE 4 KM 38 TOAWHY. 3 AKOK IIBHIKIC-
TIO KaTep inroB 3a Tediero?

24. Bmimam 30 % -Buit po3unH consHol kucnotH 3 10% -BuM i omeprxamm
600 15 % -Boro pozunny. CEiJILEM rpaMiB KOKHOTO po34YnHY 0yJio B3ATO?

25. € gpa cnmaBM, IO CKJIAJAITHCA 3 MHUHKY, Migi Ta omoBa. Bimomo, mjo
nepmwmii criaB mictuTs 40% omosa, a apyrmit — 26 % wigi. Ilponent-
HHI BMiCT IMHKY B MEPIIOMY i B ApyroMy cniaBax ojgHaroBmii. Cria-
BuBImH 150 kr mepmoro cmmaBy i 250 kr gpyroro, ofep:kasM HOBHIT
cnyae, y axomy BuaBunocs 30 % nuary. BusrauTte, ckinbEM Kinorpamis
0JIOBAa MIiCTHTBCH B HOBOMY CILIaBi.

26. 3HaiiIiTh TaKke JBO3HAYHE YHCJIO, ¥ AKOMY YHMCJIO OJJHHHILL Ha JABa GiibIme
BiJ uMcia JlecATKIB, a JoOYTOE IIYEAHOTO YHcia Ha cyMy Horo nudp J0-
pieHIOE 144.

27. Bina gomy mocajgykeHo Oepesw Ta JMINA, TPHYOMY 3arajbHa iX KiTbEICTB
6inbmra za 14. fkmo kinbEicTs U 301MBIIATH BABIUL, a KinbkicTs Oepis
30imemmTH Ha 18, To Gepis crane Ginbine. fAxmo 36inpImMTH BABIYI Kidb-
KicTh Oepiz, He 3MIHIOIYH K1IBEOCTI JIMII, TO JIMII Bee ofHO Oyze Ginbime.
Crinbrm Gepis i ckiabEM JHn OyII0 mocagxeHo?

28. I'pyny mromeil HaMaramics BHIDWKYBATH B KOJIOHY 1o 8 YONOBIK y pAXd,
aje OJWH pAJ BUABHBCA HemoBHMM. Koym Ty »x rpyny Jmogeil BHIIHEY-
Bamm mo 7 YOMOBIK y PAJ, TO Bci pAAM BUABHIWCA TOBHHMMH, & UHCIO
pAIiB BHABHJOcH Ha 2 OinepmmM. SIKOM THX ke MIofell BUIIHEYBAJIH 110
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5 yonoBik B paAj, To pAmiB 6yso 6 e Ha 7 Gibine, IPUYOMY OJHH PAJI
6yB 6n HenoBHMM. CrinbkM mojeit 6ymo B rpymi?

29. ¥ maraswHi npoJalThcA IBO3IUEM 1 TpoaHau. I'Bosguka komTye 1 rpH.
50 xom., TpoaHaa — 2 rpH. Ha KymiBiio reosguk i TPOAHJ MOYKHA BH-
TpaTnTy He Oinbime 30 rpr. 50 Kom., NpM BOMY YHCJIO I'BO3JUE HE ITO-
BMHHE BiJIpisHATHCA Bif uucia TposaHJ Oineme Hixk Ha 6. Heobxigao
KYIIUTH MaKCHMAJBEHO MOMKJIMBY CYMapHY KiJbEiCTh KBITiB, IPH IILOMY
IBO3JHE IMOTPiOHO KYIMUTH sAkomora MeHmre. CRiJIbKH I'BO3IME i CKLTBKH
TPOAH/L MOY¥HA KYIIUTH 38 BKA3aHUX YMOB?

BIAOMOCTI 3 ICTOPII

Haragaemo, mo anrebpa — posjiyi MaTeMaTHEW, MPHUCBAYEHWII BABYEH-
HIO OYKBeHMX BWpasiB 1 piBHAHB. [loBrmil wac anrebpa Oysa yacTHHOIO HAa-
VEHM IIPO YHCJI0 — apH(pMeTHEHN. SHaYHY KUIBKiCTH 3384, AKI BUHUKAIOTH
y mpoueci mpakTHYHOI JiANBHOCTI JIIOJWHH, PO3B A3VIOTH OJHAKOBHMHM CIIO-
cobamu. BuropuceroByioum zamicTh unces OYKBH, MaTeMaTHMREW HABYMINCH
po3B’A3YBATH TaKi 3aja4i B 3araJbHOMY BHTJIAL. IluM maaxom i yTBopuia-
cA MATeMaTHYHA Hayka — ajaretpa.

Ictopyuro 3auaTEm anrebpm Oynm BijoMi BaBHJIOHAHAM, €ETHITAHAM
i rpekaM 3aJI0Bro Jo Haimoi epH. 30epirca ermmeTchbEWil mamipyve Axmeca
(XVII cT. o H. e.) 3 po3B’A3yBaHHAM airebpaiyHux 3aaad. YueHi BaBuyo-
Ha (6inemme 4000 pokriB ToMy) BMiTHM 3HAXOAMTH HabOJM)keHe 3HAUYEHHA KBa-
JPATHOTO KOpeHdA 3 Oy/ib-AKOr0 HATYPAJIBHOTO YHCIa, 8 TAKOYK PO3B’ABYBATH
kBajipaTHi piBHAHHA. Ile Oyno mos’sAzano 3 po3B’A3YBaHHAM 381849 PO 3HA-
XO/KeHHA TLJIOM] 3eMeJIBHUX JLIAHOK i 3 po3BUTEOM acTpoHoMii. ITpoTe y Ba-
BIJIOHAH IIe He OyJI0 MOHATTA BiJl’€MHOTO 9YMcia, i TOMY KOPiHb KBaIpaTHOTO
PiBHAHHA Mir OyTH TiNBEHW JOJATHHM.

HiodaHT, rpenprmii MaTeMaTHE, akui sxkuB v 11l cr. B Anercanppii,
HAIMCaB TparTaT <«ApudMeTHEa», Y SKOMY BiH yike po3B’a3yBaB JiHINHI
Ta iamn piBaAHEA. ¥ Cepeqri Bikm ocobimBo akTHBHO anredpa po3BHBaiacH
B apabceknx kpainax i Cepeamiit Asii.

BaBjaHHA, [OB’fA3aHI 3 KBaJApaTHUMH PpIBHAHHAMH, MOYKHA 3HAWTH
i B mpauax isgificeknx MatemaTHriB V cr. KBagpathi piBHaAHHA Enacudi-
KyBaB v TpakTaTi «Aimrebpa» anbs-Xopeami. Bin ke HaBiB i cmocobm ix
pozB’ A3aHHA.

VYrupomoB:x GaraThOX CTOJNITE POBHTOE anreOpH CHJIBHO TalbMYyBaBCH,
TOMY IO MATEMATHEAM JOBrO HE BAABANIOCA BBECTH Y CBOI JOCHI3KEeHHHA 0-
peuHi nozHaueHHsA. ToMy BHEJaJ MaTeEMaTHYHUX pobIT BUT/IAJAB IPOMISAKO.
Tinekn mounHarun i3 X VI ¢T. mOCTYIIOBO [0 MaTeMaTHKEHN IT0YAJH BBOIHTH
cyuacHi nosHauenHsa. CummBorm a?, a®, a' Tomo Bmepime zacTocyBap (ppaH-
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nysbkuil yuermii Perne JlexapTt (1596-1650). CumBoa a” aisa ZOBLIBHOIO
YHCsa 1 3anpornoHyBaB anriiiceknil yuennii Icak HeroTon (1643-1727).

3aBIAKM JOCTi/pKeHHAM (paHny3bkoro MmareMaTnika @pancya Biera
(1540-1603) piBHAHHA JAPYroro cTYNeHs, TPEThOIO i YeTBEpPTOro CTYIEHIB
VIIepIie CTAJHM po3riajaTH B OVKBeHHMX nosHaueHHAX. BiH yBiB OyKBeHi mo-
3HAUEHHA JIJIf HEBiJIOMMX BelHMUHWH i KoedilieHTiB piBHAHL. OcobimMBoO MiHY-
BAB BiKpUTI HUM GopMyH, Ha3BaHi 3rojiom gopmyaanmu Bieta. IIpore Bier
BH3HABAB TiMBEM JojaTHI kopeHi. Jlume B XVII e1., micna pobir P. Jlekapra,
I. HpioToHa ¥ iHIDMX MaTeMaTHKIB, pO3B’A3VBAHHA KBAJAPATHUX Ta 1HIINX
PiBHAHBL HAOYJIO CYUACHOTO BUILJIAMY.

Ines 3anesxkHOCTI BeTMYMH Tesk Gepe MOYATOE BiJl cTaporpelnbkoil HAYKH.
Anle TpeKm po3TNANANA JIWINEe BEIWYHHH, [0 MAKTh «IeOMETPHUYHY» TPH-
poay, i He CTABWUJIM NMUTAHHA NMPO 3arajbHe BUBYEHHA Pi3HUX 3aJl€3HHOCTEH.
I'padpiune 300paskeHHA 3aJI€’KHOCTEH MiX BEJMUYMHAMM IIMPOKO BHEOPHCTO-
sByBamm I. Tanineii (1564-1642), I1. ®Pepma (1601-1665) i P. Jlerapr,
AKWI YBIB MOHATTA 3MiHHOI BeTMYMHNA. P0O3BUTOK MeXaHIKEM i TEXHIKH NpH-
BiB /10 HeOOXiJHOCTI BBe/IEHHA 3arajIbHOIO MOHATTA (PYHEIIL, 1110 3po0HUB Hi-
MenbEni (pinocod i martemaTnr I'. Jle#Oorin (1646-1716). Bermki knacm
(VHEILIIT BUBYAB ¥V X0/l cBOiX mocmipkeHb 1. HeroToH.

¥ 1718 p. yuens Jleiibrina, I. Beprynni (1667-1748), naB odHaueHHA
¢GvHEILiI, mo3baBieHe reoMeTpuuHNX 00paziB. HacTynHWil Kpok y po3BHTKY
TOHATTA (PYHEIII 3po6uB iioro yueHb, usieH IleTepOypsbkoi akagemii Hayk
JI. Eitnep (1707-1783).

Ilicna pobit paagy matematnris (JK. ®yp’e (1768-1830), M. 1. Jlo-
OauveBcekmi, II. Jlipixmne Ta iH.) Oyno gaHO Take O3HAYEHHA: «3MiHHA
Be/MYMHA Y HABWBAETHCA (PYHEIIE0 3MiHHOI BENMYWHHU X, AKIO KOKHOMY
3HAYEHHI0 BEIWYWHMW X BiJNOBijlae €WHe 3HaYeHHA BeJwuuHW U». Ha cy-
YacHOMY €Talll /0 CJIB «KOYKHOMY 3HAYEHHIO BEIIMYWHHU X» JOJAITH «IIO
HAJIEKWATH JeAKil MHOKHHI», & 3aMiCTh 3MiHHMX BEJIMYWH MOBOPATH ITPO €JIe-

M. I. JloGaueBcsEnit I1. dipixne
(1792-1856) (1805—-1859)
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MeHTH IMX MHOHH. Ileil miaxia 1osBonfe posrnagaTH 3 €IMHOI TOYKH 30py
AK YMcaoBi (PYHEIT, TAK i, HAMPHUEJIAJ, FreOMeTPHUYHI NepeTBOPeHHA TOIIo.

HecymipHicTh cTOpoHM EBajpaTa Ta ¥oro giaroHajii Oyia BigkpuTa
B V cer. 1o H. e. B Crapomasriii I'pentii. Ile BigkpwTTa nmokasano, mo auaa
BHMipIOBAHHA TeOMETPHMYHHMX BEJWMYWH HEJOCTATHHO PAIliOHAJBHMX YHCE.
Tomy rpenbki MaTeMaTHEW BiJIMOBHJIMCA BiJl BUpaskeHHA INeOMETPMYHWNX Be-
JHYHAH YUCJIAMH 1 CTAM PO3BMBATH IeOMEeTPHUHY aireOpy (Tomy i 3apas Ka-
JKYTh «KBaJpaT yHMcya», «kyb ancnas Tomo). I'penpknii MmaTemaTne EBok
(IV c1. o H. e.) po3pobuB Teopilo BiHOIIEHb NEOMETPHYHMX BEJHYHMH, [0
3aMIiHIOBAJIA /I CTAPOrPelbERX MATEMATHEIB CYyUacHY Teopilo FifiCHUX 4Yu-
cel. B ocHOBY Teopii EBfiokca nokJaieHo ifiero mpo HecKiHYeHHY MOJLTBHICTE
BifpiskiB Ta iHIIMX Giryp.

P. JlekapT yBiB J0BiTbHO BHOpaHWil OJMHWYHMI BiIpi3oK, IO JO3BOJIN-
10 oMy BMPasWuTH Bel Jil HajJ ynciaaMu depes mii Hajg Bigpiskamwu. Ilo cyri,
BiH y’Ke TpamioBaB 3 JAOJAATHUMH iMcHUMH uyucaaMmu. Jlumme B gapyriil mo-
noeuHI XIX cT. Teopia milficHMX uucen OyJsa 3Be/leHa J0 Teopii HATYpaIbLHHUX
YHCe.

Ilpo momaTTa miiicHoro umcaa. Ilepmri yaABiIeHHA mpo umchaa (opMyBa-
JNMcA TIOCTYIOBO /T BILTHBOM NMPaKTHEW. 3 JaBHIX YaciB 4KcJia 3aCTOCOBYBA-
JHCH T Yyac JiyOm i BUMipIOBaHHESA BeJIWYHH.

Bignosige Ha 3anmuTanas «CRiIbENM eleMeHTIB MICTHTH JaHAa CKiHYeHHAa
MHOKHMHA? » 3aB3/AM BHpPakaeThesa ab0 HATYpaJbHMM YHCJIOM, abo umciIoM
«HYIB». OT3ke, MHOXKHHA

10;152; ..}
BCiX HeBi’eMHHX umces o0caIyroBye Bei motpebn miubm.

Inarkme 3 BHMipOBaHHAM BeJMYHMH. BijcTaHe Mixk JABOMa NYHKTAMH
Mozke gopiBHIOBaTH 3,5 Einomerpa, mioma kiMHaTH — 16,45 KBagpaTHMX
MeTpa TOoIIO.

Icropruno gozaTHI AilicH] yncna 3’ SBUJINMCEH AE BIJHOIIEHHA JOBJKWH Bij-
piskiB.

3 BIIKPUTTAM HECYMiPHOCTI JIaroHAJi OJMHWYHOTO KEBaJIpaTa 3 Horo cTo-
POHOIO CTAJO 3PO3YMIJIMM, IO BiJHOIIEHHS JOBXKHH BiJIpi3KiB He 3aBIiKIHN
MOZKHA BUPA3WTH He TiMIBKH HATYPalbHUM, 8 H pamioHaasHuM ynucioM. 11106
YHCI0Be 3HAYEHHA KOMHOIO Bijpizka npH (ikcoBaHiil oguHULi BUMipy 6ym0
BHU3HAYeHe, MoTpibHO OyJ10 BBECTH HOBI UHcJa — ippallioHalbHi.

Vei npakTwuHI BHMIpIOBaHHA BeJWYWH MAaOTh JHMIIe HAOIMKeHWH
xapakTep. IX pesysbTaT 3 NOTPIGHOI TOUHICTIO MOYKHA BUPASHTH 32 JOIIO-
MOrol0 paIllioHAILHUX ApobiB a60 ckiHYeHHHMX JecATEOBHX apobis. Hampu-
KJAJ, BUMIipIOlOYM [TiaroHATI KBajJpaTa i3 cTopoHo0 1 M 3 ToO4YHicTio
mo 1 eM, MM BHSBMMO, 1[0 Ti JoB:kHUHA HabnuskeHo popiBHioe 1,41 M. Bu-
Mipoouu 3 TouHicTio o 1 MM, jJicTaHeMo, IO I8 JOB/KMHA HAGIUKEHO J0-
piBHioe 1,414 M.
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Ilpore B MaTeMaTHII YaCTO BiAXHIAIOTLCA BiJi HAOIMIKEHOTO XapakTepy
NMpaKTHYHUX BUMipoBaHb. IlocmioBamit TeopeTHuHMI MigXi 10 BUMipIOBaH-
HA JOBYKWH BiJIpi3KiB NPHMBOJHUTEL 0 HEOOXiJHOCTI po3riAJaHHA HECKiHUYEeH-

HUX gecaTroBux apobis. (Came Takmmm apobavm e umcia §=0,666...,

J§=L41421356..., n = 3,14159265... .)

BigHomeHHA HOBKMHEM OyIb-AKOro BiJIpiaka /0 JOBXKHWHM BiJIpiska, NpH-
WHATOro 38 OJVMHMIKD BHMIpPY, 3aB¥K/JIM MOYKHA BHPA3WUTH YHMCIOM, TOJAHUM
V BUIJIA/Ii HECKIHYEHHOTO JeCATEOBOTO Apody.

IToBHa Teopis AilficHMX YMCeN JOCTATHBO CKJAJHA i He BXOJUTH YV NPO-
rpaMy cepeHBOI KoM, 11 3a3BHUall PO3rIA/IaoTs y Kypeax MATeMaATHUHOIO
aHamisy. IlpoTe 3 ogamM i3 cmocoGiB il moOyaoBH MM 03HAllOMHMOCA B 3a-
raJbHUX pUCaX.

1. TlorknapgaroTsb:
a) KOXKHOMY JIMCHOMY 4YMCJy BimoBifae (Ak iloro zanuc) HecKiHYeHHW
JecATROBHIH JIpib:
x=a,a,.a,...qa,..;

0) KO¥KHWMIT HeCKIHYEHHMI JecATEOBHWI Apib € 3anmucoM AifCHOro 4mMcia.

Alle mpHM BOMY NPHPOIHO BBAYKATH JECATEOBHI Api0, Mo 3akiHUyeThCA

HEeCKIHYEHHOK ITOCJIIOBHICTIO JIeB’ATOK, JIMIIE APYTUMM 3alHCcOM YHCTAa,

MOJAHMM JecATEOBHM JApoboM, IO 3aKIHYVETHCHA HECKIHUEHHOK ITOCJIi-

poBHicTio Hymie: 0,9999... = 1,0000...; 12,765999... = 12,766000... .

TinbEM BHIYYMBIIN 3 PO3TJIAAY AECATEOBI Apobu 3 eB’aTHow B nepiofi,

JicTAEMO B3A€EMHO OJHO3HAYHY BIJNOBIIHICTH MiX MHOMKHHOI TiHCHHX

YyHcel i MHOYKHHOK HeCKiHUeHHHX JIeCATHOBHX JpobiB.

Ywueno a, — ue yina vacmuHa AOAATHOTO YUCHA X,

x - a, = 0,a,a,...a,... — dpo6oea 9acTHHA YHCIA X.

Yucno x, = a,,a,a,...a, HA3UBAIOTL JeCAMKOBUM HACIUNCCHHAM X 3 MOY-

nicmio 0o 10" 3 nHedocmauer, a aneno x, =x,+10™" HazuBaroTh decan-

Koeum HabnuxceHHAM 3 mouricmio do 10" 3 Hadauwikom pns uucna
X =0,0,0,...0,... .
HAxmgo umeno x Bix emHe, TOOTO
X = —0,,0,0,...0, ..., TO BBAXKAIOTH
X S0 G, 1%, = =10,

2. BpogaTs npagujo nopiéHAHHA IBOX TiHCHUX Yucell. 3a 03HAYEHHAM YKC-
JI0 X MeHINIe Biji Yyucia §j, KOJIM NPUHAWMHI /IS OZHOrO N BUKOHYETHCHA
HepiBHiCTL X, < Y, e X, 1 y, — /JecATKOBi HaOIMIKeHHS 3 TOYHICTIO J0
10" 3 nepocravero g yucen x i y. (Mu ckopucranues TuM, 110 IPABUJIO
NOpIBHAHHA CKiHUEHHMX JecATKOBUX ApobiB yuke Bimome.)

3. Osuauarote apugpmemuuni Jif Hajg mpilicHMMU yucnaMu (IpU LOMY Ta-
KO KOPHCTYIOThCS THM, IO IIi [Iil Byke 03HAYEHI I CKiHUeHHHX Jie-
CATKOBUX IpobiB).
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Cymoro npox milicHMX umcen X i y (mMosHauaioTh: X -+ i) HABMBAIOTH TAKe
JificHe YMcJo 2, 1o JA0A Oyab-AKOro n BUEOHYIOTHCA HEPiBHOCTI

X, +Y, <xX+Yy<x, +y..
¥V kypcax MaTeMaTHYHOrO AHAJIZY AOBOJMTHCHA, IO TAKEe YHMCJI0 iCHYE
i BOHO €/lUHE.
Ananoriuao do6ymxom JBOX HeBiJ'eMHMX UMcel X 1 y HABWBAKIOTH TAKe
umesio z (Mo3HaYanTh XY), 10 NpH 6y /b-AKOMY 1 BHEOHYIOTHCA HEPiBHOCTI

XY, <XY<XY,.

Take umcsio icHye, 1 BOHO €IHHE.
Haragaemo, 1o NpuEIa M BUKOHAHHA O3HAYEHWX TAKWUM YMHOM il J10-
JIABAHHA 1 MHOKE€HHA [JiHCHUX 4Hces OYJI0 po3riasHyTO B Kypci anredpu

8 kmacy.
Jna pificHMx uYWcen pisHMX BHAKIB, CKOPHCTABIIMCH THM, IO JOOYTOK
Hepix’emumx uncen | x| i | y | ysxe osnauenwit, noknagators xy = — | x || y|,

a JUIA Yuces] OJHAKOBMX 3HaKIB Xy = | x |+| y | (3a3Buuait Mogynem kow-
HOTO 3 YHCeN (0, 0ye.el, .o 1 —0y0,0,...0, ... HA3UBAIOTH YHCIO Q0 0,-..
A oee)s

BijniMannsa osHauyaeThbes AK [Iif, obepHeHa J0 IOJaABAHHSA: Pi3HULEH
X — y uMces X i § HABUBAETHCHA TaKe YHCJIO Z, o y + z = x. [linennsa
03HAYAIOTH fAK /1110, 00epHEeHY 10 MHOMKEeHHS: YACNIKOI0 X  [J HA3UBAETHCH
TAKe YUCJIo 2, 10 YZ = X.

IlokasyioTs, 1[0 HepiBHOCTI Ta apudMeTHuYHi onepallii, o3HaYeHi BuIle,
30epiraloTh OCHOBHI BJIACTHBOCTI, NIPUTAMAHHI IM Y MHOYKHHI parioHab-
HUX YHCeL.

Teopisn gificHoro uwmcia Gysa nobyjgoBaHa Bipasy B JekilbKoX (opMax

"HiMenbkuMu MaTematukamu P. Jlegerximgom (1831-1916), K. Beiliep-
mrpaccom (1815-1897) i I'. KaunTopom (1845-1918).
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OCHOBHWIA MATEPIAN

§ 10. KopiHb n-ro cTenexHs Ta noro_
BNacTmBoCTI. PyHKUIA Yy = {
Ta i rpadik

§ 11. IppauioHanbHi PIBHAHHA

§ 12. V3aranbHeHHA NOHATTA CTENEHS.
Crenexesa hyHKUIS, T BNACTUBO
Ta rpagik

OOAATKOBWUIA MATEPIAN

§ 13. 3acrtocyBaHHsA BNAcTUBOCTEN (DyHKLIN
[0 PO3B'A3yBaHHS IPPaLOHaNbHUX PIBHAHD.

§ 14. |ppayioHanbHi HepIBHOCTI

§ 15. Po3B'Aa3yBaHHA ippauioHanbHUX PIBHAHL
Ta HEPIBHOCTEN 3 NapamMeTpamu

B ocHoOBEHiN YacTHHI IBOTO PO3JILTY BH OZHAWOMHTECH 3 Y3araib-
HEHHAM NOHATTHA KBA/PATHOIO KOPEHHA — KOPEHEM II-TO CTEeneHd
Ta HOro BIACTHBOCTAMI, HABUHTECH PO3E’ AZyBaTH ippamniona bHi
piBuanHA Ta 6yaysatu rpadirn crenenesnx Gpyerniit i pyarmil
y= d; Ta BHEOPHCTOBYBATH IX BJACTHBOCTI [I0 po3B’A3yBaHHA
pisHOMaRITHIX 2a]a4.

¥V popaTroBil YAacTHHI PO3/iTy BH 3MOYKeTe OZHAHOMHITICH 3 Me-
TojaMHu po3B’AsyBaEHA OLIBIN CEIAJHIX 3aB/laHb 3 TeMH, AKI
LIPONOHYIOTE V 3aBJAHHAX SZ0BHIIIHBOTO HE3AJIeFKHOTO OI[IHIO-
BaHHA YH JiepskaBHOI nijicyMEoBol aTectanil 3 matematurn (me,
Yy Iepury 9epry, MeToAH pPO3B’A3yBaHHS ippamioHAJIEHHX HepiB-
HOCTeH, 3aCTOCYBaHHA BiaacTHpocTel GyEENIN 1o po3s’S3yBaHHA
ippamioHaTbHEX PpIiBHAHE Ta MeTOAH PpPO3B’ S3yBaHHA ippamio-
HAJBHOX PiBHAHL i HepiBHOCTeH 3 mapaMeTpaMu).
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KOPIHb n-ro CTENEHA TA MO0 BAACTUBOCTI.
OYHKLIA y=%x TAT ITPA®IK

Tabmunsa 17

1. O3HaueHHA

KeappaTHUi KOpiHb

KopiHb 1n-ro crenexs

Keadpamnum kopenem i3 wucna a
HASMBACTLCH TAKe uMciao b, wBaapaTt
AKOT0 AOPiBHIOE a.
Sk a = b?, To b — kBagpaTHMUI
KOpiHb i3 ymcsa a.

Kopenem n-z0 cmenena 3 wucia a HA3U-
BACTBHCH TAKe uucao b, n-ii crenins gAKoro
JOPIBHIOE a.
Axmoa =4 (ne N,n#1), 0 b —
ROpiH.b n-ro cTerneHd 3 YMcsa a.

Apugpmemuyunuii KOpiHb — Heeid' emHe 3HAYEeHHA KOPeHA.
Ilpn a = 0O: -JE, -'{/E — TMO3HAYEHHA apu(MeTHYHOTO 3HAYEHHA KOpeHA.

(Va) =a

(#/a) =a

2. O6nacTb ACMYCTUMKX 3HauUeHb (OA3)

KBappaTHU KOPIHb

KopiHb n-ro ctenexHs

Ja icHye Tineku ipu a = 0

Ha icuye Timekn mpu a > 0 (k € N);
2k~ -
=l icHye npH Oy/Ib-AKHX 3HAYEHHAX &

3anuc po3e'asKiB piBHAHHA X" =a (n € N)

n =2k +1 — Henapre (k € N)

n = 2k — napre (k € N)

ITpu 6yab-AKHX 3HAYEHHAX @
piBHgHEA X2 ' ! = @ MAe eTHHEMIT

KOpiHEL X =

IIpu a > O Bei kopeni
piBHAHHEA X% = a
MOKHA 3ATHCATH

TAK: X = i?{[a

llpua <0
pisuauna x* = a
HE MAE KOpPEeHiB

MNpuKraam

PiBaanna x° = 3 Mae equHUH
KOpPiHb X =33

Pigasaana 1% =7
Ma€e KOpeHl x = +f7

Pigaaaaa x® = -7
He Ma€ KOPEeHiB

3. BnacTMBOCTI KOpPEHSA 71-T0 CTENEHA

n =2k +1 — HenapHe uuclo

n = 2k — mapHe yucio

1] 2.k+‘1/__a:_2k+\1,;
2)| Ya =*'Ya*" =a

Ya" =%a? =|a
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ITpodoemerna maba. 17

Ilpua 20,620 Yarb=ailb| — eune- Ipia 20,0 >0 aifb=%a"b| — ene-

CeHHA MHONCHUKA 3-Ni0 3HAKa KOPEeHA. | CCHHA MHOMHUKQ nid 3anax KOpPEeHA.

BuaueHHs KOPeHs 3 cTeleHs HeBiJ’'eMHOro yncia He 3MIHUTHCHA, AKIIO M0-
KA3HUK KOpPEeHA i NOKABHMEK CTelleHd NiIkopeHeBOro BMpasy momMHOokuUTH (abo
HOALIMTH) HA O/iHe 1 Te caMe HATYPAJILHE UYMC.IO.

Jlna dosinvHux 3navenb nik(n e N,n#1, %k € N)

3) Hpua >0 ifa =4fa

4) Tipu a > 0 ()" =%a*
5) Ipua >0,b>0 |Yab=%a - Yo

Hacnigkn

6) llppna >0,b>0 "—:W

1 .
7) Ilpu a > 0 | ¥a" ="Va™ | — ocuoBHa BiacTHBicTL KOpeHs

8) Iipua >0, b >0, | axmoa >b, To Ya >%b

4, Oynkuis y=4x Taii rpadix

Mpadik pyHkuii y=4x (n e N, n>2)

n — napse (n = 2k, k € N) n — senapse (n =2k +1, k € N)
77
2k
y, y - '\’;
by :Z'Ux_ 1—

i
1 -1 t

1 x
0 1 x -1
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Ilpodoencenna maba. 17

BnactusocTi GyHkUji y= Ux

n — napue (n = 2k, k € N)

n — uenapue (n =2k +1, k € N)

1. O6aacmev euznavenna: x = 0, 106-
TO

D (&fx) =[0;4<5).

1. O6nacme eusnavenua: x € R (x —
Oy/p-sike jilicHe umucto), To6TO

p(*Jx)=R.

2. Obnacme 3nauenv: y > 0, Tobro
E (3x) =[0;+c2).

2. O6aacme snavenv: y € R(y — Oyan-
fAKe JilicHe uncsio ), To6To

E(*VYx)=R.

3. Haibinviozo 3HaYeHHA (QYHKYIA
y="2lx ne mae; naitmenwe snavenns —
y =0 (mpu x = 0).

3. Haibinemoro i HaliMeHIOro 3HAa-
vens Qynrnin y=""Yx ne mae.

4. DyuKyia Hi napHa, Hi HeNnapHa.

. 2k+1 2k+1
4. Pynxyin venapua: > -x =-""Yx,
omoce, zpaix GYHKYIL cumempuyHiLi
8i0HOCHO novamky KoopduHant.

X
5. Touxu nepemuny 3 ocanu xoopdunam: Oy {

I'pagix npoxodume wepes novamor kKoopduHam.

=0, o y=0,
y=0; *x=o.

apocmae.

6. Ilpomizncku 3pocmarnhi i cnadauii: Ha &ciit obaacmi 6u3HaYeHH PYHKYIS

7. IIpomixcku 3HAKOCTIANOCTIE:
npu x > 0 3pavenHa y > 0

7. ITpomincKku 3HAKOCMANOCM:
npu x > 0 suauenns y - 0,
npu x < 0 snauenns y < 0

EEE [oscHeHHS i O6rpyHTYBaHHA

1. OszsavenHnsa kopeHs n-ro creneHs. [IOHATTA KOpeHA KBaJpaTHOTO 3 YHC-
18 0 BaM BIiJJOMO: Ile TaKe YHCJIO0, KBAJApaT AKOTO JOPiBHIOE ¢. AHAIOTIYHO
03HAYAIOTh 1 KOPiHB 71-TO CTENeHsA 3 YHcIa @, Je 71 — JAOBLIbHE HATYpaJbHe

yHcno, 6iapmre 3a 1.

Kopenen n-zo emenena 3 wucia a HASUBAETHCA TARE YNCHO, 7-il CTENMiHE

SAKOTO TOPiBHIOE 4.

Hanpukniaja, kopiHs TpeThoro cTemneHs 3 yucia 27 JopiBHIOE 3, OCKiMb-
ku 3% = 27; KopiHBb TpeThoro cTeneHsd 3 uuciaa —27 HopiBHIOE —3, OCKLIBKH
(—8)° = —27. Yuena 2 i —2 € kopeHIMM YeTBepToro crernens 3 16, ockinbku

21 =16 i (-2) = 16.

Ilpu n = 2 Ta npu n = 3 KOpeHi N-TO cTeNeHd HA3WBAIOTH TAKOMK BiJIo-
BifHO KBaJpaTHUM T4 KYDIYHHUM KOpeHSMH.
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Ak i ansA KBaZpaTHOrO KOpeH#, /I KOPeHS N-TO CTeleHA BBOJATH IO-
HATTA ApA(PMETHIHOTO KOpPeHs.

Apudpmemunum Kopewem n-zo0 cmenens 3 HUCAA ( HAZHBACTHCHA

HeBin'eMHe YMC0, n-i cTeNinb AKOro JOPIBHIOE d.

Ilpu a =2 0 pna apudmMernyHOro 3HAYEHHS KOPEHH 11-I'0 CTelleHs 3 YHC-
Ja a icHye crenjianbHe rnosHayeHHs': Ya; uneno n uasusawTL NOKAIHUKOM
KOpeHs, a came uMeno a — nidxopeneeum eupasom. 3uax 3 i Bupas Ya ma-
3UBAIOTH TAKOK PAOUKANOM.

Hanpuknan, Te, mo KOpiHb TPEThOTO cTeleHA 3 uncia 27 JopiBHIoOE 3,
BAIMUCYIOTh TaK: 3.2—7 =3; Te, 0 KOpiHbL YeTBepTOro creneHsa i3 16 mopis-
o€ 2, sanucyiors Tak: Y16 =2. Ase s 3alnucy Toro, 10 KOpiHb YeTBepTo-
ro creness iz 16 popiBHioe —2, NO3HAYEHHS HEMAae.

Ilpu a < 0 3sHaYeHHA KOpPEHS N-TO CTENeHs 3 YHUCJa @ icCHye TLIbKU MpHU
HeNapHUX 3Ha4YeHHAX N (OcKlILKM He icHye Takoro jificHoro 4yuciia, apHUi
cTenins fgroro 6yae Bijg'eMHUM uncsoM). ¥V [BOMY BUNAAKY KOPiHbL HEIAPHO-
ro cTemens n is wMcla @ Tek NO3HAYAIOTH Va. Hanpurnap, Te, 1110 Kopiib
TPETHOTO cTereHs 3 umena —27 JOpiBHIOE —3, 3anMCYIOTH Tak: y—27 =—3.
Ockinbrm —3 — Big'emue umneno, To {-27 He € apudpMeTMIHUM 3HAYEHHAM
KopeH#. AJle KOPiHb HEIAPHOTO CTeNeHsA 3 Bi/i’€MHOro Ymcia MOYKHA BUPA3H-
TH Yepe3 apu(MeTHIHe 3HAYEHHA KOPEHHA 3a JIOMOMOro0 (POpMyIH

2&+U__a = _2&+UE g

® [Ilo6 moBecTn HaBegeHY (POPMYIY, 3aYBaKHMO, II0 38 03HAYEHHAM KOpe-

5 3 2k+1 2k+1
HA 11-T0 CTeNeHA A pIBHICTH Gyne NpaBUJIBHON, SAKIIO (— J{; ) =—q.

Hiticro, (—”\‘E)m‘ =(-*"! '(m\l’a)nu =—@, a me ¥ o3Hauyae, MmO

2k+\1,__a :_ZMyE' e)

Hanpurnag, 3-27=-327=-3 ¥32=-332=-2.

3a3HAYMMO TAKOYK, IO 3HAYCHHA 2’“{’2 Ma€e mol camuil 3HaAK, WO
L “Ucno a, OCKLIbEM IIPH IMiIHECEHH] 0 HEMapHOrO CTelleHdA 3HAK uuc/aa He

3MIHIOETBCH.
Tarosk 3a O3HAYEHHAM KOPEHSA 11-TO CTeNeHs MOYKHA 3almcaTH, Lo

B TOMY BHINAJIKY, KOJH iCHYE 3HAYEHHS Ya, BUKOHYETHCSA PiBHICTH

(Qﬁ)“ =a | i, 3orpema, ipu a = 0 (JE)2=a s

! ¥Vei BacTHBOCTI BHpaziB BHAY WJa HaBezieHO Uik BEmaaky n € N, n 2 2. [lpn
n =1 pomosmmocs seakarh, mo Ya -a -a.
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2, OO6GnacTh JONYCTHMHX 3HAYEHL BHPA3IB i3 KOpPEeHAMM n-ro cTeneHHd.
Posp’sasku pisuauaa x" = a (n € N). 3aznauunmo, 1o

2k+1 .
I snavenns *'Ja — KOpeHS HenapHozo CMeneHA 3 HUCRa @ — ICHYE
npu 6ydv-aKux 3HAYEHHAX .

® OGrpyHTY€EMO Ile, HAPHEJAJ, I8 KOPEeHA TpeThoro ctemners. [losanaumnmo

Ya =x. Tozi 3a 0BHAYEHHAM KOPEHS N-To cTenens x* = a i snavenns g

Oyje icHyBaTH, AKINO PIBHAHHA X° = @ MATHMe PO3B’A30K.

Bo6pasusuu rpadirm ¢pyuruiit y = x*i y = a (puec. 78), 6auunmo, 10 npu

Oy/ib-IKMX 3HAYEHHAX @ npAMa y = a neperunae rpadix Gpyuruii y = x*

B ojHil Touni. Orxe, npu OyAbL-AKOMY BHAYEHH] @ iCHYE €lMHe 3HAYEHH A

%’E (ockinben dyurnisa y = x* spocrae i HabyBae Beix 3HAYEHb BijJj —co 10

+e0). O

Ananoriute oOr'pyHTYBaHHS MOXHA HABECTH 1 /Ui IHIIUX KOpeHiB Henap-
Horo creneds (aus. rpadikm i Baactusocri ynruilt Bugy y = ¥ 'y § 12).

Hasepeni mipkyBaHHSI [J03BOJISIOTH BAIUCATH PpPO3B A3KW PIBHAHHSA
X" = @ 158 HenapHUX 3Ha4YeHb n = 2k + 1: npu 6yab-AKHX 3HAYEHHAX @ PiB-
uamng x% ' = a (k € N) mae eaunuit kopins x=""Ja.

Hanpurnaa, piBaaHEA X° = 3 Mae €IMHMIT KOPiHb x=§'f§, a piBHAHHA
x7 = —~11 Mae egHNN KOpPiHBL x=¥-11 (ypaxoByroumn, mjo x=ﬁ=—vl_1,
KOpiHb JJis piBHAHEA X7 = —11 MokHa 3anUcaTH TAK: x:—:(fl_l).

Buavenns %a — KOpeHsA NAPHO0zZO0 CMeneHK 3 YUCHA 4 — iCHYE
minvxku npu a = 0.

IificHo, y TOMY BHIAJKY, KOJM </a =X, 3a O03HAYEHHAM KOPEHH N-TO
crenens a = x%*. Orxe, a = 0.

JIns kBaJpaTHOIO KOPeHs Ie MOYKHA TAKOo OBI'DYHTYBATH, BUKOPHCTO-
BylouM Bigommuii rpadik GyHELIT i = x%.

yh

y - y=x2
y=a / v=a
a ! (a>0)

o/ | x

+~Ta e
y=a
(a<0)

Prmc. 78 Pme. 79
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® Hexaii -JE::.\:, TOJi 38 O3HAUEHHAM KBaJpPaTHOr0 KOpeHA X’ = a i 3Ha-
yenns vJa Oy/e icHyBaTH, SKIO PIBHAHHA X° = @ MaTUMe pPO3B’SI30K.

Bo6pasuBuu rpadikun QysHeniil y =x* i y =a (puc. 79), G6aunmo, o

npsama y = @ neperuHae rpagix Gyurnii y = x* ek npu a Z 0 (npu-

uomy npu a -0 —y pasox moukax: x,=va i x,=-+a, a npm

a =0 — Tinpkn B opHil Touni x = 0). Orixe, npu Oy/Ab-AKUX ZHAUYEHHSX

a Z 0 icHye 3HaUeHHA -JE, ockinbEN QyHENIA y = x* HabyBae Beix 3Ha-

yeHb i3 TpoMizKEY [0; +eo). O

Posrnanemo posp’sizkm piBHSHHA X' =a /A NApHUX 3HA4YeHb n = 2k
(k € N).

Pisusauusa x* =a npu a < 0 He Mae kopeHiB, ockinibkM KBajpaTr Oy/b-
SAKOro Yucsa He Moske O0yTH Bij'emHuM (Ha pucyHky 79 npavma y =anpua < 0
He neperuHae rpadik ¢yurnii y = x%). Tak camo pieusuusa x* =a (k € N)
npu a < 0 e mae KopeHiB (ocKLIBLEM napHuii cTenink OyAb-AKOro Yucia He
Moske OyTH Bij’eMHHUM).

Ilpu a = O pieagana x% = 0 (k € N) mae eqununii kopias x = 0 (ockiTbEN
NapHUM cTerniHb OY/b-AKOr0 BIIMIHHOIO BiJi HYJISl YHMCJa — YHCJIO JIoJaTHE,
T06T0 He piBHe Hy.MHO, a 07" = 0).

Ilpn a > 0 3a o3HayeHHAM KopeHA 2k-TO cTemeHA (%)25 =a. Orwxe,

x=%la — xopius pisusaus x¥ = a. Ate (—2{?,5)” :(2%)% =a, Tomy x=—3la —
Texk KOpiHb piBHAHESA x** = q. [HIMUX KOpeHiB e piBHAHHA He Ma€, OCKLIbKY
BnacTuBocTi GyHENil y = x** ananoriuni BracTusoctam ¢yHknii y = x%: npu
x 2 0 QpyHEIia 3pocTae, OTHe, 3HAYEHHS @ BOHa Moyke HabyBaTH TiNBKU IpU
OJJHOMY B3HAYEHHI apryMeHTy (x=%fa). Ananoriumo mpu x < 0 ¢yHEIDiA
y = x* cnajae, TOMy 3HaYeHHS 4 BOHA MOKe HaOyBaTH TiNBEMW NPH OJHOMY
3HAYEHHI apryMeHTy (x=-%fa). Taxnm YMHOM, piBHAHHA X% = g nipu a > 0
MA€ TLIBKH JBA KOpeHi: X =+4fa.

Hanpuknaj, pisasuasa x'° = —1 He Mae kKopeHiB, a piBusauasa x° = 5 mae
KOpeHi x:iﬂg.

3. BuaacTuBOCTI KOpeHHA n-ro cTeleHs MOYKHa OOI'DYHTYBATU, CIHMPAIOYNCH
HA O3HAYEHHS KOPEHS I1-T0 CTeleHs.

1) <Popmyna *Y-a=-"Ya Oyma obrpyveETOBaHa B MYHKTI 1 TTOACHEHB.

Ob6r'pyatryemo inmri ¢opMysiu, HaBeaeHi B Tabaumi 17.

® Haragaemo, 110 3a 03HaYeHHAM KOpPEHS 11-TO CTelleHf [Jif JOBeJleHHS
piBHOCTi YA=B (mpu A > 0, B > 0) goctaTHbO NepeBipuTH piBHICTH
B = A.
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2)

3)

4)

5)

6)

7

Bupas J" a”" poarisiHeMo okpenmo npu n = 2k + 1 (Henapre) i upu n = 2k
(napue).

Hewmo n — HenapHe, TO BpaXOBYEMO Te, 110 BUpA3 Ya" icnye npu 6yan-

. 2k+1 + . .
AKHUX 3HAYEeHHAX 1 [0 3HakK ‘J” a'*= Jﬂﬂ“l 36iraeTbcsa 31 3HAKOM d.
TO)II'I 38 OBHaAYeHHAM KOPeHdA I1-TO CTEeleHA OJePHHYEMO

2k

SIKIo n — napwe, To BpaxoByeMO Te, Io Bupaz Va' :zda MO3HAYAE

apudMeTHUHe 3HAYEHHS KOpeHs n-ro cremens (omke, aa” >0) i mo
| @ P*= a?". Toxi

Ya" :2{’f¢f_‘*=|a| ;

Popmyry

YWa="a npna>0

oOI'pyHTY€EMO, po3rifAgandH ii cipaBa HamiBo. OcKinbEN

(" {E)"k=((d£)n)k=(ffa)k=a, TO 32 O3HAYEHHAM "%:m.

CnpaBegmmBicTs hopMyH
(Q[E)k=ﬁ npua = 0
BUILIMBAE 3 PIBHOCTI ((%’/E )k )" —(%a )kn = (({*[E ) )l —a*.

Jlns obrpyHTYBaHHSA (hopMYIH
Yab=Ya - b npra>0,b>0

suropucrosyeno pisricrs (Ya -¥b) =(¥/a) (¥/6)" = ab.
Jlia obrpyutryBasas (opMyin

g]%z%‘% npua=0,b>0
o) _(&a)" _a

BHEOPHCTOBYEMO PiBHICTH {ﬂ—]
b

W)
BaacTuBicTs KopeHA

Ya™ =%a™ npua >0
n n k
BMILIHBAE 3 piBHOCTI (da_’") ) =((§/a_"‘) ) —(a") =a™.0

Hanpurnan, ng =¢/2° =J§ (moka3HWE KOpeHA i MOKA3HWE CTENEHA IiJi-

KOPEHEeBOTO BHpasy MOJLININ HAa HATypaJbHe Yucio 3).
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Ba sornomororo dopuyim Yab :"{{;dt‘_) (a 2 0, b > 0) Mo3KHA OJEpPIKATH
BAXKJIMBI HACTIIEHW: (DOPMYJIM BUHECEHHA MHOYKHMEA 3-TiJ] BHAKA KOpeHA abo
BHECEHHSA MHOYKHMEA ITiJI 3HAK KOpPeHs.

Hiticao, npua =2 0, b =2 0 Yab=%la" - b =ailb. Posrnsparoun ojlepaKa-
Hy (opMyJly 3J1iBa HANIPABO, MAEMO (OPMYNY BUHECCHHA HeBi) € MH020 MHONC-

HUKa 3-nid 3HAKQ KOPeHA:
u\‘d"[’:a% ]

a crupaBa HaJIBO — (QOPMYNY 6HECEHHA HeGI0 €MH020 MHOMHUKA Ni0 3HAK

KOpEHA:
aib=%a"b I
Hanpuxnag, /96 = ‘5f32 .3=32°.3= 2%/3.

8) BasHAYMMO IIle OJJHY BJACTMBICTH KOPEHIB 71-TO CTEINeHdA:
dnn Oydv-axux neeid’emnux wucen a i b

Axkwo a > b, To Ya>io |-

® JloBegemo 1e MeToioM Bij cynpormBHOrO. I[Ipumyctmmo, mgo i'!t; QK‘II_J.
Tomi mpy migHeceHH] 060X YaCTHH OCTAHHBOI HEPIBHOCTI 8 HEBIJT eMHUMH
YJEeHAMH JI0 N-To cTeneHA (i3 30epeskeHHAM 3HAKA HEPIBHOCTL) OfIEpPIKY-
€MO TpPaBUJIBLHY HepiBHicTE a < b. Ile cymepeunts yMmoBi a > b. Orixe,

HAallle IPUITYIeHHA HenpaBuibHe i Ya>ib. ©

Hanpurnan, ypaxosyiouwu, ujo 21 > 16, ogepsxyemo 421> 416. Ockins-
kn Y16 =2, maemo, mo ¥Y21>2.

Y3aranbHeHHs BNaCTUBOCTEM KOPEHs n-ro cTeneHs’

OcHoBHa yacTUHA (GOPMYJI, AKi BHPaskalOoTh BJIACTHBOCTI KOpEHIB 1-r1o
cTenens, obOI'pyHTOBaHA /I HEBiJ'€MHUX 3HAYEHb ITJKOPEHEBUX BUPA3IB.
Ane 1HKONM [OBOJUTHCS BHKOHYBATH II€PETBOPEHHS BUPAa3iB 3 KOpeHAMH
11-TO CTeleHsA i B TOMY BHUIAJKY, KOJM TAKUX o0OMeskeHb HeMae, HATIPUEJAJ
n00yBaTH KOpiHB EBajpaTHuii (a60 B 3arajlkHOMY BHIAJKY KOpiHbL MApHOTO
crernens) 3 nobyrey ab sig’emunx yucen (a <0, b < 0). Toxgi ab > 0 i Zab

icHye, npote (POpMYJIOI0

Jab=a¥b (1
CKOPHCTATUCA HEe MOYKHA: BOHA OOI'DYHTOBAHA TLIBEM I HEBiJ'€MHHUX 3HA-
uenb a i b. Ane y Bunaaxy ab > 0 maemo: ab=| ab |=| a |-| b | i Tenep
la|>0ma|b|> 0. Orxe, nna nobypanna xopers 3 106yTry | a |-| b | moxna
BUKopucTaTu (opmyny (1).

! Ilefi MaTepia1 € 060B’ A3KOBAM TLTBEM /14 EJaciB isnko-MaTeMaTHIHOTO mpodiio.
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Toxi mpu a < 0, b < 0 MoskemMo 3anTHCATH:
%ab - 3fa-[6] - 4f[al- 4]
BasHauuMo, 110 ojepskaHa QopmMysa cupaseanmusa i npu a = 0, b = 0,
OCKinbEM B nbomy Bunagiky |a |=a i | b|= b. Orsxe,

npu ab = 0 %:W-W

AHaNOriYHO MOYKHA Y3araJlbHHTH BJACTHBICTE 6.

a 28 _ W
Ilpn — 20 —=
b b @i b |
Coriyy 3a3HaUUTH, 1[0 B TMX BHUIAJKaX, KOJU OOI'DYHTYBaHHS OCHOBHUX
¢opMysT MOHA NOBTOPUTH 1 s Bij’eMHUX 3HaveHb a i b, Takumu Qop-
MyJaMY MOKHA KopueTyBaTuces juis O6yab-axux a i b (3 OJI3 nisoi yacTunu
dopmynn).
Hanpuknaz, 15 xopenis HenapHoro crenens 98 6ydv-AKUX 3HAYeHb a i b
2&+r_2k+‘\l{_ 2&|U_
ab="Ja -""Jb. (2)
IificHo, yiBa i mpaBa YacTHHH Ii€l GOPMYJH iCHYIOTH TIpH OyIb-AKHX
3HAYEHHAX a Ta b i BAKOHYEThCA PiBHICTH

(H*‘]IE.E‘UE)”” :(H-*UE)Z'H-I (2"‘%)HH _ ab.
Toxi 3a ozHaYeHHAM KopeHd (2k + 1)-ro crenens BUROHYETHCA 1 piBHIiCTB (2).
Hanpuxnan, Ya'"b=%a"-b=a"b npu 6yms-sxux suavennsx a i b.

Ane peakuMu GoOpMyNIaAMH He BJIAETHCA CKOPHCTATHUCS [JIA JOBLIBHHUX
sHaueHb a i b. Hanpuknaja, sSkmo MM 38 OCHOBHOIO BJIACTHUBICTIO KOpeHS 3a-

§f a ; :

nuIemo, 1mo vVa’ = Ya (moka3HWE KOpeHd 1 MOKA3HWE CTEeHA ITiJKOPEHEBO-
T0 BHpPa3y MNOJINHJIN HA HATYPaJIbHE YHCIO0 2), TO OJep>kaHa piBHICTL He
€ TOTOXKHICTIO, OCKiNBEHM mpH a = —1 (miBa i mpaBa yacTHHM IIi€i piBHOCTI

O3HAYEHI NPH BCIiX 3HAYEHHAX @) Ma€EMO \Iﬁ (-1)* =ﬁ, T0bT0 1 = -1 — He-
HpPaBUILHY PiBHICTE.

TakuM ymHOM, NpH JiJeHHI NOKA3HUEA KOPEHS i MOKA3HUKA CTeleHs
ITi/ITKOpPeHeBOr0 BHUpAa3y HA MapHe HATYpalibHe YHCJIO MOTPiOHO ysaralbHHTH
OCHOBHY BJIACTHUBICTHL KopeHs. JLJId IBOro JOCTATHLO MOMITHTH, IO a° = | a |2,
i Tenep ocHoBa crenens migxopenesoro Bupasy | a | > 0, a omxe, MokHA BU-

. of 2 ﬂ 2
KOPHCTaTH OCHOBHY dopmyay (Bractusicts 7): Va® =% al ="i al.
V zaraJbHOMY BHISIRY, AKUWO NP SUKOPUCTIAHKI OCHOBHOL 81ACTUB0C-
mi xopena doeoduniecs Jinuniil NOKA3HUK KOPeHS i NOKA3HUK chieneHs nid-
KOPeHea020 6UPA3Yy HA napHe HANYPAlbHe YUca0, 0 8 Pe3yibinani 0CHO8Y
cmenena nidkopernesozo eupasy nonipibro 6pamu 3a modynrem, To6To
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AHanoriyHO MOKHA OOI'PYHTYBATH H iHIOI NPHEJAJIN BUEOPHUCTAHHA
OCHOBHMX BJIACTHBOCTEIl KOpeHIB NpH JOBiNBHMX 3HaveHHAX a i b (3 OJI3
JiBoi yacTMHU GopMysH), AKi HaBeJeHo B Tabmmimi 18.

Tabnumna 18

OcHoBHIi dopmynn s
KOpeHs N-TO CTeneHs
(Tinekn s
HeBijI'eMHUX 3HAYEHBb

az0,
a i b, Tobro
bz20

Yu MOKHA KOPHCTYBATHUCH OCHOBHMMM (hOpMYyJIaMu
ans 6yab-axux a i b 3 OJI3 niBol uacTuHU
dopmynu (K10 HI — JaHO y3arajabHeHy GopMyay)

KOpiHB
HEINApHOTo CTENeHsA

KOpPiHB
MapHOTO CTENeHsA

L n_ ninvku Ons
Wa) =a il Heaid emHux a
2. Ya"=a MONCHA 2 2% =|a]
3. Kopius i3 kKopens
MOMCHA MOKCHA
e -a
4. Kopiss iz gobyTry %ab
ab =% a|%|b
b - Jalo far2fe
''''' e LN e MOHCHA s i
i 7oOyTOK KOpeHiB oncHa
Yaifo =fab
8. Kopmr;{l_s YACTEH s _ afla]
2 =_a b 2k
- - (b = 0) bl
. _ MONHG — [TooromeTsrheSesmnommTrsTasTT
i yacTEa KopeHiB
MOHCHA

na={{5
e Vo

6. OcHoBHA BJIACTHBICTH
KOpeHs:

i HaBnaku

MOJ<Ha, ARKI0 Bel
KOpeH1 HeNapHOro cTe-
nens (TobTo mepexig He-
napHuii — HenapHiLi)

Ilepexin napruit —
napHitilt MOICHA
Ilepexin HenapHuil —>

napuuit
B “a™ mpu a™ >0,
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Ilpodoencennn maba. 18

OcHOBHI QopMyIH A

Yy MozkHA KOPUMCTYBATHCHA OCHOBHMMU (hopMyJiaMy

KOpeHdA N-T0 CTeleHd
(TineEM s

ans Oyae-sakux a i b 3 O/13 niBoi yacTuuM
dopmynn (aKLO HI — gaHO y3araiabHeHY (GOpMYJIY)

HeBiJ’eMHHX 3HAYeHb

) a>o0, KOpPiHb KOpiHb
a i b, robro b>0 HEIAPHOI'o CTeleHs IIAPHOI'O CTEleHs
7. BuHeceHHsT MHOKHM-

Ka 3-1iJ] 3HaAKA KOpeHs

MONHA Ya"b =|a|b
Ya"b = a#fb-
8. BHeceHHA MHOKHHEA Y a"b, npuna =0,
/] 3HAK KOpPeH#A a@=
MOMHCHA -"Ja"b, mpu a <0,

aifo =ae e b >0

Baypaskenuna. Ilig TepminoM «nepexijis», sAxuil BUKOpHUcTaHO B Tab)iu-
ni 18, cxaij posymiTu nepexij y BijmoBigHili hopMyJti BiJg KopeHs n-ro crere-
Hf 10 KOPEHS 17-T0 CTeleHs .

Ao n i m obuaBa napHi, To TakHil Mepexiji KOPOTKO 0XapaKTepU30Ba-

HO AK «IepeXiJi MapHuil —» mapHMWil» (THIy Ya? =¥Ya* )
Hxmo n i m obugBa HenmapHi, To B TabIHIll 3aNMCcaHO, 1[0 BUKOHAHO «II€e-

pexi Henapuuit —> menapuutis (tuny Ja® =a?).
SlKI0 n — HenapHe YMCJIO, & Nl — NAPHE YUCJI0, TO B TabJHI[l 'OBOPUTE-

¢, 1[0 BUKOHAHO <I€pPexXi/i HemapHuii —» napauiis (Tumy v -2 =Y-2)° )

TakuM YMHOM, AKI0 32 YMOBOK 3aBJaHHA HA TEPETBOPEHHA BUPAasiB
i3 KOpeHAMM 71-To cTeneHs (ippallioHalBHMX BHpasiB) BiZjoMo, 110 Bei OyKBH
(AKi BXOJZATH [0 3aITHCY 38/IaHOTO BHPa3y) HEBIJI €MHI, TO AJA NEepeTBOPEHHA
IIBOTO BMPA3Y MOKHA KOPHCTYBATHCA OCHOBHMMHM (POPMYJAMH, 8 AKIO Ta-
K01 YMOBHM HeMae, To HeobxigHo aramizyBatu OJI3 3ajaHoro BMpasy i TIMBKH
MMicHA BOTO BUPIITYBATH, AKMMH (POPMYJIaMH KOPUCTYBATHUCHA — OCHOBHHUMH
UM y3araJdbHEHWMH.

4, Oyukuin sz"x (n € N, n > 2) Ta 1i rpadik. XapakTepusyouu BIaCTH-
BocTi (hYHEIIN, HaligacTille BUALIAIOTE Takl iXx XapakTepucTurn: 1) obmacTs
BHU3HaYeHHA; 2) 06/1acTh 3HaYeHb; 3) NapHICTE UM HENApPHICTE; 4) TOUEHN mepe-
THHY 3 OCAMH KOOPJAWHAT; 5) MPOMIZKEM 3HAKOCTANOCTI; 6) mpoMirkEH 3poc-
TaHHA 1 cnaganaa'; 7) Haibiaelme 1 HaliMeHIIe 3HAYeHHA (PYHEINL.

! TIpomisxku spoctasss i cunajjasas GyErnil iHKONH HAZHBAKITL NPOMIMEAMI
MOHOTOHHOCTI (PpYHEIIL.
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Posransmemo BnacTuBocTi PYHEIIT y:J" x. OCKiLNBEM Jefki BJIACTHBOCTI

KOPEeHIB HelapHoro cTeneHs He 30iraloThes 3 BIACTHBOCTAMM KOPEHIB MapHO-
ro cTelneHs, TO JAJA BiNOBITHMX BHUNAAKIB I[i KopeHi OyaeMo posriazaTH

OKpeMo.
frxuo n — wenapue (n =2k +1, fAxumo n — napue (n = 2k, k € N):

ke N):

1. O6nacme eusnavennsa. Ilpm we- | 1. Ob6nacme eusmauenns. llpu map-
napHuX 3HaueHHAX n(n =2k + 1, HUX 3HayeHHAX n (n = 2k, k € N)
k € N) xopiHb HENapHOTO CTeTNeH A KOPiHB MAPHOrO CTENeHA 3 YMCIa
3 yHMclia X icHye npu Oyab-AEWX x icHye TineEM npu x = 0, Tomy
3HAYEHHAX X, TOMY o0iacTio BH- obrnacTio BHM3HAYEHHA (VHEIII
BHAYEHHA (PYHEIIT y=2*"\1,; € Bci y=zd; € MHOKMHA HEeBiJ eMHWUX
JivicHI uMesa: qyuyceJ:

p(*Yx)=R. D (4/x) = [0 +<0).

2. Ilpnm wenapuux 3HaveHHsx n | 2. Ilpm napaux  sHauYeHHAX N
QYHELi  HenapHa, OCELIBEW dyuruis Hi napha, Hi HenapHa
#lx=-"Yx, orme, zpagix (romy mpo ii 0611{1(:'1'1: BUBHAYEHHSA

i1 . HeCUMeTpPUYHA BiJJHOCHO MOYATKY
dyukyit y= Jx cuMenm puiHuil _
; KOOpPIUHAT).
8idHOCHO novamky Koopdunan.

3. Ockinekn npu x = 0 snauenns y = 0, To zpagix Qymukyii y:ﬂ; 3aencdu
npoxodunie wepe3 noywaniok koopduram (IHIINX TOYOE NEPETHHY 3 OCAMM
KoopauHAT Hemae: nipH iy = 0 3 piBHAHHA Yx=0 BHOBY OJIEP3KYVEMO TLIBKM
x = 0).

4. Ha eciii o6nacmi eusnavenns Qynryia y=~4x 3pocmae. Cupasai, ans ne-
Bi’eMHMX 3HadYeHB x, 1 x, 3a BracTuBicTIO 8, AKIO X = X,, TO \"]JCI >'J" Xy,
a 1le o3Hayae, 10 GYHEIiA 3pocTae NpU HeBijg eMHUX sHaveHHAX x. OTike,
npy NapHOMY 3Ha4YeHHi n QyHEKIiA [AilicHO 3pocTae Ha Bceill o6JsacTi BU3HA-
yenHs. Jlna HenapHoro sHaueHHS N [JOCTATHLO BpaxysaT#, 1[0 rpadik
GvHELIT y:d; CHUMeTpUYHHI BiJIHOCHO MHOYATKY KOOpAMHAT, i, Bijo-
Opaxcyroun rpadik spocratwuol npu x > 0 pyHEKIIi1, 3HOBY ofjep:kaTH rpadik
3pocTarouol ¢GyHELIT (IuB. HUMUe).

5. Jlna Toro mob zHaliTH ofaacmb 3HaQYeHb (PYHEIL y=2’; (n e N,n=2),

CKJIAJIeMO piBHAHHS

Jx=a.
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Slkmo n — HemapHe, TO BWpas
ifx HabyBae sk HeBiA'eMHMX, TaK
i Big'eMHUX BHAYeHb, 1 PpIBHAHHSA
Yx=a npu 6yab-AKOMY @ 38 O3HAYEH-
HAM KOpPeHS N-T'o cTelleHs Mae KOpiHb
x =a". Omxe, AN HeNapHUX N MHO-
JKMHA BHAYE€Hb CRJIAJAETBCH 3 yeix

piticnux umcen: E(*'Jx)=R. Tomy

Hailmenuiozo i HalbiIbUWO020 3HAYECHD
G +1

oynryin y=""Yx ne mae.

6. Ilpomincku 3Haxocmaaocnii:
npu x > 0suavenns y > 0 (ockinib-

KM B IbOMY BHIAJKY y=””

x P
apudmMeTVuHe 3HAYEHHS  KOpPeHd),
a npu x < 0 3ravenssa y < 0 (ockins-
KM  KOpPiHbB HENapHOro  CTeleHsd
3 Big'eMHOro 4YWcja €  YHCIOM

Big'eMHMM).

Hrmo n — naphe, To BHUpas x
nozHauae apupMeTHYHe 3HAYEHHHA KO-
penst (Q’;)O), TOMY PiBHAHHSA Yx=a
Ma€e kopieb TimekW npu a = 0. Togi
s Beix a 2 0 maemo x = a”. Omxe,
JJIA TApHUX 7/ MHOMKHHA 3HAYEHb
CEJIAJIAETHCA 3 YCiX HEeBiJ'€MHMX YH-
cen: E(%fx)=[0;+c).

Tomy HaiibinbImoro 3HAYEHHA
dyHELia y:"'{/; He Mae€, a HaliMeH-
moro — y = 0 — uabysae npu x = 0.
6. Ilpomincku 3HaKOCMANOCHLI:

opu x >0 sHavenns y > 0
(ocKinbEM y=2{r.1; — apnpMeTHYHE
3HAYEHHA KOPEeHH).

3a3HAYMMO TAKO¥, H0 Npu X = 1 Maemo y = 1, omke, rpadik pyHEIIL
y:d; 3aBK/IM NPOXOJIUTE Yyepe3 Touky (1; 1).

Hagejgene pocinijskenHs mposBosisie nodyayeaTu rpadik GyHEIIT yz-’\‘/;
nnsa Henapaux (puc. 80) i napaux (puc. 81) sHauens n.

y/
y - 2k "{I}-
1
—1
1 £3
= |
Puc. 80

yA
y="x
1
0 1 x
Pmuc. 81

Ha pucysry 82 B omHi#l i Tiii camMifi cucTeMi KoOpaHHAT 300paskeHo Tpa-
dirn QVHEIIH y=2/; Ta y=f’3_c i anA mopiBHAHHA rpagik QYHEIII y = X.
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BayBaskumMo, 1[0 rpadgik GyHKIL y:{*I; MoOykHA ToOyayBaTH, BUKOPHC-
ToBylouM rpadik ¢pyHrnii y = x". Hanpurnay, ¢pyaenio y=-"~‘/§ MOKHA pO3-
rasjgaTi Ak obepHeny go ¢yHELIL y = x¥, a orke, nobyaysaru ii rpadik
(puc. 83) ax kpuBy, cumerpuuHy Ey6iuniil napabosi y = x* BifjHoCHO npsAMoOl
Y = x. AnasoriuHo B nyHETI 2.4, BUKOPMCTOBYIOUM NpaBy BiTKY napabosu
y = x?, 6ysno nobygoparo rpadgik GyHEnil y=J; (puc. 50, c. 65).

Y/

Y/

Puc. 82

HEE [Ipuknagu po3B’A3aHHA 3aBfaHb

IMpuknan 1  3SHaiijgiTe 3HaAYEeHHA BHPasy:

4625- y-32
1) V625; 2) 3 27 3) i
Posé'azanna Komenmap
1)» {625 5=5, ockimekn 5* = 625. <] Buxoprcraemo o3HaueHHA KOpeHA
: i n-ro creneus.. 3anme Ya=b osmauae,

2)» T OCKLTbEM (——) __E < | mo b =a.

{22 =2, oeximan (2) =22
3)p» 243 37 OCKImbEM | ) =

Ilpurnan 2  3HalgiTE 3HAUEHHS BUpaszy:

1) #27-125; 2) ¥2- 5.

Komenmap
BukopucTaeMo BIaCTUBOCTI KOpeHs 1-TO CTelNeHs i Bpaxyemo, I0 KO-
HY (dopMysny, Sika BHpay<a€ I[i BJACTHBOCTI, MOYKHA 3aCTOCYBATH AK 3JiBa
HAINPABO, Tak i cnpaBa HamiBo. Hanpuknaja, mia poss’AsyBaHHA 3aBIaHHA 1
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CKOpHCTAEMOCA (POPMY.JIOI0 ab =4a - Yo, a pna po3B’A3yBAHHA 3aBJIAH-
HA 2 — 1i€0 caMoo0 (popMyJIol0, ajie 3aMMcaAHOI cIipaBa HAJIBO, TOOTO:
Ya - Yo=%ab (npu a > 0, b > 0).
Poszé’azannasa
1) > 327 - 125=27 - 125=3 - 5=15; <
)P 42 - B8=42- 8=416=2.<

IMpuxaax 3  IlopiBHsiiTe uncna:

1) 450 i J7; 2) 43 i 3.

Posze’n3anusa Komenmap
| =W o L ) Jlisi NOpiBHAHHA 38/aHUX YHCE
Dl V7 =47 =449, Ocximcu 50 > 49, Yy KOMKHOMY 3aBJAHHI JIOCTATHBO IPU-

10 50 >349, TobTO @5\!'?: < BECTH BCi KOpeHi 0 OJHOIo NOKA3HH-
2) » 43¢z 1ot \afg::‘z{gzlﬁ. KA KOpeHs 1 BpaxysaTH, 10 OJ4

Oydv-axux Hesid emMHuUX wucen a i b,
Ockimprn 27 < 81, 1o Y27 <'¥81, 4 : i+ i
) axwo a > b, ro Ya >b.
ro6ro B3<3.<

Ilpuxnan 4  IlogaiiTe Bupas y BuUraAl apoby, 3HAMEHHWE AKOr0 He Mic-
THUTH KOPEHHA N-TO CTeIleHsA:

4 1
1) %: 2) Jg+1: 3‘) J(:-f—].

Komenmap

- 5 -
V zaBpanni 1 ypaxyemo, mo HNES =3, oTike, IMicJiA MHOKEHHA YHCEeJIbHU-

KA i 3HAMEHHWEA 3a/aHoro /Ipoby Ha i/?? 3HaAMEeHHWE MOJkHa Oyje sanucaTH
Oe3 3HAKA pagWEaina. ¥ 3aBJaHH] 2 JOCTATHBO YMCEJIBHWE 1 BHAMEHHME 3a-
JaHoro Apoby AOMHOKATH Ha pisHAII0 J5—1£0 (1106 ofep:xaTH B 3HAMEH-
HHUEY (POpPMYJIY Pi3HHIII KBaJpaTiB).

Ane BUEOHAHHA aHAJIOTIYHOTO TEPEeTBOPEHHS B 3aBAaHHI 3 mnoB’Azame
1

Ja+1

peHHs MoTPiOHO BUKOHYBATH JUif Beix sHaueHb a = 0). Mu xouemo JOMHOMH-

3 nepuumMu npobaemanu. OJ13 Bupazy e a > 0 (i Bci ToToxkHI IEpeTBO-

TH YMCeIbHUE 1 3HaMeHHHME 3aJaHoro Jpody Ha BUpas Ja-1. Ba ocrosromo
BJIACTHUBICTIO po0Yy Ile MOYKHA 3POOHTH TLIBKH IS BUNAJKY, KOJH Ja-1%0,
ToOTO TimBEM TpH a # 1. Ane a = 1 Bxogute go OJI3 mouaTkoBoro BHMpasy,
i Tomy BuOpaHmit Hamu crioci6 po3B’azyBanEs npueee o 3Byrkenaa O3 no-
1 a1 e
Va1 WasDWa1) a-1’

yaTKoBOro Bupaasy. [lilicHo, AKII0 3anucaTH, 110
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TO I PiBHICTH He € TOTOYKHICTIO, OCKLIBKEHM He BUEOHYETheA 1A a = 1 3 OJI3
MOYATKOBOTO BUpa3y. ¥ IbOMY pasi, 106 He MpUNYCTUTHCA TTOMMIIOK, MOMHA
KOPHCTYBATHCS TAKVM OPIEHTUPOM: AKUW0 08 MONONHUX nepeneopets (um
/A po3B’A3yBaHHA PIBHAHBL i HepiBHocTel) dosodumobcs suKopucmosysaniu
nepemeopenis (v popmynu), axi npuseodsme do syrcenns O3 novamio-
6020 8Upa3y, Mo 3HaYeHHA, Ha ki 3eyxyemoves O3 zadanozo eupasy, cnid

POIZNSAHYNIU OK PeMO.

Poszé’'szannsa

J_E/"V_J_
a(\5-1)

L g e 9 A

3) b llozaaunmo A=

D (W) e
o

Toxi npu a = 1 opepscyemo A=

4(f~1) _a({5-1) < 14

4

| —

J'+|

it dat

IIpn a # 1 (a = 0) maemo A=J_

npua=1 A=l

Bidnogiowb: Yy

npua+1 (a=0) A=

“War)Wa-D)
Ja -1

a-1

(To6To BiAIIOBiIb HE MOXKHA 3aNMCATH OJHO3HAYHO).

Ilpuknan 5  CopocriTe Bupas:

J_ o, 4 :HJJ:

R

Poszeé’'snzanns
1) I cmoci6
JE P &) -&h)
Yot Yath
(Y -36)(a+ )

_4a+%6. <
II cmoci6

» Iosnaumvo Ya=x, b=y, ne
a>0,b>0. Toxi ¥a=(¢a) =+

i ¥o=(%0)" =% Orse,

Yoo _x*— -9ty _
Sa-o x—y

=x+y=%+%- <

34 ssvJab
b+J_

npua>0ib>0;

Komenmayp

Y saBpanni 1 O]JI3 sagaHoro Bupasy:
a >0, b >0 Ya-oz0. Iaan
HeBij'eMHUX 3HaYeHL @ i b MH MaeMo
MpaBo KOPUCTYBATHUCH BCIMA OCHOBHUMHM
(opMyJIaMH [IepeTBOPEeHHSA KOPEeHiB (fAK
3JIiBa HANPABO, TAK i CIpaBa HAJBO).

Ilpu a =2 0, b > 0 mosxHa 3anMCa-
mu: Ya=(¥a) i Yo=¥b) . Toxi un-
CeNbHME 3ajaHoro Jpody MOKHA
PO3KJACTH AK PISHHWII0 KBaJpaTiB.
Jlnsa Toro mo6 BHILIWTH B YHCEIbHH-
KV Pi3HHII0 KBaJpaTiB, MOKHA TAKOM
BHKOHATH 3aMiHY Ya = 25 o= y.
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oy p @t (Ja)' s _
vidav (o) +Javo

-J(T(-J;+-J-) a a
T Wa ) e

3) P Ilosnaunmo A:%E.
b++ab

IIpu {b>0 (i b+Jab #0) maeno:

_asdm _ W) +iab _

N I
_Valdz+4B) J:
o Woada)

a<(,
ITpn {béo (1 b+J_b;=0] MAaEMo:

A=0t ab 4ﬂ)+\l[_\,[_
b+-J_b —(—b)+JI_-JitT

Iy N el g v Y e i
(N ivave N+ o)

e

Bidnosidv:

1) mpua=20ib>0 A= J_
2) mpua<0ib<0(EOI3) A=

ITpuraax 6 CopoctiTe Bupas

V zaBpanni 2 3a gaHoi ymoBm a > 0
ib > 0, ToMy MM MABEMO IIPABO CKOPHC-
TaTHeA BCIMA OCHOBHMMH (opMyJIaMu
nepeTBOopeHHA KopeHiB. Toxi
Jab=ab, a=(a)’, b=(\b)".
V zappauni 3 OJI3 zaganoro BH-
pasy: ab > 0, b+Jab#0. Ane ab > 0
i {330, a6o {aéO, Ipu {a?O,
b=0 b<0. b=20
MM MAG€EMO NPaBO KOPHUCTYBATHCH BCi-

Ma OCHOBHMMH (POpMYJIAMH IepeTBO-
peHHs KopeHiB (fAk y 3aBgaHHi 2).

. a<0,
pH b { 0 AoBeleTbCA BHEO-
pucTaTH y3araJbHeHYy opmyay

Ja_b=m m i BpaxyBaTH, 1[0 TIpH
a < 0 opepxxyemo (—a) = 0. Togi mosx-
a=—(-)=—(v=a)".
Aranoriuyao npu b < 0 moskHa 3amuca-
m b=—(-6)=—(b)".

ypaxyBatu, mo nipu a < 0i b < 0 ma-
€mo:

Ha 3anucaTH:

Taroxn: cuin

la|=-ail|b]|=-b.
3anucyouM BiJIIOBi/ib, JOILILHO B3s-
TH g0 yBaru, mo b = 0 He BXOIUTH JI0
0OJ]13 sajmaHoro Bupasy.

a‘ffr?.

Komenmap

B yMoOBi He ckasaHo mpo Te, L]0 3HAYEHHA @ HEBiJ €MHI, TOMY JAOBEJETH-
ca cnouaTry BusHaunTH OJ[3 3amaHoro BHpasy.

2

Bupaz \B}a icHye npy OyAb-AEMX 3HAYEHHAX a i € HeBig'emHuM. Bu-
pas a* Taro:k icHye 1 HeBig emHME npu Oyab-AkuX 3HaueHHAX a. OTixe,
npu Oyab-AKWX 3HAYEHHAX @ ITiJ 3HAKOM KBaJpaTHOro KOpeHdA Oyje MicTH-

2

THeA HeBija eMHMiT Bupas gt Jaa , ToOTO 3ajaHuii BUpas icHye Hpu OyIb-
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Axux saHavenHax a (OJ13: 6yap-ake a € R), i iloro neperBopeHHsA nmoTpibHO
BMEOHATH Ha Beiit OJ13.

MoyKIMBHMM € JIeKibEa NIJIAXIB MEpeTBOPeHHA 3aJaHOro BHpPasy, Ha-
npMEJaa: 1) cmouaTKy posSTJIAHYTH KOPiHb KBaJpaTHHI i3 Jo0yTKY, a moTiM
cKopHcTaTHCA (GOPMYJIOI KOPEeHA 3 KOPeHsA i OCHOBHOIO BJIACTHUBICTIO KOPEHA;
2) BHecTH BMpas a’ mijJi 3HaK KyOIYHOTO KOpeHHA, a MOTIM TeXX BUKOPHUCTATH
¢opMyny KOpeHf 3 KOpeHs i OCHOBHY BJacTHBicTh kopeHA. Ha koskHOMY 3
IMX HIIAXIB ypaxoBYEMO, 10 NIPH OVb-AKNX 3HAUEHHAX a 3HaueHHA a’ = 0
ia* 2 0 (a 3HAYNTH, A1 WX BUPas3iB MOXHA KOPHMCTYBATHCA OCHOBHUMH
¢opmynamu). BUKOPHCTOBYIOUH OCHOBHY BJIACTHBICTH KOpPEHH, JOBOJUTHCA
JITATH TOKA3HWE KOPEHA i MOKA3HWE CTENeHA IIiIKOPEHEeBOro BHUpasy Ha
napHe HaTypaJbHe uncio 2. ToMmy B pe3aynbTaTi OCHOBY CTell€HA IiJTKOpeHe-
BOTI'0 BHpasy noTpibHo OpaTh 3a MoayieM (ockinbkn a € R).

Poszé’ sasanna

1 enoci6
> \’a‘W=E-J@:aZW=a”€ﬁa]2 =a*#flal. <
1I enoci6

b Vo' ¥fa? = {fa-a* =Ya = {la[* ={fa] ={fal"a| =

HEl 3anuTaHHA N8 KOHTPONIo

1. JlaiiTe o3HAaueHHA KOpeHA N-TO cTeleHA 3 uucia a. HaBemiTe mpuEIaan.

2. [JlaiiTe o3HAaUeHHA apudMETHIHOTO KOpeHSA N-TO cTeneHs 3 unciaa a. Ha-
BEJiTh MPHKJIAIA.

3. TIlpm skux sHavYeHHsAX a icHyioTs Bupasu 4fg ta *Ya (k € N)?

4. BanuuriTh BJIACTHBOCTI KOpPEHS I-T'O CTeleHs JUId HeBiJ'eMHUX 3HAYEHDL
OifkopeHeBUX BUpPA3iB.

5%. JloBemiTh BIACTHMBOCTI KODEHS 11-TO CTENeHs /Ui HeBiJ €MHUX 3HAYEHb
HiKopeHeBUX BHpA3iB.

6". fIkuMH BIACTHBOCTSMM KODEHSI 1I-TO CTEIeHs MOYKHA KOPUCTYBATHCS
pH JoBLIbHUX 3HadYeHHAX OVEB (3 OJI3 nisoi yuacTuHmM BigmosigHoi dop-
mysu)? HaBegiTe NpHMEIa ¥ BUKOPUCTAHHSA OCHOBHUX (opMyJ Ta iX ysa-
rajbHeHb.

7. Ilpu AKMX 3HAYEHHAX 0 MA€ KOpPEHi piBHAHHS:

D+ '=qg(keN); 2)x*=a(keN).
8. BanuuniTe yci po3B’A3KEW pIBHAHHA:
1) x¥**1'=a(k € N);
2) x¥ =a(k € N): a)upua > 0; 6)upua <O0; B) upm a = 0.
HapegiTe npuEIa M TaKUX piBHAHE 1 po3B’axiTh iX.
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6°.

9°,

10.

11.

9. Ilobynmyiire rpadir pyHEmii y= 2{{;, ge k € N, ta copmymoiiTe ii BJac-
THBOCTI.
10. To6yxayiire rpadix dynrnii y=""Yx, ge k € N, ta chopmymoiire ii
BJIACTHBOCTI.
11". Ob6r'pynTyiiTe BiacTHBOCTI (PyHEIIL yz?/;(n. e N,n22)
1) 1A HemapHOTO 3HAYEHHA 113 2) anA apHOTO 3HAYEHHSA I1.
Il Bnpaeu
1. Ilepesipre npaBuibHiCTbL PiBHOCTI:
1) V64 =4; 2) ¥-1=-15 3) Y1024 =2;
1) o=0; 5) §-32=-2; 6) 'Y1=1.
2°, OGumciTs:

1) ¥-8; 2) {- 3) ¥-1;

16’
4) ¥f32; 5) $125; 6) 481.

SHaiiiTh 3HaYeHHA BHUpasy (3—7).

. 1) ¥8-1000; 2) 4fi6-625; 3) {24 - 9; 1) {48 - 81.
1) Y0327, 2)¥2-500; 3) Y8-Y-16; 1) 45 - Yizs.
4

Y16 Y720 Yo25 Y102
Bl | . 2 - 3) X . 4 3
) e ) T ) iy ) = =

D1, 23 3) -5 4) (i) " 10,

ey TR e P e A 1y

IlopiBHsiiTEe UNCcHa:
19 Yol io; 2y W1,3i1; 3) 423 i 5 4) Y1 i 3.

Ilpu saxux x Mae 3MicT BUpas:

1) ¥ox+1; 2) ¥2x—6; 3) Yx+2; 4) ;E

IlopaiiTe Bupas y Buraami apoly, 3HAMEHHUE AKOIN0 HE MICTHTH KOpPeHH
n-TO CTETEHA:

B 1
)32 2) 2 3) L L) e
\'E J‘::—l J;+3 \‘3.1‘.2+3x+1
BuneciTe MHOYKHHUE 3a 3HaE kopess (a > 0, b > 0):

1) 5[&“()7; 2) 4’0?013; 3) 3’_27“%14; 4) 6’128091317.
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12", BuHeciTh MHOKHWE 38 3HAK KOPEHA:
1) 4,a4bn; 2) W; 3) 6’640”&’7; 4) “’a”b“.

13. BHeciTh MHOHME mij 3Hakx kopens (a > 0, b > 0):

1) aif7; 2) ~bifab; 3) abis; 4) ab”g]-b_‘f—]-.

14", BHeciTh MHOKHHUE I1i/i 3HAK KOpeHs:

1) adf7; 2) a*Yab; 3) abgl*%; 4) b4 -3v".
15. CropocriTh BUpas: ’
l)qtit_“npnaﬁ:O: 2)@npna<;0;
3){[{1_"—{!0_“npua>0; 4)#11_7+2!a_6npﬂn‘:0.
16", CupocriTh Bupas:
1) {2ab* 4[160—%“, 2) Yab'e - Ya'bic - Yboct;
3) {fa*¥a’; 4) {aif3a¥f2a’ .

17. CuopocriTh BUpas:

a-b 3 = \/; J_
Dy Vo ok 43

3 2 6, 5

\J b" —2vab” +b

—“3 @ nea>0,b>0,a+b; 4*)5 .
uzb—\,(:b Y- X!J'

18°. PosB’sisxiTh piBHAHHS:
D=7 2) x5 = 3; 3) x*=-5;
4) x* = —-13; 5) x* = 16; B8)x* ==
19. IlobyayiiTe rpadik (pyHEIII:
1°) y=4x; 29 y=R; 39 y=x; 1°) y=x;
5) y=i=|; 6) y==x: 1) y=4x.
20. Posp’saxiTs rpadiuHo piBHAHHS:
1) ¥x=2-x 2) Je=6-x; 3) Yx—2=4-x; 4) J-x=x+2.

IlepeBipTe mijcTaHOBKOIO, 1[0 3HAYEHHSA X [JiliCHO € KOpeHEeM pPiBHAHHSA.

%
a‘.
z

3%

21°. loBexmiTh, 1[0 piBHAHHSA, HaBejeHI B 3aBgaHri 20, He MalThH IHIIHX KO-
peHiB, KpiM BHalAeHNX rpadivHo.
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IPPALIIOHAABHI PIBHAHHA

Ta6anna 19

[NoHATTA ippauioHaABHOro PIBHAHHA

PiBHsAHHSA, ¥y AKUX 3MiHHA MICTUTBCH I1iJi 3HAKOM KOpPEHs, HA3UBAIOTH ippalji-
oHanvHumu. Jlna toro 106 poss’asary 3ajgaHe ippanioHajbHe piBHAHHSA, Horo
Halfyacrillle 3BOJATH /IO PAIIOHAJILHOIO PIBHAHHSA 3a JJOINIOMOI'OI0 JIEAKUX lepe-
TBOPEHB.

PosB'AsyBaHHA ippauioHanEHUX PIBHAHb

1. 3a ponomoroto NigHeceHHs oBox YacTUH PIBHAHHA AD OAHOrO CTeneHA

Ilpu wingHecenni o6ox YacTHH piBHAH-
HSA 10 HEMAPHOTO CTeNeHs oJIePKYEMO
piBHAHEA, piBHOCHJIBHE 3a/aH0oMYy (HA
itoro OJ13)

ITpw migrecenni 060X YACTHH PiBHAHEA
JI0 APHOTO CTENEeHs MOKYTh 3" ABHTHCH
CTOPOHHI KOpeHi, AKi BiJciolTs nmepe-
BipKOIO

IMTpuraxan 1
Posp’sasxiTe piBHsEEa Yx—1=2.
P(J"x—l)a=23,
x—1=8,
x=09.

Bidnoside: 9. <]

IMpuxxanx 2
Posp’ssxite piBaauus J2x+3=x.

>(42x+3)2=x2,

x»-2x-3=0,x,=-1,x,=3.
ITepesipra. Ilpmw x=-1 wMaewmo:
i=-1 — HenpaBWUJIbHA piBHIiCTE,
oT3ke, X = —1 — CTOPOHHIiH KOpiHBb.
Ilpn x = 3 maemo: Jg =3 — TIpaBHUIb-
Ha PpiBHICTB, OT¥Ke, X =3 — KOPiHB
3aaHOTO PiBHAHHA.
Bidnoside: 3. <

2. 3a pONOMOroK 3aMiHK 3MIHHMUX

Hrmie o piBHAREA 3MiHHA BXONTE B OTHOMY i1 TOMY CAMOMY BMTJSAIi, TO 3PyYHO
Bi/MOBiTHEWII BHpa3 i3 3MiHHON NMO3HAYNTH OIHI€EH OYKBOK (HOBOXO 3MIHHOIO)

Ilpuxnan 3
Po3B’A:xiTh PIBHAHHEA 3X° +3x=2.
2
> Tosuauuno {x=t. Tomi Vx* =(¥x) =¢.

Opepoxcyemo piBaanna: 2 +¢=2, 2+t —-2=0,¢, =1, 1, =—
Buxonyemo obepHeHY 3aMiHy: x=1, Toxi x =1 a60 Jx=-2,

Bidnoeide: 1; —8. <

2.
a3Bigcu x = —8.
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EEE [oscHeHHA it OOrpyHTyBaHHA

IppayionaneHuMu Pi6HAHHAMI HABWBAIOTH TAKI PIBHAHHA, V AKHUX 3MiH-
Ha MicTUTBCA 11iJ] 3HaKoM kKopens. Hanpuknapn, Jx-2=5, Yx+x=2 — ippa-
LioHAIBLHI pIBHSAHHSA.

HajiuacTiimme po3B’AsyBaHHA ippanioHAJBLHUX PIBHAHB I'PYHTVETHCA HA
3BeJIeHH] 3aJIaHOr0 PiBHAHHA 32 JONOMOrOI0 JefAKHX IEePeTBOPEHb 0 pallio-
HAJBHOTO piBHAHHA. SIK NpaBuio, IBOTO JOCATAIOTH IiJHECEHHAM 060X vYac-

THH ippallioHAJbHOTO PiBHAHHA [0 OJHOrO i TOro caMoro crerneHa (YacTo
JeKinbEa pasis).

Cuijg ypaxoBysaTH, 110

npu nidHecerHi 0box wacmuH Pi6HAHHA 00 HeNapHOzO CMeENneHA
3ae%cdu odepicyemo Pi6HAHHA, pieHoculbHe 3adanomy (Ha Uozo

0/13).
Hanpugknaj, pisaseas  Jx+7=3 (1)
piBHOCcHbHe piBasnnio  (Yx+7 = 3, (2)

TobTO piBHAHHIO X + 7 = 27. BBigeu x = 20.

IIna Toro o6 obrpyETyBaTH piBHOCHJIBHiICTH piBHAHB (1) i (2), moctat-
HBO BBEPHYTH yBary Ha Te, mo pisHocti A = B i A* = B® mosxyTs 6yTn mpa-
BHJIBHAMH TiJIBKHM OJHOYACHO, OCKINBEW (QVHEIIA
y = t* € spocrarouow (Ha pucyHEy 84 HaBejgeHo ii Y
rpadik) i KOKHOro CBOro 3HA4YeHHA HaOyBa€ Tilb-
KM IpY OJHOMY 3HadeHHI aprymenTy f. Omxe, yci
kopeHi piBHAHHA (1) (AKi HepeTBOPHIOTH Ie PpiB-
HAHHA HA NMPaBUJIBHY PiBHiCTE) OVAVTE 1 KOpeHAMH
piBHAHHA (2), i HaBnmakwu, yci kKopeHi piBHAHHA (2)
OyayTe KopeHAMHM piBHAHHA (1). A me i osHauae, 0 t
ujo piBHAHHA (1) i (2) € piBHOCHIBHMME. AHasmoTiu-
HO MOJKHA OOI'PYHTYBATH PiBHOCHJIBLHICTE BiIOBij-
HHUX PiBHAHB 1 V BHUNAJKY TifHeceHHS o0OX 9acTWH
PiBHAHHA J0 OJHOTO ¥ TOr0 CaMOro JOBLIHHOTO He- Prc. 84
TIAPHOTO CTEMeHd.

SArmpo s po3B’A3VBAHHA  IpPpPANIOHAIBHOTO
piBHAHHES OOHABI YACTHHW NiIHECTH 0 TMAPHOIO CTENEeHHA, TO OHEPIKYEMO
PiBHAHHA-HACHIIOK — KOJH BCl KOpPeHI mepmioro piBHAHHA OyAyTh KOPEHHA-
MH ApYyToro, ajie Apyre piBHAHHA MOXKE€ MaTH KOPEHi, 1[0 He 380BOJbHAITE
2aaHOMY piBHAHHIO. Taki KOpeHi HABMBAIOTE CHIOPOHHIMI 1A BaJaHOTO PiB-
HAHHA. {06 3’AcyBaTH, YN € OZlep:KAHI YHCJIA KOPEeHAMN 3AJAHOTO PiBHSIH-
HfI, BHKOHYHOTE NMEePEBipKRYy IHX pPo3B A3KiB.

y=1=




182 Poapin 2. CTENEHEBA ®YHKUIA

Hanpurnan, ansa poss’A3yBaHHA PIBHAHHSA
Jx=2-x
nijHeceMo o6uABi fOro YaCTHHM JI0 KBAJAPATA 1 OepPIKUMO piBHAHHSA

(V=)' =@-x" (4)

Vpaxosyoun, upo (JJ_:)Z =x, mMaemo x =4 — 4x + x*, Tobro x* — bHx +
+4=0.3sigen x, =1, x, = 4.

Buronyemo nepepipry. Ilpy x =1 piBHsuus (3) nepeTBopoernes Ha
PaBHIBLHY PiBHiCTHL V1=2-1, 1=1.0mxe, x=1¢ KopeHeM piBHaHHA (3).

(3)

Ilpu x = 4 ojep:kyeMO HeNpaBHUJIBHY PiBHICTH JZ =2-4; 2 # —2. Orxe,
x = 4 — cTopoHHI# KopiHb piBHAHHA (3). TobTo mo BigmoBigi moTpiGHO 3a-
nucaT TiTbEHM X = 1.

IlosiBa cTOPOHHBLOIO KOPEH# OB’ A3aHA 3 THM, 1110 piBHicTh A = B? MoskHa
OJIEP>KATH IPH IIiJIHECEHHI 0 KBaipaTa 000X yacTHH piBHOCTI A = B abo piB-
HocTi A = —B. Orixe, BUKoHaHHA piBHOCTI A = B? 1je He rapaHTye BUKOHAH-
HA piBHOCTI A = B. Inmmmu cnoBamm, kopeHi piBHAHHA (4) He 060B’A3KOBO
€ KopeHAMHM piBHAHHA (3) (IpoTe KoykeH KOpiHb piBHAHHA (3) € KOpeHeM
piBHAHHA (4), OCKLIBLEM NpH BHUEOHaHHI piBHOcTi A = B 060B’A3K0BO BHEO-

HyeTheA 1 piBHicTE A? = B?).

BN [lpuknagv po3B’'A3aHHA 3aBAaHb

Mpuraax 1
Posze’asanusa
P x-1=4-x+3,
(Vox—1)"=(4—Jx+3)’,
5x-1=16-8x+3+x+3,
8Jx+3=20-4x; 2Jx+3=5-x,

(2vx+3) =6-2),
4x + 3) = 25 — 10x + 2,
2 - 14x + 13 = 0,x, = 1,x, = 13.

Ilepesipxa. x = 1 — KopiHEB
(\/Z+JZ:4,4:4); x =13 — cropon-
il kopinb (V16 ++/64 24).

Bidnosidv: 1. <

Poss’askiTh piBEAEEA Jx+3 +/bx—1=4.

Komenmap

Izomroemo ofMH KOpPiHB 1 migHe-
ceMo 0OHMABI WacTWHM pPiBHAHHA [0
EBajJpaTa — TAKMM YMHOM MM Io30y-
JIeMOCS OJHOTO KOPEHH.

[loTim 3HOBY i30MI0EMO KOpPiHB
i 3HOBY migHeceMo O0OMABI YacTHHM
PIiBHAHHA [0 KBaJpaTa — VHACTIIOK
OJIEp7KMMO KEBaJpaTHe PiBHAHHA.

OckinBEM NIpH ITiHECEHH] 10 KBa/I-
paTta MOYKHA OJepPyKaTH CTOPOHHI Kope-
Hi, TO B KiHI[I BHKOHA2EMO TEPEBIpEY
OTPUMaHUX PO3B’A3KiB.
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Ilpuraax 2  Poss’sxkiTh piBHAHHS 78=—1’6—x —9.

Pose’aszanus
P Hexait V6-x=t, ge t > 0.
Opepaxyemo ?—t=2.
Tomi t* + 2t — 8 = 0.
Spigen t, = 2. t, = —4.
t, = 2 — 38/I0BOJIbHAE
t = 0;
t,= -4 — He 3a/I0BOJILHAE YMOBi
& >0
ObGepHeHa 3aMiHa Jia€:

V6-x

6—x

VMOBI

2,
=4,
2.
Bidnogide: 2. <

Ipuxaax 3°
Pozé’azanna

> Hexait {%x—Z:u, Toi {x_zz“a’

Jx+1=v0. x+1=v%
{u+v 3,

OnepsxyeMo cucTeMy 3

—v?=-3.

3 nmepmioro piBHAHHA 3HAXOAMMO
v =3 — u i migcTaBIAEMO B Jpyre
PiBHAHHA.
u? — (3 —u) =-3,
3 —(9—6u+u?)=-3,
-—u*+6u-6-=0,
wWw-1)+6@wm—-1)=0
(u—-1)(u®+6)=0.
VpaxoByroun, mo u?+6 # 0,
opepsryemo ¢ = 1. Tomi v = 2.

Komenmap

Slkmo B BajiaHe piBHAHHA 3MiHHA
BXOJHTH B OJJHOMY i TOMY cCAMOMY BH-

raagi (V6—x), 10 3py4HO Hell Bupas
i3 3MIHHOIO NO3HAYUTH OJHI€I0 OYE-

Bolo — HoBol aminHOKW (V6—x=t).

fArmo sadikcyBatu oOMerKeHHSA
t>0 (apudnmernune FHAYEHHS
J6-x>0 i B BHAMEHHUKY He MOJKe

croa™m (), To B pe3ynbTaTi 3aMiHM
i 3BeJIeHHA OJIEPIKAHOTO PIBHAHHA 0
EB8/IPATHOTO BHUKOHYBATHUMYTHCH PiB-
HOCHJIBHI TEPETBOPEHHA 3a/IAHOTO PiB-
HAHHA.

Moskua 6yno 6 He (QikcyBaTy 06-
mesxkeHHA t > 0, ame Tojai B pesayabTaTi
TepeTBOPeHb OTPUMAEMO PiBHAHHA-
HACHIAEM ¥ ofleprkaHl po3B’A3KM CJIJT
TepeBipUTH.

PosB’asiTh piBHaHHEA Yx—2+Jx+1=3.

Komenmap

Hesaxi ippayioHanvhi pI6HAHHA,
Lo Micmanme KiJbKa KOPeHia8 n-20 cnie-
news, MoxcHa 3gecmu do cucmem payi-
OHANbHUX PIBHAHb, 3AMIHUBULL KON EH
KOpiHb HOB0K 3MIHHOIO.

IMicnsa 3aMiHK Yr—2= u,

Jx+1=v i3 saganoro PIBHAHHA OTPH-
MYEMO TiJIBKEHM  OJHe  pIBHAHHA
u+ov=3. Ina Toro mob ojep:xaTu
/ipyTe PiBHAHHA, 3alHWIITEMO 38 O3HA-
YeHHAM  KOpPeHA N-TO  CTeleHdA

x—2=u?®, Bi
iHiMeMo Bijx meprroi piB-
x+1=0v

HocTi apyry (1106 no3byTues sMiHHOTL X)



184 Poapia 2. CTENEHEBA ®YHKLUIA

Maemo cucremy

Yx-2=1,
Jrx+1=2.

3 nepuoro piBHAHHS
0  3aJ0BOJILHAE 1
pPiBHAHHIO.

Bidnogidv: 3. <.

x=3,
Apyromy

1 OIep’KMMO IIle OJWH 3B’ A30K MIiH U
iviu®—ov2=-38.

OpepskaHy  cHCTeMY  piBHAHB
PO3B’A3YEMO METOJOM IIiJICTAHOBEM.

Cuxij 3BepHYTH yBary Ha Te, IO,
BHKOHYIOUM o0OepHeHy B3aMiHy, He00-
xifiHO 3’sAcyBaTH, UM iCHYE 3HAYEHHA
X, AKe 3aJI0BOJIbHAE 00OM CHiBBiJHO-
IIeHHAM 3aMiHM.

ITpwm posB’sizyBaHHI cCHCTEM PiBHAHB, IO MiCTATH ippaljioHaJEHI piBHAH-
H#A, HalluacTillle BUKOPHUCTOBYIOTH TPaAMIIIiHI MeToan po3B’A3yBaHHA CHC-
TeM piBHAHb: METOJ MICTAHOBEM i MeTo/ 3aMiEM aMiHHMX. IIpu oMy cirij
YPaxoBYBaTH, IO 3aMiHa 3MiHHux (pa3om 3 obepHeHo0 3aMiHOI0) 3a6ndu
€ pigHOCUNbHUM nepemeoperHay (3BHUaiiHO, AKIIO pH BHOpaHiil 3aMiHiI He
aBy:xyeTheA OJI3 3ajaHoro piBHAHHA 9N cHcTeMH). AJe AKIO JJIA TOJATE-
IOTO po3B’A3YBAHHA PiBHAHB, OJIEP’KAHUX YV Pe3YJIbTATI 3aMiHH, MM OygeMo
KOPHCTYBaTHCA PiBHAHHAMM-HACTIJKAMHA, TO MOKEMO OTPHMMATH CTOPOHHI
po3B’A3KM, 1 TOJL oflepykaHi po3B’A3KH /IOBEETHCA NEPEeBIpATH.

Hpuxaag 4  Poss’sxiTe cucTeMy piBHAHL

Po3e'azanna

» Bamina ¥x=u i Yy=v aae cuc-
TEeMy
u+v=3,
{uz_vz:3_
3 mepuroro piBHAHHSA IIi€l cHcTe-
MH:
u=3-v.
Topi 38 Apyroro piBEHAHHA OJEPIKY-
€MO
(B-v)—-1v?=38.
3Bigen v =1, Tomi u = 2.
Ob6epHeHa zaMiHa gae:
{E=l, oTxe, y = 13
%E:z, or:xe, x = 16.

Bidnoside: (16; 1). <

Yx+4fy=3,
Jx—\Jy=3.

Komenmap

SIxmo nosnauntu Yx =u i Yy =v,
10 Jx=u?i y =v®. Topi zazana cuc-
Tema Oyjle piBHOcHMIIBHA asrebpaiumili
cucTeMi, SIKY JIerko posB’A3aTH, a Iic-
a8 obepHeHOI 3aMiHM OIep KATH CHUCTEe-
MY HaWmpocTilmuMxX ippaljioHABHUX
PiBHAHE.

Vpaxosyiouu, 1110 3aMiHa Ta obep-
HEeHA 3aMiHA NOPUBOJWJIM IO PiBHO-
CUJIIBHUX CHCTEM, OJEpPIKYEMO pO3-

B’A3KM  3aJaHOl  CUCTeMH, 1o
36iraloThcs 3 pO3B’A3KAMM CHUCTEMH
4 -,
Yx=2, x=16
TO6TO {
=1, o=t
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EE 3anuTaHHsA A8 KOHTPONo

1. HaspiTh ocHOBHI MeTo/M po3B’A3yBaHHSA ippalioHAJLHUX piBHAHL. Ha-
BeJITh IPUKJIA/M 3ACTOCYBAHHA BiJNOBIITHUX MeTO/IiB.
2. TllosacHiTh, YoMy A1A po3B’A3YBAHHA PiBHAHB

Yt +3Yx-4=0, Yx—Yx—-2-0
3pYYHO BMKOPHCTATH 3aMiHy 3MiHHOI. YEaKiTh 3aMiHY 1A KOXKHOIO
pPiBHAHHSA.
3. OorpynTyiiTe, 1m0 NpH ITijHeceHHI 000X YacTHH PIBHAHHA 0 HEITAPHOTO
CTeNeHsA 3aByK/IH OJIePyKYIOTh PIBHAHHA, PIBHOCHJIBHE 3aJaHOMY.
4. llosacHite, yoMy Ipu IijiHeceHH] 000X YACTUH PIBHAHHSA JI0 IAPHOI'O CTelle-
HfA MOMYTH 3’ ABUTHCSH CTOpPOHHI kopeHi. Sk BijcioooTs cToponHi Kopeni?

EEN Bnpaswn
Pozp’ssxiTe piBHAHEA (1—6).
1. 1) Jx-2=1 2) Jx-1=-3; 3) Yx-1=-3;
4) ¥Yx*+125=5; 5) ¥2x-9=3.
2 1) J.m=x—5; 2) J3x_—2+x=4; 3) m=—x; 4) m—x=0.
3. 1) Vx—2+2x+5=3; 2) V2x—20+Jx+15=5;
3) Vx-3=1+Jx—-4; 4) Jx+2-Jx-6=2.
4, 1) mZx; 2) mz—x;
3) J3-Yx+10=2; 1) Y2+ Jx?+8x-4=2.
5. 1) Yx+3¥x=4; 2) Jx—2+2¢x—2=3;
3) sx+1+¥x+1=4; 9 Jx*-1+{x*-1=2.
6. 1) Y-x=1-Jx-1; 2) 2x+3-Yx+1=2.

Po3B’sa:xkiTh cucreMy piBHAHE (7—8).

7. 1 {3‘\’/;#{[;:6, 2 {2J;+3J§=7,

Ye-3fy=2; 3Vx—Jy=5
2x—-y="; Jx y=4
x+y=28; xX+y—4Jx—y=8;
Jx+3y+6=2, x+y—1=1,

3) - 4) -
2x—y+2=1; x—y+2=2y-2
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12.1. YazaranbHeHHA NOHATTA CTENeHA

Y3ATAAbHEHHA MOHATTA CTENEHA.
CTENEHEBA ®YHKUIA, Il BAACTUBOCTI TA TPA®IK

Tabaunna 20

1. CreniHb 3 HaTypanbHUM i LIAMM NOKa3HWKa MK

a'=a a"=a-a-+..-a l[aeR,ne N(n>2)
_‘Y—"
n pasin
0_
g°=1| a %0 a"=Llaz0,neN
2. CteniHb 3 ApobOBUM NOKA3HUKOM
1 m
an:dg az0 a"=4a™ la>0,neNn=2),meZ

3. BracTUBOCTI CTeneHIB

am.aﬂ:amin gﬂ_£
a":a"=a™ " By = Bt
@y =a" (¢) (2
" P b “\a
(ab)"=a"b

B [oscHeHHs i OGrpyHTYBaHHA

1.

Bam BigoMi moHATTS cTeneHiB 3 HATYpPAJLHHM i IiIIMM NOKA3HUKAMH.

HarapaeMo 1X o3HaueHHS Ta BJIACTHBOCTI.
HAxmo n — HaTypaJbHe yueio, 6inbine 3a 1, To Juia 6yab-aKoro milicHo-

o YyucJja a

a"=a-a-+...-a
e —
n paie

. TobTO 0" HOpiBHIOE JOOYTEY 71 CIIiBMHOMKHH-

KiB, KOJKeH 3 AKUX JOPIBHIOE .
ITpu n = 1 BBaxkawTh, 1[0
SArxmo a # 0, To

Hanpurnag, (—5)% = (-5)-(-5)-(-5) = —125, ,‘-}‘2"=2L3

Tarosx BaM BifjoMi OCHOBHI BJIACTHBOCTI cTeneHiB:

a’=1]|i

, Ae 1l — HaTypaJlbHe YHCJIO.

1
e

am = aﬂ :am‘fﬂ; am :aﬂ s am—ﬂ; (al?.l)ﬂ :aﬂ.ﬂ; (ab)ﬂ :anbﬂ; (;

a
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Haragaemo 111e oJlHy KOPMCHY BJIACTHBICTH

(g)'"_ 1 _L_ﬂ_(ﬂ}"
b a a" " \al ’

G »

2
V3araJ sHUMO NOHANLINS CTeTleHa I8 BUpasiB Buay 37; 60%; 5-lj 1 TiTey
TOOTO OISl CImenerié 3 payionanbHUMU noka3nuKami. BignosigHe osHaueHHA
OaskaHO JATH TAEK, 100 cTeneHl 3 pamioHAJIBHIMHA MOKAa3HUEAMM MAaJIH Ti caMi
BJIACTMBOCTI, 1[0 ¥ CTeNeHi 3 MiJTMMH MOKABHWKAMH.
Hanpukna, Ao My XoueMo, 11[06 BUKOHYBAaJIacsA BaacTUBicTs (aF)! = a,

m

m\" m
.. = ™.n
TO NMOBHMHHA BHEOHYBATHCA PIBHICTH (ai’l) =a" =a". Ane 3a o3HAYEHHAM

n
KOPEHA N-TO CTeleHsl OCTAHHS PiBHICTH O3HAYAE, IO YMCIO Q" € KOpeHeM

n-ro creneHs 3 yucsa a”. Lle npuBoAuTL HAC 10 TAKOIO O3HAYEHHS.

. m .
Crenenem uncna a > 03 PAINOHAJBHHM NMOKASHHKOM - » e m — uune

n

YHCJIO, & B — HATYPAJbHe uncio (n > 1), BABMBAETLCH umMCca0 Ya" .
Takros 3a o3HaYEeHHAM NpHUiiMeMo, 1110 npu r > 0

r=01}

Hanpurnaj, 8a 03HAYEHHAM CTENEHA 3 PaliOHATBEHUM MMOKA3HHUEOM:
2 1 3 2
7_1 7 3 _2 -3 : 1 3
3i={32=Yo; 5 =46 2i-42 *‘:;fg; 0% =0.
m
BayBaskeHHSs. 3HAUYEHHS CTeNeHs 3 paI[iOHAJIBHUM IOKA3HHUKOM Q"
(me n > 1) He ozHauarTs ipu a < 0.
Ile nosicHIOIOTHE TUM, 1110 pallioHAJBLHE YUCJO 7 MOYKHA TOJATH Pi3HUMH
Z k
cocobaMu yV BUTIAAL  Jpoby: r=ﬂ=m—k, ge k — Oyab-fike HaATypaJbHE
n n
YHECJIO.

Ilpu a > 0, BUKOPHCTOBYIOYH OCHOBHY BJIACTMBICTh KOpEHdA i O3HAUYEHHS

" n n k ms

CcTelleHA 3 paIlioHaJbHHUM TOKa3HHKOM, MaeMo: a’ =a” =Ya" ="a™ =a*.
Omxe, mpu a > 0 3HaUeHHA @’ He 3aJIeKWUTH Bia (POPMH 3ammcy r.

Ilpu a < 0 s BiacTuBicTs He 36epiraeThesa. Hanpuknajg, akmoe r=—=

|-
o |

1 2
TO IMOBMHHA BUKOHYBATHcCH piBHicTh a®=ab. Ame nmpu a = —1 ogep:xyemo:

1 1 2 2 .
a?=(-13=-1=-1, as=(-Ds= J(-1)?* =1 =12-1, 7060 PN Bix’emEmx
1 2 m
3HAUEeHHAX a MaemMo: a® #a®. Yepez ne osHauenHsa crenena a" (m — uine,

n — HATypaJjbHe, He piBHe 1) Ans BiA’€eMHWX 3HaY€HbL ¢ HEe BBOAATE.
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ITokasxenmo Ternep, 1[0 /J8 BBEJIEHOI0 O3HAYEHHSA CTEIeHH 3 pallioHAlb-
HHMM TIOKa3HUKOM 30epiraiThced Beci BJIACTHBOCTI CTEINeHIB 3 I[LJIMMH IIO-
KasHMEaM#M (BiJIMiHHICTE MoJArae B TOMY, [0 HABEeJeHi JaJli BJIACTHBOCTI
€ MPaBUJILHUMH TLNBKH /IJIA JOJATHUX OCHOB).

JIns Oyab-AKMX pamioHAJBEHUX YHCEN ri § Ta OYIb-AKHUX JOJATHUX YHCE
a i b BMROHYIOThCA piBHOCTI:

1) a-a*=a"+%

2) a:a=a"%
3) (ay=am
4) (ab)y = a'b;

5 (4 =%

IIJIJ] AOBeJIeHHA ITHX BJIACTHBOCTEMH AOCTATHBRO CEOPHCTATHCH O3HAYEHHAM
cTelneHns 3 pauionanbﬁm TMOKAa3HNUEOM 1 AOBeJI€eHMMH B § 10 BnacTuBocTAMM
KOpeHHA NnN-To CTeleHA.

® Hexat r== i s=2, geni ¢ — HaTypanbHi uyuena (6inbumri za 1),
n q

amip — mim.
Tomi mpu a > 0i b > 0 Mmaemo:

l) a’ -a* =n’am z Q"ap ="’."amq . "'Q’an =ﬂﬁ,amqfnp =amn%£ =ar+s;
’ nq, mg—np
2) ar:as=ﬂ'r nﬂm _ a™ =Wﬂ="?,amq—np =aT=ar—s;

a Yor Y Na™
3) (a’)sz(“a"')sz"a"“':aT:a =am
4) (ab) =(ab) =(ab)" =%fa"o" =Wa™ - Yo" =a" - b" =a'b";

IHowamms cmenera 3 ippayioHanvHUM noxa3Hukoym. OnuinmeMo B 3a-
rab-HHX pHMcaXx, AK MOMHA 03HAYHTH YHCJIO a“ Jna ippﬁ.lliOH&.ﬂ.hHlDi o, KO

a > 1. Hanpuknaja, noscHUMO, SK MOYKHA PO3YMITH 3HAYEHHS 2%

Ippanionanere gncso V3 mosxma MoaTH y BUTJIAJl HeCKIHUEHHOTO He-
HEPiOTUITHOTO IECATEOBOTO po0y J3= 1,7320508075... . Posrnanemo fecAT-
KOBI HaOMM KeHHSA YHucelia -Jg 3 HelocTaYelo 1 Ha I IuITKoM:
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1< J§ <2;
1,7<\3<18;

1,73 <3 <1,74;
1,732</3 <1,733;
1,7320<+/3 <1,7321;
1,73205 < /3 <1,73206;
1,732050 < /3 <1,732051;

Bynemo BBakaTH, mo koMM r<+3<s (e r i § — panioHanbHI uyncaa),
10 sHauenns 2V poamillyeTbes Misk Bignosiguumu suauvenssnu 27 i 2%
a came: 2’ <2% <2'. Bualizemo 3a jomomorow KaJBKYJISATOpa HaOJMseHi
suauenHa 2" 1 2°, pubupamumn Ak r i § HabMskeHl 3HAYEHHA Jg 3 HeJlocTAa-
Yero i HaUTAIDKEOM BignoBigHO. Oep:xyeMo CITiBBiTHOIIEHHA :
2! < 2% < 22
217 = 3,2490096 < 2¥ coLE 3,4822022;
21 = 3,3172782< 2% o1 3,3403517;
2172 - 3,3218801< 2% 13 3,3241834;
21720 . 3 3218801 < 2% L gL 3,3221104;
2178205 - 3 3219952 < 2% L gLmme 3,3220182;

QLT _ 3 3910052 < 2% < 2LTM51 3 3919975,

fAx 6aunmo, sHavenHs 2" i 2° pabmskaoTeed 10 OJIHOTO M TOrO CAMOT0 YHC-
na 3,32199... . Ile uncno i BBa:KaOTE CTENEHEM Zﬁ- Orsxce, 2ﬁ =3,32199....

3HaueHHSA 2‘6, obuHclieHe HA KAJBKYJIATOpi, Take: 2‘6:3,321997.

Mosxua goBecTH, 1110 3aB¥IH, KOJH MH BUOMpaeMo pallioHaJIbLHI yuena r,
AKi 3 HelocTauero HAGIMIKAIOTHECA 10 ippallOHAIFHOIO YHCJIA 0., 1 palioHab-
Hi YMena 8, AKI 3 HAJMITKEOM HaGMMKAaOThHC JI0 [[LOI0 CAMOIO ippallioHAb-
HOI'0 YMca o, A 6yab-aKxoro a > 1 icHye, i IpUTOMY TiJILKEU OJHEe, YUCJIIO I/,
6imbire 3a Bei a” 1 menmne 3a Bel a®. Lle unceso y 3a osHauenHsaM € a°.

AHaNoriyHo 03HAYAIOTH 1 CTEMiHb 3 ippalioHaANTEHUM MOKA3HUEOM O. IS
0 <a <1, Tinbku y BUDagry, koiu r < o < s npu 0 < a < 1, BBaykaioTh, [0
a® < a° < a’. Kpim Toro, sk i g panioHaIbHUX MOKA3HUKIB, 3a 03HAYEHHAM
BBaYKAIOTh, 1110 1° = 1 mma 6yas-axoro « i 0° = 0 mng Beix o > 0.
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HEEN [lpyknaauv po3e’'A3aHHA 3aBfaHb

ITopaiiTe BMpas y BArIsA
y ;2

Poze's3anna

'(,’Fz'Yg; <]

Hpurman 1

Jli CTENeHs 8 PANiOHATBHAM TOKASHIKOM:
3) Ya? upua > 0; 4*) Ya*.

Komenmap
Sa o3HAYEHHAM CTeleHd 3 paio-

1) b HaJbHUM NOKasHMKOM ausa a > 0
I -
2)p  P5i=51; < a” =a". (1)
2 Ilns saBpanEs 3 Bpaxyemo, IO
3)» npua >0 Ya?=a?; < 2
i e BApas a' o3HaYeHWH TaKo»K i mpm
H» Yoo ={af =|afr. < am0,
¥V zaBpanni 4 npu a < 0 Mu He Ma-
€MO mpaBa KOpPHCTYBATHCA (POPMYJIOI0
(1). Ane sxmo BpaxysaTtu, mo a® = |a?,
To x5 ocHOBY | a | hopmyoro (1) yoxe
MOKHa CKOpHCTATHCS, OcKinbEn | a| > 0.
a _2 1
IHpukaax 2  OGumciite: 1) 814; 2) 128 7; 3*) (-8)3.

Poseé’'szanns
a
1) b 814 =481° = (4/81)" =3° = 27;
2 -
2) b 128 7 =128 2 =(¥128) "=

:2_2 —

<

g
4!“-.
1
3% » (-8) me icmye, ockimbkm
1

creniny @° oO3HAYEHHWH TIiTBKH

Komenmap

B.HKOpHCTOByEMO O3HAYE€HHA CTe-
neHs 3 pauionam,nnm NOKasHHKOM:

m
a" =%a™, ge a > 0, a npn BUKOHAHHI

saBpaHHA 3 BpaxoBye€MO, IO BUpas
m
a" He o3HaveHO npH a < 0.

npu a = 0. <
Ilpuknan 8  CnopocrtiTh BHpas:
a-b x+27
D i 12 29 z 1 )
a?-b? x¥ —3x* +9

Pos3e'a3anna

(a )2 —(bi )2 _

1 1 -
aZ_b2

1
2

Komenmap

Ockinbku sajaHi OpHUKIagH BiKe
1 1

1 1
micTaTe Bupasu aZ, bZ, x*, roa >0,
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(aé—b]ﬁ')(ai+b;) ! :

= — =aZ+b%;

a? -b2
a

x+27 (x:") +3>
L 3 e, —
2 ) > 2 1 T2 1 -
x3-8x3+9 x%-3x*+9
(:r‘!g +3)(x§ —3x:!’ -r(l) ! A
= 3 : —=x3+3. <
28 —3x% 49

b=20, x 20. Topi B 3aBpranni 1 He-

Big'emHi ynena a i b MoxkHA mopaTH
1\2 142

AK KBaJpaTH: az(aé) " bz(bz) iBn-

KOpHCTATH (OpMyJNy pisHHNi KBaj-

patiB: 2*-pi=(x-y)(x+y), a B

saBJaHHI 2 mojaTH HeBijg'€eMHe wUmMC-
1 a

70 X AK Ky6: x=(x;'") i BHKOpHCTATH

(dopMysIy posKJaxy cCyMH KYOiB:

a®+ b* = (a + b) (a® — ab + b?).

Komenmap
ObnacTe JONYyCTANMHX 3HaYe€Hb

piBHAHHSA Ja,x"’:l — yei pilicHI yme-

Hpuknax 4  Posp’suxiTe piBHAHHA:
p 2
1) I =1; 2") x3=1.
Poszé'azanna
1) » Yx*=1. 0I3: x e R,
=1,
=3l

Bidnosidv: +1. <

2
2Y P x3=1. O]I3: x > 0,
=1
=l
Vpaxosyoun OJI3, opep:cyemo
x=1.
Bidnosidv: 1. <

El 3anuTaHHA A8 KOHTPOo

Wine

na, a piBEAHEA Xx*=1 — TigbKM
x20.

Ipu nmigHecenni 060x YACTUH piB-
HAHHSA JI0 Kyba ojep:KyeMo piBHAHHSA,
piBHOCH IEHe 3ajaHoMy Ha ioro O]13.
Om:e, nepiioMy piBHAHHIO 38J[0BOJIb-
HAIOTH yci sHaligeHi kopeHi, a Jpyro-
My — TiJbKH HeBij €MHi.

(V zaBpamni 1 Takosk ypaxosaHO,

3
mo ({x?) =x2%, a B saspamnmi 2 — mo

(g)“ Z .,
28} =xb =xt)

1. JlajiTe ozHaueHHA CTENEHA 3 HATYPAaJIbEWM NMOKazHEWKOM. HaBemiTs mpm-
KJiany o0YWCIeHHEA TAKHX CTENEeHiB.

2. JlaliTe o3HAYEHHS CTeNeHA 3 [iJUM Bij €MHHMM DOKASHHKOM Ta 3 HYJbO-
BUM mNoKasHWKOM. HaBeziTe npurIagm ob4YHCIeHHS TAKHX CTeleHiB.
IIpu AKMX 3HAYEHHAX @ ICHYIOTH 3HAYeHHA Bupasis a’Ta a™, ge n € N?
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nm — fifie Yncio, a n — HaTypaJbHe, He piBHe 1. HasepiTes mpmkmnam
obumcieHHA TakuX creneHiB. [Ipn AKHX 3HAUYEHHAX @ iCHYIOTh 3HAUYEHHA

m i .
BUpasy qn ? YkaxirTe 061acTh JonycTHMHUX 3HAYEHb BHpasis a

2

3. JlaliTe oszHAueHHA CTeleHs 3 panioOHAJBHUM NOKA3HUKOM r=ﬂ, ne
n

5iat,

1 1 1
1) (ax)* +(ay)*; 2) a-a?;

1
3) 3+3%;

4) a+bZ+aZ+abl.

1

1

4. BanuuiTe BAACTHBOCTI CTeneHiB 3 panioHalbHuUMM nokasEuxamu. Ha-
BeJIiTh NPUKJIAIM BUKOPUCTAHHS IIMX BJACTUBOCTEH.
5*. OOr'pyHTyiiTe BJIACTHBOCTI CTENEHIB 3 panioHAJTBHHMHA MOKa3HWKAMM.
6". IlosacriTs Ha mpuUEKJIaji, AK MOYHA BBECTH NOHATTH CTElNeHA 3 ippamio-
HAJIBHUM TIOKA3HWKOM.
N Bnpasu
1°. TlopaiiTe BMpas y BHIJIAJi KOpPEHSA 3 YHCIA:
1 -2 -3 _2
1) 23; 2) 35 3) 5%25, 4) 4 7; 5) 245, 6) 7 2
2. TlopaiiTe BUpas y BHIf/[i cTeNeHs 3 pallioHAJbHUM MOKAZHUKOM!:
1) 3% 2) ¥4; 3) V77
) Ya? upua>0; 5) 4% upub>0; 64 Y.
3°. Yu mae amicT BHpas:
1 2
1) (-3)z; 2) (-5)% 3) 45 4) 0°?
4. 3maiigiTe 061acTh JONYCTHMHX 3HaYeHb BHpPa3y:
1 _2
1) «5; 2)x% 3) (x-1) %;
3
4) (x+3)7; 5) (2% - 1) 6) x* — b.
5. SBHalaiTh 3HAYEHHA YHCJIOBOTO BHpa3y:
1 2
64 ) & 5 27% P
1) 243%4; 2) | =1 ; 3) 164; 4 :
) ) [ i J ) ) (125“)9
1\ 2 1 1 1 12 1 1. (1 L
5) (_) . 952 _81% - 125 3- 6) (—) - 162-2 '( ) * B
4 2 4 25
( ok 1 ;
g (1) ) et
) (25) 7 g 277 |:49 2
6. PosknaziTe Ha MHOXKHHUEKH:

1
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7. Croporits gpi6:
1 L 1
1) aE'i'bE. 2) p§—5.

’

a-b p-25"
Cupocrite Bupas (8—9).
IAC |

8. 1) (l+cz) —2c?;
3) (x% +l)(.:»:}_1 —1)(:cla +1);

p, 1) =4 2) _a=b .

1 1
a® —-b*
10. Posp’siskiTh piBHAHHESA:

a 1
1) xb=1; 2) x7=2;

x=16

z 11 2
a 33_'_,13
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12.2. CreneHeBa PyHKLIA, i BAAcTUBOCTI Ta rpadik

OzHpavernHda OyEnia Buay y = x°, ne o — Oyap-gKe jgilicHe 4HClo,
HASHBACTHECH CIMENneHeaol PyHKyico.

I"pacdikm i BnacTusocCTi

Ipadik
1. y = x°, . — napHe HATypaJbHe YHCJO
y=2x* y/ y=ux y/ y=x, 77
ne N
0 x} 0 x} 0 ;

2. y = x°, 0. — HenapHe HATYpaJbHE YHCJO

v/ Y/ yh
y=x y=x¥4,
y=x! neN

3. y = x°, 0. — HenapHe BijJ’eMHe YHCIO

y=x1=1 y=xs=>1 y=xfinll= 1 _ neN
x

F] 2n-17?
17K x Y ™

y
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Tabaumna 21
Ocobnueuin Bunanok (o = 0)

Hrmo o = 0, To v
y=x"=x"=1 (upu x = 0). 1 y==x°

L >

] x
PyHKUji y = 2* (npy o # 0)
BnactueocTi
D (y) | E (v) ] napHicTh i HenapHicThb | 3pocTaHHA i cnajaHHsA

(y=x",n € N)

Cunajae Ha TPOMIMKKY
R [0 +ee) Ilapua (—ee; 0], apocrae
Ha npoMixkky [0; +eo)

(y=xray=x*"'",neN)

R R Henapua 3pocrae

Cnajae Ha KOXRHOMY
x#0 y+0 Henapra 3 IpOMiKEiIB (—oo; 0)
i (05 +=0)
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Mpadiku i BhacTueocTi

Ipagik

4. y = x*, 0. — HapHe Bij'€MHe YHMCIIO

y:x“zzé y:x_‘l:F y=x_2ﬁ=x%, REN
Y/ y/ Y
0 X 0 X x
8 =24,
i U:I; y/ U:-T-g y = x“(0>0, 0 — \enine)
y/ y/
o>1
O<a<l1
0 x o x B il
0 0 x
6. y=a",
v/ i y/ 3 y = (<0, o — nenie)
y=%19 y=x? YA
0 x 0 x




§ 12 YsaranbHeHHs NOHATTA cTenensn. Crenexera dyHKLIS, it BAacTHBOCTI Ta rpadik 197

I podoencenna maba. 21

PyHkUii y = 27 (npy o # 0)

BnacrueocTi
D (y) | E (v) ] napHicTh i HenapHiCTh 3pOCTaHHA 1 cnajaHHA
(y=x*=—, neN)
X
Spocrae
) Ha npoMmiky (—e; 0),
x#0 | (05 +e0) lNapra —h
Ha npoMikKy (0; +e0)
. — Herijle IojaTHEe YNCJIO0
[0; +o<) | [O; +e<) | Hi napra, Hi HenapHa 3pocrae

o — Herjijie Bij'eMHe YHCIIO

(0; +<) | (0; +e<) | Hi mapra, Hi HenapHa Cnapae
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EEE [loAcHeHHA 1 OGrpyHTYBaHHA

Cmeneneeumu (QyHKYiAMU Ha3HBalOTHh (QYHENII BUAY ¥ = X7, ge o —
Oyab-AKe JilficHe YHco.

3 OKpeMHMM BHJIAMH TakWX (QVYHKMNii BH B)ke O3HAHOMHJIHCA B Kypci
anrebpu 7—9 waacis. Ile, nanpuknan, pysrnii y = x' = x, y = x%, y = &*. lpn
JIOBITbHOMY HATYpaidbHOMY ¢ rpadikm i BaacTusocTi PyHENIi y = X° aHAO-
riungi BijoMmum BaM rpadikaM i BJACTHBOCTAM VEasaHMX (YHKIIH.

Onucyioum BJIACTHBOCTI cTeneHeBHX (QYHKil, BHIIIMMO Ti XapakTepuc-
THEH (QyHEKniA, sxi Mma BukopucToByBaau B § 10: 1) obnacThs BUBHAUEHHA;
2) obaacTh 3HAYEHB; 3) NApHICTE YH HENapHIiCTh; 4) TOYKH MEepeTHHY 3 OCAMM
KOOpJMHAT; 5) NIpOMisKKH 3HakocTasgocTi; 6) mpomizkkm 3pocTaHHA i cmajaH-
HA; 7) Haibinbine Ta HalfiMeHIIe 3HAYeHHA (PYHKIi.

1. Dyukuis y = x” (0 — napHe HATYpaJbHe YHcJ0). Skmo oo — napHe Ha-
TypaibHe ymcio, To GyHEnia y = x*", n € N, mae Biractupocti Ta rpadik,
noBHicTIO anajorivni BiracTusocTaAM i rpadiky QpyHKnii y = x%
Hiticno, o6aacme euznavenns dyuknii y = x*: D (y) = R, ockinbku sHa-
yeHHSA niel pyHKnil MoykHEA 00UHCIHMTH NpH OYIb-AKUX 3HAYCHHAX X.
dyurnia napra: sxmo f (x) = x¥, 1o f (—x) = (—x)*" = x* = f (x). Orxce,
rpadix dyuaknii y = 2% cumerpuunnii Bignocuo oci Oy.
Ockinmbkn npu x = 0 snavenns y = 0, To rpadir dysknii y = x> sasmau
NPOXONTh Yepes MOYaTOK KOOpJHMHAT.
Ha npomixcky [0; +e) pyHKYig 3pocmac.
® Jlificuo, nns HeBix’eMHMX 3HAYEHBb IpH X, > X, (x, 2 0, x, > 0) onepixy-
€MO xf" >x,2” , OCKiNIBKHM, SIK BijjoMo 3 Kypey airedpu 9 kiaacy, OpH Imig-
HeceHHI 000X YACTHH NpaBHJIbHOI HepiBHOCTI 3 HeBij €eMHHUMH YJieHAMH
mo mapHoro crenens (iz sbGeperkeHHAM 3Haka HEpIBHOCTI) ofeps;KyeMo
MpaBUJbHY HepiBHicTh. O
Ha npomixcky (—o; 0] ¢pyHryin cnadae.
® Jlificro, ans HejomaTHMX 3HaveHsb X, i x, (x, < 0, x, < 0), sxmo x, > x,,
10 —x, < —x, (i renep —x, > 0, —x, > 0). Toxi (—x,)" < (—x,)*", orsxe,
xi" <xl, mobro f (x,) < f (x,). O
JInsa Toro o6 sHaiTH 0bnacTk 3HaYeHs QYHENDIL ¥ = x*, n € N, cknageMo
piBEAHEA X" = 0. BoHO Mae posB’asku jpasa Beix a = 0 (toxi x=iz{‘fa) i Tias-
KU IpH TAKUX 3HAYEHHAX . ¥Yci ui yucna i cknaayTs 06JacTs 3HaU€Hb (DYHK-
nii. Orxxe, ob6nacTh 3HaveHb 3ajaHol QyHEKNii: y = 0, To6ro E (y) = [0; +eo).
Takum unHOM, A1 Beix gilicHMX 3HadeHb x sHaveHnHd y = 0. Haiimenute
3HaveHHA QGyHENil gopieHIoe Bymo (y = 0 upu x = 0). Haiibinvuiozo 3HaieH-
HA QYHKYIA He MaE.
Ba3HAYMMO TAKOK, 1110 npu X = 1 sHavenns y = 12" = 1.
Vpaxosyloun Bnactusocti GyHrNii y = x*, n € N, ogepscyemo ii rpadik
(puc. 85).
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2. Dymxruia y = x° (0 — HenapHe HATYpAJbHE YHCHo). K10 0 — HemapHe
HaTypanbHe uncio (o = 2n — 1, n € N), To BractuBocti QpyHEmii y = 1% !,
n € N, anasoriuni Bracrusoctam QyHEmii y = x°.

Mificuo, obnacme eusnaxwenms pyarnii y=x "', n € N: D (y) =R,
OCKiJIbKM 3HAYeHHA nie€l (PyHKmil MoykHA 0OUYMCIMTH NpH OVab-AKHX 3HA-
YeHHAX X.

Dynrnia Henapua: armo [ (x)=x* "1, 10 f(~x)=(-x)" '=-a¥ 1=
= —f (x). Orsxe, rpadir GyHKI] CHMETpHUHAI BiJIHOCHO MOYATKY KOOpJAHHAT.

Ockinbkn npu x = 0 snauenns y = 0, To rpadir dpyHrnii y = x* ! sas-
/M MPOXOJATH Yepe3 MoYaToOK KOOpMHAT.

Ha eciit obnacni 6U3HAYCHHA PYHKYIL 3pocniae.
® Jlificko, npu x, > x, oflepryeMo x;' ' >x"', ockinbkm npwm migHecenHi

000X YacTHH NpaBHJIBHOI HEPIBHOCTI JI0 HemapHoro cTeneHs (iz abepe-

JKEeHHAM 3HaKa HepiBHOCTI) oJlep’KyeMO MpaBHJIbHY HepiBHicTh. O

JIInsa sHaxosxenna obnacti sHavenb QyHEmIl ¥y = x* ', n € N, cknagemo
piBEAHEA x* ' = a. Bono Mae poss’askn 15 Beix a € R (upn n = 1 opepxy-
eMo x =a, aupu n# 1, n € N, ogep:xyeMo x=""Ja). Ot:ke, 0bacTh 3HAa-
yeHnb 3a4aH01 QyHENii: y € R, 10610 E (y) = R = (—o0; +e2).

Tomy HaitmeHUulozo i HAUGINLULOZO 3HAYEHb DYHKYIA HE MAE.

ITpomixcku 3anaxocmanocmi: upu x > 0 spavenss y = x> ' > 0,

npu x < 0 sHavenna y = x> ' < 0.
3asHauYMMO TAKOXK, (o upu x = 1 snavenns y = 1 ' =1,

fAxr Bimomo 3 Kypey airebpu Ta reomerpii, rpadgikom GyHEDII y = x' = x
€ npAMa, KA NpOXOJUTh Yeped modyaTok kKoopauHat (puc. 86), a npu iHmmux
HeMapHUX HATYpaIbHUX o GyHEnis y = x* ! n € N, mae rpadik, ananoriu-
muil rpadiry dyuknii y = x* (puc. 87).

3. Oymrnia y = x* (0 — HenapHe Bix’emHe umHcao). AKmo o — HemapHe
Big'eMHe uncio, To pyEEmia y = x ¥ Y, n € N, mae BnactusocTi Ta rpagik,
NOBHICTIO aHaJoriyHi BaacTuBocTAM i rpadiky GyHRIIL y:i.
X
y=x>, y/ y) y
yp n e N =x
2 y= xz.ra + 1,
ne N

Pmc. 85 Puc. 86 Pmc. 87
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_l -
2n-1"*
X
D (y) = (—eo; 0) U (05 +e0), ockinbkn 3HavYeHHA Hiel GyHELIT MOHA 00-
YHCAUTA TpH OyAb-AKMX 3HAYEHHAX X, Kpim x = 0.
dyuruis Henapra: npu x # 0, axmo f (x) = x @ Y, 10
F(=x)=(-x) @ D=—x@"D=—f (x).

Om:xe, rpadik PpyHELI] cHMeTpUYHHI BiTHOCHO NMOYATKY KOOPJMHAT.

liticio, obnacts BuaHaveHHs Qynrnmii y=x > = x # 0, TobTO

Vpaxosyioun, mo x # 0i y # 0 (g,v=:rc"""""IJ =%¢0}, O/IEPIKYEMO, 1110
X

epagix QuHKYIL y = x?" D e nepemunae oci koopduHam.
Ha npomincky (0; +o) ¢pynryis cnadae.

® Jlificuo, pns gojgaTHUX 3HAYeHb npu X, > X, (x, > 0, x, > 0) oxgepskyemo
2n-1 2n-1 .1 1
g PR BTN —RT ST
2 &
Ha npomixcky (—oo; 0) ¢pynryia mex cnadae. lle sunnusae 3 Toro, 1o ii
rpadik cuMeTpHYHHN BiJHOCHO NOYATEY KOOPJMHAT.
© .Hane,a,emo TAKOM 1 ana._'u"mqﬂe OBI'pYHTYBAHHS: AKIO X, <0; 2, <90
ix,>x, 0 —x,<—x, (i renep —x, > 0, —x, > 0). Toxi 3a obrpynrosa-
HuM Bume (—x,) ¢ D> (—x,)® Y, omxe, —x,%">-—x @Y, Beixcn
2N 09
Hna Toro mob sHaiiTH obaacme 3HayeHb QyHEOII y =x“ Y, n € N,
1

xZn—l

& , omke, ;@ <x®" V.0

ckJajgeMo piBHAHHA x %" U =g, To6TO =a. BoHo mMae posB’sAsku A

Beix a # 0 (Tomi x=2“\”l_ mpu n# 11 x=% mpu n = 1) i TIIBEW TP TAKUX
{a

3HAYEHHAX ¢. Yei ni uuena i ckaaayTs 0b6acTh sHaueHb GyHELNIL. OTice, 06-

JnacTh 3HAYEeHb 3ajaHol QyHENIL: y # 0, 70610 E (y) =(—oc; 0) U (05 +oe).
Tomy Haitmerwl020 i HAUOINLUIOZ0 3HAYCHb DYHKYIS He MaE.

I pomixcku 3rakocmanocnii:

npu x > 0 sHavenus y = x ¥V > 0,

ya‘
a npu x < 0 3HAUeHHHA
‘ 1 Pp=x®-0.20.
peae = Sa3HAYMMO TaKoK, [0 mpH X =1
ne N sHavenHs y = 1@ D=1,
VpaxoByloun BJacTUBOCTI (QYHEIIT
0 x y=x% Y ne N, ogepskyemo i rpadir
(puc. 88).

4. Oyaruia y = x* (0 — nmapHe Big eMHe
gymcno). fkmo o — napHe Big'eMHe unc-
Puc. 88 1o, To GyEELiA y =x %", n € N, Mae
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BJIACTUBOCTI Ta rpadik, MOBHICTIO AHAJIOTIYHI BJAACTHBOCTAM i rpadgiky pyHE-

- 1
i1 y=—;.
y o

. s : 1
Hilicno, obnacme eusHawenHsa (GyHENII y=x m=——§: x # 0, Tobro
x

D (y) = (—e=; 0) U (0; +<=), ockinbkn 3HaueHHA wiel GpyHELII MoyHa 00-
YHUCJIUTHA PN Oy/b-AKMX 3HAYEHHAX X, EpiM x = 0.

DyaEnia napra: npu x # 0, akmo f (x) = x*, 10 f(—x) = (—x) %" = x % =
= f (x). Ot:xe, rpadik GyHELI] cuMeTpUuHMIT BigHOCHO oci Oy.

’ ; 1 ;
Ockinprn npu x # 0 3HaveHHA Y=x 2"=—27>0, TO 2paix PYHKYIL
X

y = x*" He nepemunae oci Koopdunanmi.
Ha npomincry (0; o) hynryisn cnadae.

® JlificHo, An1s HOAATHWX 3HAYEHD NPH x, > x, (x, > 0, x, > 0) ogepsyemo
x> x?, ane Topi —!z;c_%,

X2 X

Ha npomincry (—=; 0) pynkyia 3apocmae.

® Ile BunsmBae 3 Toro, mo I rpadirx cumerpuunmit BigHocHO oci Oy.
Hagesemo Takosx i amanmituuse obrpynrysanns: skmo x, <0, x, <0
ix,>x, 0 —x,<—x (i renep —x, > 0, —x, > 0). Toxi 3a obrpyuaTosa-
HuM Bume (—x,) " > (—x,) %, omxe, x,* <x;*. O

orke, x," <x;*. O

Jns Toro nio6 sHailith obnacts sHaveHs GyHENIL y = x %, n € N, crna-

JeMo piBHAHHA X 2" = a, ToOTO %=a. Boro mae poss’saskm an# Beix a > 0
x

: 1 W B G .
(Tomi x :i%‘"/;J i TIIBKM NpU TAKHX 3HAYEHHAX @. Yci mi unelna i cknagyTs

obmacTe 3HaYeHs (GyHENIL. OTyRe, o6nacme 3Havensb 3agaHol GyHELIL: ¥ > 0,
10010 E () = (035 +20).

Tomy HaitmeHuozo i HAlOLILUIOZ20 3HAYCHb (PYHKYIA He MaE.

3a3HAYMMO TAKOM, 1[0 IpHM X = 1 3HauenHsa y = 1 2" = 1.

Vpaxosyroun BnactaBocTi pyEEWIL ¥ = x %", n € N, ogepmyeno ii rpadir (puc. 89).

1

5. DymEUia y = x° (00 — Helille JOOATHE YHC- y=x2=——,neN
n0). Arkumo oo — Henine goJaTHe YHCIO, TO ”
dyurnia y = x° (o > 0, oo — Henine) mae 06- v
aacme eudnavenna x = 0: D (y) =[0; +e),
OCKLTbKEM 3HAYEHHS CTeleHs 3 JOJAaTHUM He-
ILINM NOKA3HHUKOM O3HAYEHO TLIBKEHM [Jid He-
Bif’eMHHX 3HaYeHb X.

Toxi obnacTh BU3HAYEHHS HeCUMeTPHYHA
BigHocHo Toukm 0O, i dyHENiIS He Moyke OyTH
Hi NAPHOK, Hi HENAPHOK. Puc. 89
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Ockinben npu x = 0 sHauenns y = 0, 1o zpagin Qynryit y = x* (o > 0)
3aencdu npoxodums yepe3 novamox Koopduxani.

ITpn x > O suavenns y = x” > 0.

MozkHa 0GI'pyHTYBATH, IO Ha 6Ciit 00aacmi 6USHAYCHHA (PYHKYIL Y = X°
(o > 0) € apocmarovoio.

Jlna Toro mob sHaiTH obiacTe 3HaYeHb QYHELI] ¥ = X7, CKJaJeMO piB-

1
HAHHA X* = a. BoHo Mae poss’asku mans Beix a 2 0 (toxi x=a'i) i TinekM npu
TAKMX 3HAYEHHAX a. Yei ni umena i ckinagyTs o6aacTh 3HaveHb (PYHEIIT.
Omxe, obsacTs 3HaveHb 3aanol Gyuknii: y = 0, robro E (y) = [0; +oo).

3a3HAYMMO TAKOK, 1110 Npu X = 1 3HaveHHs iy = 19 = 1.

Bobpazkyioun rpadir ¢pysrnii y = x* (¢ > 0, o0 — Henize), cyij ypaxoy-
Baty, 1o npu 0 < o < 1 rpadix mae Burnsjg, anajgoriuauii rpadixy y=\E
(puc. 90)', a npu o > 1 — ananoriuamii npasiit BiTii rpagika y = x* (puc. 91).
6. Dyakmia y = x° (0 — Hemine Bix'emHe umcao). fArmo o — Herine
Big'emue umeno, To pyHELIA y = x° (o < 0, oo — Henine) mae obracTh BU-
sHaueHHA x > 0 (D (y) = (0; +e2)), ocKiNbEN 3HAYEHHA CTEINeHA 3 BiJ eMHHM
HeliTMM MOKA3HWKOM O03HAYEHO TIMBEW A JOAATHUX 3HAYEHb X.

Tozi obnacTh BU3HAYEHHA HeCHMMeTpHYHA BifiHocHO Toukm 0, i QpyHEIIA
He Moxke OYTH Hi napHoro, Hi HenapHoi.

Vpaxosyroun, mo npu x >~ 0 3avenHsa y = x” > 0 (tobto x # 01 y # 0),
oflepsKyeMo, o zpagik pynryii y = x° (0. < 0) ne nepemunae oci koopdumam.

Ha npomixcky (0; +o) pynkyin cnadae, Tobro pnsa JOAaTHUX 3HAYEHB
npm x, > x, (x, > 0, x, > 0) oxepxyeMo x; <xy’.

@ JloBepemo ne, HAIPUEIA, A BUNAIKY, KOJH (. — BiJ’€MHe panioHalb-

He HeTllle Yucso (a:—ﬂ — uenine, m € N, n € N). llpu popmaraux

n

3HAYeHHAX X, >~ X, (x, > 0, x, > 0), ypaxoByioun pe3yJbTaTH JOCTI/KEeH-
HA (yHEUWII y = x° Opw uimoMmy Big'emHOMY o, ofepikyeMo X," <x ™.

Ilorim, 3Baskaroum Ha Te, IO qut_-ucui.ﬂ y:%ﬁ npu JoAaTHUX | € 3pocTa-

F0Y010, MAEMO 1’ x™, Tomi x n <x O

Mosxnaa oﬁr'pyu'ryna'ru, 1[0 i B TOMY BHOAAKY, KOJIM O. — Biji’éMHe ippa-
mioHanbHe YKesio, GYHENIA y = x° Takoxk cllajae Ha Beill obyacTi BUBHAYEH-
HA (T06T0 IpH X > 0).

Ins Toro mob sHaiite obiacTh 3HaveHb QYHENIL Y = X°, CKJIaJeMO piB-

1
HAHHA X° = . BoHO Mae po3B’azkn An4 Beix a > 0 (togi x= a“) i TiNBKW TIpH
TAKHX 3HAYEHHAX d. ¥Yci i gucia i cEIagyTe obnacTh 3HaYeHb (PYHEII.
OT:xe, obnacTs 3HaYeHD 3agaHol QyHELIL: y > 0, Tobro E (y) = (0; +eo).

! Ile 6yse peranssimme obrpyaTosaso B nigpyusury aiaa 11 rmaacy.
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y=x"(a>1,
0. — Herie) i
Y y y=5"{a<0, y/
¥ y=x° o — Heline)
(0<a<l) 1 y=xo0
0 x 0 x |0 x 2 ¥
Puc. 90 Puc. 91 Prc. 92 Prc. 93

Sa3HAYMMO TAKOXK, 110 npHu X = 1 sHavenns y = 1° = 1.

Vpaxosyrouu BinactuBoceri GyHEIIL y = x° (00 < 0), ogepxxyemo ii rpadik
(puc. 92).

Ocobaueuii Bunanok. fAxmo o = 0, To pysrnia y =2 = x’= lnpu x # 0
(narapaemo, mo 0° — e osnadeno) i ii rpagik — npava y = 1 6ea3 Toukrmn
(0; 1) (puc. 93).

N [puknagu po3p’A3aHHA 3aBfaHb

ITpukxan 1 Suaiigite obracTh BHBHAYEHHNA (PYHKIIL:

1) y=(x—3);*;
Pozé’sazanua
1) P x—-3 20, 10610 x > 3, orixe,
D (y) = [3; +e0). <]
2) P x+1:>0, To6T0 X > —1, oT3kce,
D (y) = (—1; +o0). <

ITpuxnan 2
1
2) y=(x+2)*.

Pozé'azanua

1) P Byayemo rpadic y = x°
(puc. 94, a), a noTiM napayensHO
nepeHocuMo Horo B3moByk oci Oy
Ha +1 (puc. 94, 6). <

2) P Byayemo rpadik y=x
(puc. 95, a) a moriMm mapayieTbHO

neperocumo iioro B3aoB:k oci Ox
Ha —2 (puc. 95, 6). <

Dy=x°+1;

| bt

o

2) y=(x+1) ;.

Komenmap

Vpaxosyenmo, mo Bupas a® osHa-
1
uenmii mpu a = 0, a Bupaz q ¢z —

Tinmekn npu a > 0.

Ilobynyiite rpadir QpyHEmii:

Komenmap
I'padirm 3agaBpmux QVHELIH MO¥-
Ha OTPHMATH i3 rpadikiB QyHELIH:
1) y=2x°2) y:x% 3a JIOIIOMOroI0
TapasieIbHOTO IePeHeCeHH s :
1) va +1 yagoe:x oci Oy;
2) ma —2 B3nos:x oci Ox.
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y/ v

y=x5+1

1 1

y=(x+2)"
0 £ /0 x

x
a 6 a 6
Puc. 94 Pue. 95

3anuTaHHA ANA KOHTpOno

Kopucryiouner rpadirom pignopiguoi ¢yHENII, oxapakTepusyiite
BiaacTuBocti QGyHEHIT y = x7, axmo: 1) o — napHe HaTypaJbHEe YHCJIIO;
2) o — HemapHe HATYpAJIbHEe YHCI0; 3) (L — HelNapHe Bi/I’€MHe YHCJIO;
4) o — napHe Big'eMHe umMesio; 5) o — Herijie Big’eMHe UYMCIIO;
6) 0. — Henjiie JoJaTHE YHCJIIO.

2", ObrpyHTyiiTe BIACTHBOCTI cTeneHeBol ()YHEILI] B KOXKHOMY 3 BUIAJKIB,

YKAzaHMX y 3aBAaHHI 1.

EEE Bnpasu
1. BualigiTe obnacTe BU3HAYeHHS (PYHEIIL:
i
Dy=x% Dy=x% 3) y=(x-1)*;
_2 5 =

4) y=x7; 5) y=(x*-x)3; 6) y=(x*—x+1) 2.

2. TIlobyayiiTe rpadgir pyHENIL:
I
My=x4 2)y=x5 Jy=x% 4dy=x"% b)y=x%
5 1 1

6) y=x% Dy=(x+ 1) 8) y=x°-3 99 y=|x[* 10)y=[x"—1|.

3. Ilobyayiite i nopiBusiiTe rpadiku GyHEIi:
1 1

1) y=x i y=x5; 2) y=4x i y=x*.

4, Posp’s:xiTe rpadiuHo piBHAHHS:
1 b 5 =

1) x2=6-x; 2) x 3=x% 3) xZ2=2-x; 4) x 1=2x-1.

IlepeBipTe mifcTAHOBEOIO, M0 3HAYEHHSA X [IiHCHO € KOPEHEM PiBHAHHA.
5%, JloBexmiTe, [0 PiBHAHHA, HABEJEH] B 3aBAaHHI 4, He MAlTh IHIIHX KOpe-

HiB, KpiM 3HalijeHnX rpadidyso.
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§13

3ACTOCYBAHHA BAACTUBOCTEN ®YHKLIIX
AO PO3B’A3YBAHHA IPPALIIOHAANBHUX PIBHAHD

13.1. 3acTtocyBaHHA BAacTMBOCTEN QYHKLIW A0 PO3B'A3YBaHHA

ippauioHanbHUX PiBHAHBb

Haragaemo ocHOBHI iflel, AKi BHKOPHCTOBYIOTH NPH pO3B A3YyBAHHI piB-
HAHB 38 JOIIOMOTOI0 BJIACTHBOCTEH (PYyHEILINA.

Tabnumna 22

1. CkiHyeHnHa OA3

OpienTHp

Mpuknaap

Awmo obaacTeE HOMYCTHMHX 3HAYEHBb
(O]13) pieaauas (HepiBHOCTI abo cue-
TeMH) CHIAJAETHCH i3 CKIHYEeHHOro
yHCJA 3HAYEHB, TO /UIA pPOo3B’A3yBaH-
HA JOCTATHLO TepeBipWTH Bei 1 3HA-
YeHHM.

Po3sp’axiTh piBHAHHA
Jx-3+2x?=6-2x +18.
> ons: {x—SBO, ) {x>3,
6—2x=>0. x<3.
Orixe, OII3: x = 3.

Ilepegipka. x = 3 — KOpPiHB
(Vo+18=%0+18;18=18).
Inmux kKopeHiB HeMae, OCKLIBKH 10
OJ13 BXOIUTEL TINBKW OJHE YHCJIIO.

Bidnosidv: 3. <

2. OujiHKa 3Ha4yeHb NIBOI Ta NpaBoi HacTUH PiBHAHHSA

OpieHTHp

Mpuknap

Jf(x) a,
" |g(x)=a

fO-z® | &
f&) >a,

gx<a

§Slkuo noTpiGHO pO3B’A3ATH PiB-
uaung suay [ (x) = g (x)is’scysanocs,
o f (x) > a, g (x) < a, To piBHicTE MiK
JiBOXO i IPABOX0 YACTHHAMY PiBHAHHA
MOKJIMBA JIHIle Y BUIAAKY, Axulo | (x)
i g (x) onHOYACHO IOPIBHIOIOTE @.

Posg’ssxiTh piBHAHHSA

Va2 —5x+6 =4x—x? 4.

P Banmmemo zagaHe pIBHAHHA TAK:

Vet —5x+6 =—(x* —4x+4),
V? —Bx+6 =—(x-2)%,
f()=vx*—5x+6 >0,

gx)=—Ax—2F<0.

Otsxce, 3a1aHe PIBHAHHS piBHOCHJIBHE

cucTeMi
Jx?-5x+6 =0,
—(x—2)*=0.
Iz  gpyroro piBHAHHA OJEpPIKYEMO
X =2, WMo 32J0BOJBHAE H TEPHIOMY

PiBHAHHIO.
Bidnoside: 2. <
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Ilpodoexcennsn maba. 22
3. BukopucraHHa MOHOTOHHOCTI QYHKLIA
Cxema po3B'asyBaHHs PiBHAHHS

—
.

ITid6upaemo odun abo dexinvka KOpeHié Pi6HAHHA.
2. Jloeodumo, ujo iHuux KopeHie ye pieHAHHA He Mae (BMEOPUCTOBYIOUH Teope-
MM NP0 KOpeHi piBHAHHA ab0 oIiHKY JiBOI Ta MpaBoi YacTHH PiBHAHHA).

Teopemu Npo KOpeHI pIBHAHHS

1. Sxkmo B piBEaaEmi [ (x) = a Qynxmisa

y/ D f(x) _:s]mc'mc (cn‘mlac) HA JIesiIKoMY

1\\-/ NMPOMIJKERY, TO Ile PIBHAHHA MOKe MATH

yaa |, e:"/ He 61..:|1.11| HIK O/IHH KOPIHB HA IHOMY
NPOMIiERY.

\/! Ipuxnan
PiBasanHA J;+29J;=3 Mae €IuHUN

Kopiae Xx =1 (\E+2-QE=3, T0oOTO
I 0 a x P * 8=3), ockimeknm oyuknis f(x)=
=Jx+2¥x 3poctae (Ha Beili o6sacTi

BusHaveHHs x = 0) ax cyma gBOX 3poc-
TaYHX QYHEIIH

2. Slxmpo B piBasuui [ (x) =g (x) pynx-
uin [ (x) spocrae HA OeAKOMY IIPOMiK-
Ky, & hyEkuis g (x) cnajae HA ULOMY
camoMy mnpomixkky (aG0 HaBHAKM), TO
Ie pPiBHAHHA MOJKe MATH He OLIbIn HiK
OJIMH KOPIHBL HA UBOMY IIPOMIKKY.

»—

Ilpuknan
PiBasanusa J;:s-x Ma€ €INHHH KO-
pine x =4 (V4=6-4, 2=2), ockim-

KH f(x):\,; apocrae (nmpu x = 0),
a g (x) =6 — x cnagae

EEE [loscHeHHS il OGr'pyHTYBaHHA

1. Buxopucranns ckiruenHocTti 0/I3 ans po3B’A3VBAHHA ippalioHAJIBHHX
pieEaEb. OCHOBHHMHE cmocobaMu po3B’sA3yBaHHSA ippallioHABEHUX PIBHAHB,
1[0 BUKOPHCTOBYIOTH YV KEypci anrebpw i mouaTkiB aHam3y, € BHKOHAHHA PiB-
HOCHJIBHUX TIEPETBOPEHE PIiBHAHB abo oJep:kaHHA PiBHAHB-HACHIZKIB, AKi
TOBBOJIAIOTH BBECTH 3aJaHe PiBHAHHA [0 panioHambHOro. AJlle iHOMI omeprka-
He parioHaJbHEe PIBHAHHA BHABIAETHCA CEIAJHMM I1A poss’azyBanHsa. Ha-
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NpuKIaj, piBHAHHA +X -3+ 2x° =46-2x +18, uaBejeHe B nyHETI 1 Tadmam-

mi 22, MoyKHa 3BeCTH IO paIioOHAJILHOIO, i30/I0I0YN 6—2x i migHocsum
00HIBI YACTHHHU JI0 YeTBEpPTOro CTelleHs, a MOTIM i30/10104U BHpa3, AKHI
micTuTh Vx—3, i nmijHocsaun obuaBi yacTHHY 10 KBajgpaTa. Asle B peaysbTaTi
MH OJIEpPKY€E€MO IIOBHEe PIBHSHHS LIICTHAJIATOrNO cTeleHsd. ¥ TAKHX CUTyaIli-
AX clpobyeMo 3acTOCYBATH BiJloMi HAM MeTOAM PpO3B’S3yBAHHS PIBHSAHB,
o’ A3aHi 3 BUKOPHUCTAHHAM BJacTuBocTel QyHENiN. 30kpeMa, y pPOSIIAHY-
x—-320,
6—2x>0.
TITBKM O/ffHEe 3HaYeHHA x = 3, Ake BXomuTh Jo OJI3. Ockinbkm Oyab-AKMii
KOpiHb PiBHAHHA BXOIUTH Jo iioro OJI3, mocTaTHRO NepeBipuTH, YU € Ti YHC-
Ja, mo BXoaaTh go OJ13, kopersMu 3azaHoro piBHAHHA. [lepeBipka mokasye,
me x = 3 — Kopiek. [HIMX KopeHiB 6yTH He Moxe, ockinekn OJ[3 piBHAHHA
CRJAJAETHCH TLJIBKM 3 OJHOIO 3HAYEHHA X = 3.

3ayBajkAMoO, 1110 B TOMY BHNaJEY, Koam OJ13 saxanoro piBHAHEA — MO-
POKHS MHOKHHA (He MICTHTH JKOAHOTO YMCJA), MH HaBiTh Oe3 mepeBipKH
MOKEeMO JIaTH BiIIOBiJb, 10 piBHAHHEA He Mae ropeHiB. Hanpuknan, axmo
noTpibHO po3B’A3aTH PIBHAHHSA Je-3=¢ 2—x+bx, To #oro OJI3 zagaeThes
x—3820, x=3,
2—x20, {x <2
JIAHOTO PiBHAHHA HE MICTHUTBH JKOJHOIO YHCJNA, i TOMY Ile PiBHAHHA He Mae
KOPEeHiB.

Tomy piBHsiHHI OJI3 BuU3HauaeTbes yMoBaMM { 3BiJIKH O/IepIKYyEMO

CHCTEMOIO { AKa He mMae€ poss’askiB. Otixe, OII3 za-

2., Ouinka 3HAYeHSH JIBOI TA NMPABOI YaCTHH piBHAHHA, |HOKI B THX BUIIa]-

KaX, KOJH ippallioHaNLHe PiBHAHHSA 3BOJUTLCA 0 POMI3IKOI0 panioHaIbHO-

ro (abo 30BciM He 3BOAUTHCSA JI0 PAIIOHAJIBHOIO), AOILILHO CIIPOOYBATH OIi-

HHTH 3HAYeHHA (WHEIH, AKi croaTs y JiBiil i npasiii yacTuHAX piBHAHHSA.
Hanpuknan, mo6 poss’sasaTu piBHAHHS

e+ +§x+1=1, (1)

mocTaTHRO 3HaHTH foro OJI3: x>0 i 3a JomoMoro piBHOCHIBHHX IEPETBO-

PEHB 3alMCcaTH HOTo YV BHTJIAL Jx +%/; =l—m. ¥ miBiit yacTHUHI oCTaH-
HBOT'O PpIBHAHHA cTOITH GQyHENIG [(x) =Jx +§/; =20 ma Beilh obnacti
BHU3HAYEHHS, a B npasiii — ¢yurmnia g (x) =1-§x+1 <0 NpH BeixX 3HAYEH-
HAX x 3 O3 (ockimerm mpm x>0 Yx+1> 1). Toxi piBHicTE MiXX JiBOIO
i mpaBor YacTHHAMY PiBHAHHA MOYKJIMBA TiMBKEW B TOMY BHTISIKY, KON BOHH
OJTHOYACHO JIOPiBHIOIOTE Hymo. Otixe, piBHAHHEA (1) piBHOCHIIBEHE cHcTeMi

{f(:r)= - TOOTO cHeTeMI JJ_H-%,;:O’ (2)
g(x)=0, 1-{x+1=0.
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Posp’sizkemo crnouaTRy Tiepile piBHAHHA Iiel cMcTeMH. Ypaxyemo, IO
Jx>0i ¥x>o0. Cyma nBox HeBi'eMHHX (pyHKLill MOsKe NOPIBHIOBATH HYJIIO
TOAL i TLILKM TOAL, KOJIM KOJKeH 3 JoJaHKIB nopiBHIoe HY0. OToke, piBHAHHSA

Jx=0

Jx+ix=0 piBHOCHIIBHE cHCTEMI { " sika mae eymEnit poas’szok x = 0.
Yx =0,

Ileii poss’sAsok 3ajJ0BONIBHAE 1 Apyre piBHAHHA cueTemm (2) (midicHo,
1-Y0+1 =0, 0= 0), orsxe, cucrema (2) Texw Mae TLILKM OJMH PO3B’AZ0K
x = 0. Taxum unsoOM, i pieuauusa (1) mae eguunii Kopius x = 0.

3. BuxopucTasaa morHoroHHOCTI Qyakmiii. Ille oganm crocoGom poss’aAszy-
BAHHA THUX ippanioHalbHUX PiBHAHL, SKi 3BOAATHLCS J0 I'POMIsJKHMX parrio-
HAJBHHUX, € BHKOPUCTAHHSA 3pocTaHHsA abo crnajgaHHd BianoBigHux QyHELIA.
Hatiuacriie me 3ilficHIOIOTE 38 TAKOK CXEMOIO:

1) nid6upaemo odur abo dexinbka KOpeHi6 PIBHAHHA,

2) dosodumo, w0 IHUIUX KOpPeHIi8 Ue PDIBHAHHA He Mac.

OO0r'pyHTYBaHHSA BIINOBLIHUX BJACTHBOCTEN HaBeaeHO B NYHETI 3.2 pos-
giny 1, a NpUEJia i BUEOPHCTAHHSA IBOro criocoby /s poss’sizyBaHHA ippa-
MioHANLHUX piBHAHE — y TaGmumi 22.

HEN Bnpaeu

Poszs’asxiTe pisHanHA (1—4) Ta cucTemu piBHAHSB (5), BHKOPHCTOBYIOUMN

BJIACTHBOCTI BiANOBIIHUX (DyHEI[IH.

1. ) Yer-1+x={2-222 +x+2;
2) 2x+Jx?—5x+6=x%+{10x—2x*-12-3.
2. 1) $16+x*=2-Vx*+21; 2) 1+|x—Jx|=§1i-|x[;

3) J:_C+L:1—x—x2; 4) Yx—2+-— L _—2_|x-3|.
% R =Rt

8. 1) Jr-1+{x*-1+¥x*-1=0;  2) |[Vx-2|+|\Jy-5|+{xy-100=0.

4. 1) Jx-7T+¥x=3; 2) Yx+12+Yx-3=3;
3) 24x—1+Jx+2=6—48x; 4) 2[;+g[;=%.

) {J‘J'J.EJE ” {x"‘—é@:y“—%&,
24x -4y =2; Jx +Jy =4.

13.2. MNpuknaau BUKOPUCTaHHA iHLLMX cnocobiB po3B’A3yBaHHA
ippauioHanbHUX pPiBHAHb
flgmo, pose’asyioum ippalioHanBHI pPiBHAHHS, MH BHEOPHCTOBYEMO
piBHaHHA-Hacmiaen (e y § 11), To B EiHNl cJiJl BHEOHYBATH NEPEBIPKY
O/lep;KaHMX PO3B’fA3KiB. Ale B THX BHNAAEAX, KOIH I[i PO3B ABKH — He




§ 13. 3acrocyeanHs BAACTHBOCTER QYHKLIN AC PO3B ASYBAHHS IppaLIoHanbhkX piEHAHE 209

palioHAIBEHI YMcJia, MepeBipka 3a JOMOMOToI0 ITiICTAHOBEN OJep KaHuX 3HA-
YeHb Y MOUYATKOBE PIBHAHHA € JOCTATHBO CEJAJHOI0 i rpomisgkor. Ilna Ta-
KMX PiBHAHB JOBOJAWNTHCA BHKOPHCTOBYBATH PiBHOCHJIBHI NepeTBOpeHHA HAa
KOYKHOMY Eporli poss’asyBaHHA. [Ipm npoMy HeobXigHOo mam’ATaTH, 110 Beil
PiBHOCHJIBHI TI€peTBOPEHHA PiBHAHL UM HepiBHocTel BHEOHYIOTH Ha OJI3 3a-
JAHOTO PIBHAHHA UM HepiBHOCTI (MyHET 3.1), TOMY, BUKOHYIOUHM PiBHOCH.JIb-
Hi MepeTBOpeHHsA ippalioHAaNBHUX piBHAHB, HeobxigHo BpaxoByBatH OJI3
3ajjaHOro piBHAHHA. TakKo JOCHTH YACTO B IMX BHIAJKAX MIPKYIOTH TaK:
0na ecix Kopenie 3a0aH020 PIGHAHHA 3HAKU NIBOL | NPABOL LACMUH PIEHAH-
HA 30izaombcs, OCKITBKHM MPH MiJCTAHOBI(l B 3ajaHe PiBHAHHA YHcJa, AKe
€ iforo KopeHeM, OJIEPKYVIOTE NMPaBHJIBHY YMCJIOBY PiBHiCTH. BHKOpHCTOBYIO-
Y OCTAHHE MipKYBAHHA, YACTO BJAETHCA OJEPIKATH AKYCH JOAATEOBY YMOBY
JS KOPEHIB 38JJaHOTO PIBHAHHSA 1 BUKOHYBATH PiBHOCHJIBHI NEpeTBOPEHHA
He Ha Bciit OJI3 maHOrOo piBHAHHA, 8 HA AKiiich Ti yacTHHI.

Ilpuknag 1 Posp’suxiTh piBHAHHSA V2x+1-Jx+1=1.

Poszeé’szannsn Komenmap

2x+120,

> Ol {x+1>0.

i 1
Poss’sasok 1iei cneremn: x 9—5.

Ha OJ]I3 zajgane piBHSHHSA piBHO-
CUJIbHE PIBHAHHAM:

V2x+1 =1+-Jx+1,

(V2x+1) =(1+vx+1)’,
2x+1=1+2Jx+1+x+1,
x—1=2x+1. (1)
Jlns Beix kopediB piBHsuH#A (1)
x—120. (2)
3a piei ymoBu piBHsauHSA (1) pis-
HOCHUJIbHE PIBHAHHAM:
(x-12=(2Jx+1),
»-2x+1=4(x+1),
x2—6x—-3=0.
Tomi x=3+2+3.

BuroHaeMmo piBHOCHJILHI Ie€peTBoO-
PeHHS$ 3ajlaHOr0 PiBHAHHSA.

VpaxoBywouu, 1110 Bei piBHOCHILHI
nepeTBOpeHHs BUEOHYIOTheAa Ha OJ13
3a/laHoro piBHAHHSA, 3adikecyemo ¥oro
OJ13.

Ilepenocsauun Bupas (— x+l) is
JiBol YacTHHHM PpIiBHAHHA B IIpaBy
3 IPOTHJIEKHHM 3HAKOM, OJEpP:KyEMO
PiBHAHHSA, PiBHOCHJEHE 3aJaHOMY.

¥ piBHAHHIL V2x+1=1+x+1
obugBi uacTMHM HeBiJ'eMHI, OT¥Ke,
TIpHM TigHeceHHI 000X 9YacTHH JI0 KBa-
JpaTa OJEepIiKYEMO PiBHAHHA, PiBHO-
CUJIBHE 38J]aHONMY, HAKe PiBHOCHJIBHE
pieaasH (1).

IIna Beix wopenie piBEamasa (1)
BOHO € TIPaBHJIGHOK YHCJIOBOI PiBHIiC-
TIO. ¥ I[iii piBHOCTI TIpaBa YacTH-
HA — HeBiJ eMHe YHCJIo (2dx+l 90),
Tojl i JiBa YyacTHHA € HEBiJ €MHHM 4HC-
oM, To6T0 X — 1 > 0 114 Beix kopeHiB.
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x,=3+2\’§ — Bxoauts o O3
i sajioBonkHsie yMoBi (2), orike, € KO-
peHeM 38/1AHOIO PIBHAHHA:
x2=3—2s/§ — BxoguTh go OJ13, ane
He 3aJI0BOJBHAE yMoBi (2), oTike, He
€ KOpeHeM 3a/IaHOT0 PiBHAHHA.

Bidnogide: 3+22. <

Ipuxaan 2

Tozi za ymoewm (2) 0buasi yacTuHM
piBusuua (1) HeBixg'emui, oTike, npu
mifiHeceHHi 060X YACTHH 0 KBaJpaTa
O/IepIKYEMO piBHOCHJIbBHE PIiBHAHHSA.
Ane micsasi Toro sik 3HalijieHo KopeHi
1BOro PpiBHAHHA, HeoOXiJHO IepeBi-
PMTH He TLILEH Te, YU BXOJATH BOHU
po OJ13, a #i uu 32J0BOJILHAIOTL YMOBI
(2). Insa raxol nepeBipkHM J0CTATHLO
B3ATH Hab/MiKeHi 3HAYEHHS KOpeHiB
x, =~ 6,4 a x, ~ —0,4.

Posp’aziTe piBHAHEA Jx+3—4Jx—1 +Jx—2-dx—l =x+2.

Komenmap
Bamina {Jx—1=£ Ja€ 3MOry NOMITHTH, 10 KOXKEH BUpas, AKUH CTOITH
i/ 3HAKOM 30BHIIIHBOIO KBAJIPATHOIO KOPEH$, € KEBaJpaToM JABOYJICHA.

3acTocoBy0oUH (GOpMYITY Ja? =|a|, opepxyemo piBHsHHSA, moO MicTHTH

3HaKE MOIYJA, LA pOBB’HSYB&HHﬂ AKOI'0O BHEOPHCTOBYEMO TAKWH NAaH:

1) 3snaiimu OJ]3:

2) 3Haiimu wyni ecix niomodynvrux QYHKYIiL;
3) nosnaxumu nyni va O3 i posbumu O3 Ha npomincKu;
4) 3Maiimu po3e’a3Ku PIEHAHHI 6 KONHOMY 3 NPOMINCKIE.

Pos3e'a3anns
P Hexait Vx—1=t, get > 0. Tomi x — 1 =t% x =12 + 1.

OpepcyeMo piBHAHES V12 +4—4t +4t2 +1-2t =% +8,

AKe MOJKHA 3aIMCATH TaK: J{t —2)? +J(t —1)? =t*+3. Bpigcn
lt—2]+|t-1]|=¥+38. (1)
1) OJI3 pisusuH# (1): t € R, ase 3a 3micToM 3aBIaHHA Ile PiBHAHHA MOTPi6-

HO po3B’sizaTu npu { = 0.

2) Hyuni migmopymeaux yekmin: t =21if = 1.
8) Mi myni posbuBaioTh obiacts ¢ > 0 Ha Tpu I I m

IPOMIKEM, Y KOYKHOMY 3 AKUX KOYKHA IiJI-
MoAyibHa (YHEIIS Ma€ NOCTiHHMII 3HaAK

(puc. 96).

Ipowmiskok 1. Ilpu ¢ € [0; 1] maemo piBHAHHS
At —2)—(F=-1=E 1+ 3.

~ A\ VT +

0 1 2 t
Puc. 96

Toxi t? + 2t = 0, t = 0 abo t = —2, ane B npomizkok [0; 1] BXxoauTE TiMBEEN

t=0.
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ITpomizkok II. Ilpu t € [1; 2] maemo piBHAHESA

—(t—2)+(t - 1) =1*+ 3, Axe piBHOCHJBbHe piBHAHHIO t? = —2, 1|0 He
Mae KopeHiB. Omxke, y npoMizkry [1; 2] xoperiB Hemae.
ITpomiskok III. Ilpu t € [2; +eo) Maemo piBHAHHSA

t-2)+@@-1)=

t* + 3, 3 Axoro ojieps;yemo piBHsauHA 12 — 2t + 6 = 0,

1o He Ma€ KopeHiB. OTike, vy mpoMizkEy [2; +oo) KOpeHIB HeMaE.
006’ eiHYIOUHN 0/JIepIKAH] pe3yabTaTh, poOMMO BUCHOBOE, 10 piBHAHHA (1)

Ma€ TiMbKM OJMH KopiHb § = 0.

Bukonyioun obepHeHy 3aMiny, Maemo yx—1=0, aBigenm x = 1.

Bidnogide: 1. <

Ilpuraan 3  Posp’axkiTh piBHAHHA

{x—6)" - 3gf(x—6)(2x + 3) + 2¢(2x + 3)* =

Pozeé'sazanna
B Ockinbku x = 6 He € KopeHeM
38JaHOr0 PIBHAHHA, TO NpHU JIJIEHHI

060X YACTUH PIBHAHHSA HA Y(x-6)" 20
o,u;epmyemo piBHocHerHe pimmmm

2x+3
% \J

1 ﬂ

Ilicna samiam t‘“ Ma€eMo

pisasuus 2t — 3t + 1 KopeHi
AKOro:

f.‘ = 1, t2=_

Bukonasmmu obepHeHy 3aMinHy,
O/IepYEMO:

2x+3 42x+8 1
x—6 =1 abo { x—6 E’
2x+3=1 ik 2x+3 l
x—6 x—-6 8
x=-9 abo x =—2.
Bidnosgide: —9; —2. <

Komenmap

Bukonyenmo Yx-6=u,
Y2x+3=v Ta opepxyeMO pi6HAHHA
—3uv + 2v% =0, yci uneHu K020
Maome o0HAKOBUIl cyMapHUil cne-
nine' — pasa. Tare piBHAHHA HasuBa-
0Th  O00HOpIOHUM |  po36’s3yiont
dinenHam o6ox wacmumn Ha HQI6ULLLL
cmenite odHiel i3 aminnux. Po3gimumo
o0uBI YacTMHW, HANPMEJAjd, Ha U°

(10670 Ha Y(x—6)%).

IIlo6 npu dinenni Ha e6upa3 i3
3MIHHOW He 3az2ybumu KopeHi pi6HAH-
HA, nompi6Ho mi 3HAYEeHHA 3MIHHOL,
npu sSkux yeii eupa3 JopieHoe HYJI0,
DPO32NAHYMU OKpPeMo, TOOTO B LLOMY
OpUEJAIl HMiicTaBUTH 3HAaYeHHA X = 6
B 3ajiaHe piBHAHHSA (Ll@ MOYKHA BHKO-
HATH YCHO, [0 PO3B’A3aHHSA 3AIIACATH
TiNBEW OJEP:RaHWN Pe3yIbTaT).

Jlns Toro mob6 3AificHUTH TaRMil
IaH po3B’A3yBaHHA, He 000B’A3ZKOBO
BBOJWTH 3MIHHI i 1 U: JOCTATHBO TIOMi-
THTH, W10 38/aHe PiBHAHHA OJJHOpijHEe,
PO3ALIMTH OGH/IBI YACTHHY HA ﬁl(x—ﬁ)z,
a Byke NOTIM BBeCTH HOBY 3MiHHY f.

3aMiny

! B ozmavensi ogEOpigHOro pieEAEEA He BpaxoByOTE WieH 0, AkWil cTenens He Mae.
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EE 3anuTraHHA 1A KOHTPOMO
1. TlosicHiTk, AKi OOMesKeHHS I0BEETHCA HAKJIACTY HA BMiHHY X, 11106 poaB’ A3aTh
piBHAHHESA VX —2=x—6 3a ONOMOIOI0 PiBHOCHIBHHMX TIEPETBOPEHb.
2. HasepiTe npuknaj ojpHopijHoro ippauionasbroro pisuauusa. Criaagith
nJaH foro poss’s3yBaHHS.
EEN Bnpasu
1. Posp’suxire ippanioHanbHe piBHAHHS 3a JONOMOIO piBHOCHJIBHHUX IIe-
PeTBOpPEHb:
1) Bx—2=5-x; 2) 38-2x-V1-x=1;
3) VBx+4+Jx-4=2Vx; 4) Jx+5+Jx=Jax+9.
Posp’sisciTe piBHauus (2—5).
1) Jx+2Jxv1 +Jx—24x—1 =x+1; 2) Jx-3—2Jx—4 +wa4wfx-4 =1.
1) Y+ +28fx-1 =38 —1;  2) 2+ xJx+1-2(x+1)=0.
1) Va-1-Jr—2=4x*-38x+2; 2) x+3-Px+1=2.
5 x\/_ 1 J_ 1_

Ve o
§14

gy 1 .Y
) ol 8

IPPALIIOHAABHI HEPIBHOCTI

Tabmunosa 23

OpieHtup

| Mpuknag,

1. Metog iHTepeanie (ana mepisaocTei Buay [ (x) = 0)

1)
2)

SuaiiTn OJI3 mepisnocTi.
3uaiiTh Bymi pyermii f (x)
(f (x) = 0).

3) BigmiTuTn ®Hyx JyeERIDii Ha
B HOKHOMY NMPOMIZKKY, HA fKi
posbuBacTeca OJ13.

3anmMcaTH BiINMOBiIL. VPAXOBY-

HOUYH 3HAR HepiBHOCTI

4)

O/13 i 3mailiTH 3HAR QVHRIHL

Po3p’a:kiTh HepiBHiCTE Jx+4>x+2.
P 3BajaHa HepiBHiCTH piBHOCHUIBLHA HEpiB-
nocri Vx+4—x—2>0.
INoszrauumo f(x)sz+4—x—2.
Ol13: x + 4 = 0, TobT0 x = —4.
Hymi f (x): vx+4-x-2=0, Jx+4=x+2,
x+4=2"+4x+4,2*+3x=0,x, =0 —
KOpiHB, X, = ~3 — CTOPOHHI# KOPiHb.
Bigmiuaemo vyai Ba OJ13 i 3EaxomMo 3HAK
¢yuELii f (x¥) vy KOXKHOMY IPOMIEEY.
N—'
2 0 2
Bionosgidv: [-4; 0). <
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Ilpodosxcenns maba. 23

2. PiBHOCWNEHI NepeTBOPEHHS

1)

Ilpu mignecenni 060X YACTHH
HepIBHOCTI /I0 HEMAPHOrO CTe-
nenn (i3 sbepekeHHAM 3HAKA
HePiBHOCTI) OIePsKyEMO HepiB-
HiCTh, PIBHOCHJIBHY 3aJIaHiil
(ma OJ13 zapanoi)

Poas’ssxits Hepisnicts Yx+2 <—1.
P OI3: x € R.
3a/iaHa HepiBHICTH piBHOCHJIBHA HEpPiBHO-
CTAM:

(J“x+2)a¢{—l)"‘, x+2<-1, x < -3.
Bidnogidv: (—e; —3). <]

2)

Axkumw oOMABI YACTHHM He-
pisHocTi Hemix'emmi, TO npmM
nigHecenuni 060X wYaCTHH
piBHOCTI 10 MAPHOTO cTenens
(iz sbepeskeHHAM 3HAKA HepiB-
HoCTI) OIepPIKYEMO HEpPIiBHICTD,
pisnocHaLny s3ananiii (ua O3
38/1AHOT)

He-

Poss’szxits uepisuicts 42x—6 <1.
P O/13: 2x — 6 > 0, To6r0 x > 3. O6UaBI
YACTUHM 38/1aHOI HepiBHOCTI HeBijx eMHi,
orske, BoHa piBHocuibHa (Ha Ti OJ13) He-
piBHOCTSIM:

(42x=6) <1*, 2x -6 < 1, x<—.
Vpaxosyiouun OJI3, oxepixyenmo
SKx%,
2

Bidnogidv: [3, %) <

3)

Axmo ma O[3 3anamoi me-
PIBHOCTI AKACH YACTHHA He-
piBHOCTI Moxe HAOyBaTH #AK
TAK 1 Bir'emMEHX
3HAYEHL, TO, Nepll HDK Iix-
HOCHTH OOMIBI YACTHHH He-
PIBHOCTI /10 NMAPHOIO CTeNeHd,
ni BMIOAJAKM CJHiT PO3rIANATH
OKpeMOo.

Hanpuknam,

@) >g) e

NOOATHUX,

{g‘(x) >0, {f (x)=0,
=

(@) > g% (@) 2% le@)<o.
f(x)=0,
2ff () < g(x) & 12 (x) >0,

f@)<g*(x)

Poap’sasxiTe HepiBHiCTE Yx+4 >x+2.
P Bajana HepiBHICTH PIBHOCHJIBHA CYKYII-
HOCTI CHCTeM:

{x+2>0, {x+4>0,

5 abo 92<0
(Vx+4) >(x+2)? X+ a<.
Tori x>-2, o x=-4,

O a2 +3x<0 0 |x<-2.
Posp’szaBmm HepiBHicTs &% + 3x < 0, ma-
emo -3 <x <0.

.

A

_3\—_-/0 5
VpaxoBywouu HepiBHicTB x > —2, ofep-
JKYEMO  PpO3B’H30K  IepHIoi  cHCTeMM:
—2 < x < 0. Posp’azor gpyroi cucTeMm:
—4 < x < —2. O6’e¢auyiouH IIi po3B’A3KH,
OIePyKy€EMO BijIIIOBiIh.
Bidnogide: [-4; 0). <
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EEE [NosicHeHHR 1 O6rpyHTYBaHHA

1. Pose’aszyBanus ippanioHaJbHHX HepiBHOCTeH MeTOHOM iHTepBAJIEB.
3araJlbHy cXeMy po3B’A3YVBAHHA HepiBHOCTE MeToJJOM iHTepBAaJIB IIO-
siciero B § 4 poszginy 1, a mpuMEnaj 3acTOoCyBaHHA METOAY iHTEPBAJIB 0
po3B’A3yBAHHA ippallioHAJILHUX HepiBHOCTell HaBeaeHo B Tabmumi 23.

2. PisHocuasHi nepersopeHHs ippauionajbHuX HepiBHocteit, Komm pna
posp’AzyBaHHA ippanioHalbHUX HepiBHOCTE! BHKOPUCTOBYIOTH PiBHOCHIILHI
[epeTBOpeH s, TO HalyacTilile 3a JI0IOMOro0 IiJHeceHH sl 000X YacTUH Hepis-
HOCTI JI0 O/THOI'O ¥ TOro caMOoro cTelleHs 3a/JaHa HepiBHICTb 3BOIMTHCHA JI0 pallio-
HanbHOI HepiBHOCcTi. [lpn oMy noTpibHo MaTH Ha yBasi Taki BJIACTUBOCTI.
1) $xwmwo obuaBi yacTMHM HEPIBHOCTI JOBOJUTHCH MiJHOCHTH [0 Henap-
HOI'0 CTereHs, TO CKOPHUCTAEMOCS THM, W0 YUCN08i Hepienocmi A > B
i A1 > Bl g60 odHOYACHO npasunbHi, 60 00HOYQCHO HEeNnpasuibHi.
Toxi koseH po3B’aA30K HepiBHOCTI
f(x)>g(x) (1)
(aEnil neperBoOpIOE 110 HEPIBHiCTL Yy NPAaBUILHY YHMCJIOBY HEpIiBHICTE)
Oye Takozk i po3B’sa3KkoM HepiBHOCTI
5L () 5 T ) @
i, HABIAKH, KOkeH po3B’f3ok HepiBHocTi (2) Oyae Takok i po3B’Azkom
HepisuocTi (1), To6Tro HepiBHocTi (1) i (2) — piBHOCHIBLHI. OTike, HMpH
nigHeceHHi 060X YACTHH HepiBHOCTI M0 HemapHoro crenensn (is z0epe-
JKeHHAM 3HAKA HEpiBHOCTI) oep:KyeMO HepiBHICTH, PIBHOCHJLHY 38J18-
miit (ma OJ13 zananoi).
Hanpuknam,

2k+1 f(‘) - g{x) = f('l) > ng: I(-l']

2) Amnamnoriuso, axwo wucna A i B neeid’emni (A = 0, B = 0), mo uucno-
6i Hepisnocmi A > B i A? > B% taromx abo odnovacHo npaeunvii, abo
odnouacro Henpaeuivii. IloBToporoun nonepeani MipEYBaHHA, MaE€MO:
SAKIIO OOWIBI YACTHHM HepiBHOCTI HeBiX'€MHi, To MpH MiTHeceHHI 000X
YACTHH HepPiBHOCTI 0 mapHoro cTemeHd (i3 30epeskeHHAM 3HAKA HepiB-
HOCTIi) OJIEPIRYEMO HEPIiBHICTH, piBHOCHIBHRY 3aaaHii (ma OJ13 zananoi).
Hanpurnan, posriagainym HEPIBHICTE

2ff (x) <g(x) 3)

Ha ii O/I3, ze f (x) = 0, nmomiuaemo, 1[0 Ad Beix po3B’a3KiB HepiBHO-

cri (3) niBa yacTmHa HeBix emHa (apudMeTHYHHI KOpiHB 2"f(x)?O)

i HepiBHICTE (3) MoyKe BHKOHYBATHCS TiNBKH 38 YMOBH
g(x) > 0. (4)
fArgmo BuEoOHyeThes ymoBa (4), To obmaei wactTmEM HepiBHOCTL (3)
HeBi €MHI, 1 IpH MiJHECeHH] 0 apHOTo cTeneHs 2k ofeprky€eMo HEPIBHICTE,
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piBHOCHIIBHY 3aganiil: [ (x) < g% (x) (3Buuaiino, 3a ymosn Bpaxysanus OJ13
3aaHo0l HepiBHOCTI Ta ymMoBH (4)). OTxe,

’f{x} >0,
Af(x)<g(x)={g(x)>0,
]f(-") < g8%*(x)

3) Hxwo 3a JONOMOIOI0 PiBHOCHJIBHUX I€peTBOpPeHb HeOOXi/[HO po3B’ssaTn
HepiBHiCTB

Jf(x) >g(x) (5)
Ha ii O/I3, ze f (x) = 0, To pnsa npasoi yacTuHM 1i€l HepiBHOCTI po3rJia-
HeMo ABa Bunagru: a) g (x) < 0; 6) g (x) = 0.
a) Ilpm g (x) < O mepiBuicts (5) BuKoHyeThes 118 Beix x 3 OJ13 saganol
HepiBHOCcTi, TO6TO HpHM f (x) = 0.
6) Ilpu g (x) = 0 obupei yacTuHM HepiBHOcTi (5) HeBix eMHui, 1 npw mij-
HeceHHi JI0o napHOro creneHs 2k ojepikyeMo HepiBHICTbL, PIBHOCHUJILHY
3a/1aHii:
f(x) > g% (x). (6)
BayBaxHMo, 10 JJiA BeiX poss’saskiB HepiBHocTi (6) obmeskennsa O]13 za-
nanoi HepisaocTi f (x) = 0 BUKOHYEThCH aBTOMATUYHO; OT#e, npu g (x) = 0
JIOCTATHLO 3AIMCATH TLILEM HepiBHicTh (6).
O6’eHyI0UM OJlepyKaHl pesyJIbTaTH, JOXOJAMMO BUCHOBRY, II[0:

(x) > 0, (f(x) >0,
2\}’:f(xlﬁg(3')ﬁ[é(ﬂ o O L
f(x)> g% (x) g(x)<0

BN [lpuknagwu po3B’'A3aHHA 3aBfaHb

I[puknan 1  Poss’sxiTe HepiBHiCTH Jx+3—Jx-1>2x-1.
Komernmap

3BegeMo HepiBHicTH o BUAY [ (x) > 0 i poss’sskemo 1i meTogoMm iHTep-
BaJIiB.

Ina Toro mio6 suaittm Hymi ¢yHEUII f (x), BUKOpHCTAEMO PiBHSAHHSA-
uacaigku. 11106 BUIyUYNTH cTOPOHHI KOpeHi, BUKOHAEMO MepeBipKy oep:ka-
HHUX po3B’A3KiB.

Poszé’azanna
P Bagana HepiBHiCTHL PiBHOCHIBHA HepiBHOCTI Jx+3-Jx—-1-4/2x-1>0.
Mosaaunmo f(x)=vx+3—Jx—1-/2x-1.

x+3>0, x>-3,
1. 0I3: {x-1>0, Tom {*ZL 1060 x > 1.
2x-1>0. x;%,
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2. Hyni ¢pysruii f (x): Jx+3-Jx—-1-/2x-1=0. Togi:
Jat3-Vr-1=v2x-1, (Vx+3-Jx-1) =(v2x-1)’,
x+3—2\‘x+3 . Jx—l+x—l:2x—l, 2Jx+38-Jx-1=38.
ITigHOCHMMO 0OM/IBI YACTHHM OCTAHHBOI'O PIBHAHHA JI0 KBAaJpaTa:

4(x+3)(x-1)=9, 42° + 8x - 21 = 0,

&, =§=L5 — KOpiHb, X, =—% — CTOPOHHIN KOpPiHb.

3. Posbusaemo OJI3 Touroro 1,5 Ha jBa npoMizkk# 1 sHaxoxumo 3Hak [ (x)

V KOYKHOMY 3 MpoMiskKiB (pue. 97).
Bidnoeide: [1; 1,5). < y& =
1 1,5 x
a
Hpuxaan 2  Poss’suxits wepisnicts (JX 85 2, Puc. 97

X
I cnioci6 (meToj inTepBaiB)
Komenmap
BBesiemo 3ajaHy HepiBHicTh g0 BUAY [ (x) > 0 i poss’szxemo il MmeTog0M
inTepBaiB. Jlna Toro no6 suaiitu OJI3 3aganol HepiBHOCTI, Tesk 3ACTOCYEMO

3 a
MeToJ iHTepBaiB, po3B’A3yI0UN HEPIBHICTL +850 (OJ13: x # 0; +8_q
x x

upu x = —2).

Ina sHaxom:xeHHs HyJiB ¢GyHEWii f(x) BuUkopucTaeMO pIiBHAHHSA-
HaCJHiIKH.

Xoua QyuELis [ (x) He Mae HYIIB, ane i y [LOMY BUIIAKY MeTOJ, iHTep-
BaJiB Takoxk npamoe. Tinbku inTepBany 3Hakoctatocti ¢yukLii f (x) 36ira-
IOThCA 3 IHTEpBAJIAMM, 3 AKHUX CKJAJAAETheA 11 00JacTh BUBHAYEHH .

Po3e’'szannsa
P  3Bajana sepiBHicTH piBHOCHIILHA HepiBHOCTI

a3
.Jx—-"g—x+2}0. (1)
x

48
> 0’ . :xa +8
1. Ol3: x Posp’sizkeMo HepiBHiCTH =0
x#0. x
MeTo/ioM iHTepBaJiB (puc. 98). i 2 £
Opepsxyemo: x € (—oo; —2] U (05 +eo).

2. Hyni ¢yaruii f (x):

a
x +8 . 12-0. Toni: Prc. 98
x
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a a
,"T”‘u—z, X A8 4t 4x+d, 20+ 8 =x° — 4x® + 4x,
X
4x* — 4x + 8 = 0 — roperiB Hemae (D < 0).

3. OJI3 mepiBHOCcTi (1) posbuBaeThcA Ha [JBa + T
NpPOMisKEH, V AKMX QyHENIA [ (x) Mae 3Ha- _\- & >
KH, yKa3aHi Ha pucyHEyY 99. -2 0 &

Bionoeidv: (—eo; —2] U (0; +<0). <] Puc. 99

I1 cnoci6 (piBHOCHIIBHI ITepeTBOpeHH )
Komenmap
Jna po3B’A3yBaHHA BUKOPHMCTAEMO PiBHOCHJIBHI NEPETBOPEHHA:

2(x)>0, F(x)>0,
V/()>g(x) & {f(x) > g* @) {g(x) 20

a
x" +8
x

11106 poss’sizaT ojeprkaHy NPOMIXKHY HepiBHICTH =0, ypaxyemo

VMOBH, 3a AKHX Ieil apib Oyae HeBig eMHMM.
V kinni, o6’egHy0un ojlep:kaHi po3B’A3KH, OTPUMYEMO Bi/INOBijb.

Posze’azanusa

x—220, x*+8 x=2,
> Jﬂxx—m: 3 abo | « ™ 2+8
® xTHS}{x_z)Z' x-2<0 >x"-4x+4,
1850 x>2, x*+82>0 x*+8<0,
abo { « ? 142 dxs8 abo {x>0, a6o {x<0,
x<2 ox x<2, <D,

Vpaxosyiouu, mo 4x® —4x +8 >0 npm Beix sHawennax x (D<0
ia=4 > 0), ogepscyeMo, [0 OCTAHHSA CYKVIIHICThL TPHOX CHCTEM PiBHOCHIILHA

x=-2, x<-2,
. |x=2,
CYKYIIHOCTI: 0 abo <x>0, abo (x<0, <
>
* x<2, x<2

Sx22,a000<x < 2,860 x <2< x< -2, a6o x > 0.
Bidnosidv: (—oo; —2] U (03 +0). <

3ayBaskeHHdA. SaNuCcyiouM HaBejleHe PO3B’A3aHHA, 3HAKU PiBHOCHIIb-
HOCTi (<) MosKHA He CTABUTH, JIOCTATHHO HA IMOYATKY PO3B’A3aHHA BANUCATH:
«BukoHaeMo piBHOCHIIBHI ITEPETBOPEHHSA 3aaHO01 HEPIBHOCTI» .
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Ipuxaan 3. Poss’axiTh HepiBHiCTH
V3x+9-44/3x+5 +/3x+14-64/3x+5 <1. )
Komenmap

SamiHa J3x+5=t JIO3BOJISIE MOMITHUTH, 1110 KOXEH BUpas, AKUN cTOITh
i/l 3HAKOM 30BHIIIHBOIO KB&JIPATHOIO KOPEHH, € KBa/IpaTOM /IBOUJICHA.

3acTocoBYOUHN (POPMYITY Jf?‘ =| a|, OJIEP’KYEMO HEPIBHICTB, IO MiCTHTH
BHAK MOJYJIs, /I8 PO3B’S3YBAHHS SIKOI BUKOPHUCTOBYEMO TAKHMMN ILJIAH:

1) anaitmu OJ[3;

2) anaitmu Hyni écix nidmodynvHux GyHKYiiL;

3) gidmimumu nyni na O3 i posbumu O3 na npomixku;

4) 3naiimu po3e’A3KU HepPi6HOCI 8 KONCHOMY 3 NPOMINCKIE.

Poszé'sazannasa

P Hexait J3x+5=t, net=20.Togi3x +5=1% 3x =12 — 5.

OTpuMyeMo HepiBHICTE JiZrda-4t 412 v9-61 < 1, AKY MOXKHA 3aITHCATH TAK:

J(‘ -2)%+ \I(t -3)* <1. Opepxyemo
[t-2|+|t-3|<1. (2)
1. O]JI3 mepiBHocTi (2): € R, ane 3a 3MicTOM 3aBAaHHA I[I0 HEPIBHICTH T0O-
TpibHO po3B’azaty npy ¢ = 0.

2. Hyni migvmogynmesEMX pyHENDA: =21t = 3. I I m

3. Ii mymi poszbusaroTe obnacts t > 0 Ha Tpu Sp=NF o = o
MPOMiKKH, ¥ KOJKHOMY 3 AKHMX KOYKHA MiJI- 0 2 3 i
MOAyNbHA (QVHEIIA MAa€ TOCTIHHHWI 3HaK
(puc. 100). Puc. 100

Ilpomiskok 1. Ilpu ¢ € [0; 2] maemo HepiBHiCTH
—(t — 2) — (t — 3) < 1, 3 aroi ogeprxyemo t > 2, ane B npomiskor [0; 2]
BXOJMTH TiTbEH T = 2.

Ipomisxor II. ITpu t € [2; 3] maemo HepiBHicTs (I — 2) — ( — 3) < 1, sAra
piBHOCHIBEHA HepiBHocTi 0-1 < 0, 0 BUKOHYETHCA TIPH OVAB-AKHMX 3HA-
uyennax t. Otxe, y npomizery [2; 3] poss’saskamu HepiBHOCTI OYyAYyTH Vi
s3HAUeHHHA | i3 1boro mpoMizkkry (2 < f < 3).

Ilpomiskor III. Ilpm t € [3; +eoo) Maemo HepiBHicTh (f —2) +(f - 3) < 1,
3 AKOoI ofiep:kyemMo t < 3, ane B MpOMizKOK [3; +oc) BXOAMTE TiNBKKM BHA-
yeHHA T = 3.

OG’egHy0OUM ofleprKaHi pe3yabTaTH, poOMMO BHCHOBOE, 110 PO3B’A3KaMH

HepieHocTi (2) OyayTe yei 3HavenHs f Ttaki, mo 2 < t < 3.

Buroryouu obepHeHy 3aMiHy, MaeMo 2 < J3x+5 <3, sBigen
4<3x+5<09.
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s 1 1
Tom —nggg.
noeéiov. ,; 3

I 3anuTaHHA ANA KOHTPOSo

1. HasBiTh OoCHOBHI MeTOJH po3B’A3yBAHHA ippanioHAJEHMX HepiBHOCTEN.

2. HaspiTe ocHOBHI eTanu pos3p’sA3yBaHHSA ippalioHAJILHOI HepiBHOCTI Me-
TOJOM iHTepBaiB.

3. OOrpyHTyiiTe cripaBe/IMBicTh TAKMX piBHOCHJIBHHUX NEpPeTBOPEHb:

1) *Jf(x) > g(x) & f(x)> g™ (2);

f(x) >0,
2) Rf(x) <g(x) = {g(x)>0,
f(x)<g® (x);
a 2(x) >0, {f (x) >0,
3) Af(x)>g(x) = {f(x) > g% (x) a 2(4)<0.

Il Bnpasen

Posp’ssxkiTe HepiBHicTh (1—8).

1) Vx-2+2x >3 2) J2x-20+Jx+15 >5.

1. 1) Yx®>-8x-18<4—x; 2) Jx?—3x<5-x.

2. 1) (x-3)Wx2+4<x?-9; 2) (x-DJx2+1<x?-1.

3. )Js+x x® J6+x %2, 2) \!3—2x—12g\!3—2x—1‘2
2x+5 ¥ x+8 2x+1

4,

5.

xJ_Z
1)3J_>J_+5 IJ_

6 1) j=t=t P21 >x—3; 2) Jx'—2x?+1>1-x.
7. 1) J5x+8—6J5x—1 +45x+24-105x-1 < 2;

2) Jx+3-4Jx—1+Jx+8-6Jx—1>1.
8. 1) (M+I)J§+%{M+I)QO;

2) (M+2}J§—%(\IM+2)?O.
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§ 15 PO3B’A3YBAHHA IPPALIIOHAABHWX PIBHAHD
TA HEPIBHOCTEW 3 NMAPAMETPAMWU

Ilpyn posp’sisyBanHi 3aBJaHb 3 NapaMeTPaAMM, Y SIKUX BHMATAETLCH pPO3-
B’A3aTH PIBHAHHSA YM HEPIBHICTH, MOMHA KOPUCTYBATHCH TAKHUM OPIEHTHPOM
(§ 9): 6ydv-akxe pisHAHHA WU HepiGHICMb 3 napamempamii po3e’A3Ymev AK
3eunailii PIBHAHHA YU HepieHicmb domu, noOKu 6ci nepemeopeHHs abo mip-
KYBAHHA, HEOOXIOHI ONA po36°A3YEAHHA, MONCHA 6UKOHAMU OOHOZHAYHO. Ale
6 momy pasi, KON AKeCb NePeMmeoPeHH He MONCHA 6UKOHAMU 00HO3HAYHO,
po3é’asyeanna Heobxidno po3bumu wa Odexinvka eunadkie, wob Yy KOHCHOMY
3 Hux eidnoeide wepe3 napamempu 3anucyséanacs 0dHO3IHAYHO.

Takos Ha erami NOIIYRY IUIAHY pO3B’A3YBaHHS PIBHAHb YM HepiBHO-
crell 3 napaMerpaMy a60 MIpEYIOUM HAJ CAMMM PO3B’S3aHHAM, 4acTo GyBae
3pY4YHO CYIPOBO/PKYBATH BiJIIIOBi/IHI MipKYBAHHS cXeMaMM, 3a SKUMMU Jlerko
IPOCTEKUTH, V AKUN caMe MOMEHT MU He 3MOIJIM OJHO3HAYHO BUKOHATH I10-
TpibHi nepeTBOpeHHs, HA CKLIBKM BUNAJKIB J0BeNocs po3buTyu po3p’AsaHHA
i yuMM BijpisHsA€THCH OJIMH BMIIAJIOK Bijl iHImOrO.

3a3HAUYMMO, 10 PIBHSHHA TA HepiBHOCTI 3 napaMerpaMu Haliuacriine
PO3B’A3YIOTH 3a JOIOMOrOI0 iX PiBHOCHJIBHMX IMEepeTBOPeHb, X0Ua iHKOJIN BH-
KOPHUCTOBYIOTH 1 BJIACTHBOCTI (hYHEIiH, MeTo] iIHTepBAJIIB /il pO3B’A3YBAHHSA
HepiBHOCTe! Ta PIBHAHHS-HACJIIJIKHN.

Ipusaan 1 Posp’soxite pisuanas Jx—2=a.
Komernmap

My He MO3KeMO OJHO3HAYHO JATH BiJNOBiJL HA 3AIMTAHHSA, YU € B 3a-
JAHOTr0 pIBHAHHS KOpeHi, i TOMY Bike HA MepIIOMY KpoIli IOBMHHI po3-
OMTH pO3B’A3aHHSA Ha /BA BHUIAJIKH:
1) a < 0 — xopenis Hemae, 2) a = 0 —
KopeHi € (IuB. cxemy).

Ilpu a > 0 maemo Haiinpocriime ip-
parnioHabHe piBHAHHS, 00MABI YacTUHMH
Aroro HeBig emui. Orske, Npw ImiHeceHHL x—2=aqa%

Ao kBajpara 06ox Horo YaCTHH OEPIKY- | kopewis HeMae x=a’+2

€MO pIiBHSHHS, PiBHOCHJILHE 38JaHOMY.
OJI3 3ajaHoro piBHAHHS MOYKHa He 3a-
nucyBaTH, il BpaxoBaHO aBTOMATUYHO, 00 /I BCiX KOpEHIB OJlep kaHOT0 PiB-
HaHHaA x — 2 =a® 2 0.
Poze’szanua
P 1) IIpu a < 0 piBHAHHS He Ma€ KOpeHiB.
2)lIlpua 20 x—2=a? Togi x=a% + 2.

Bidnogide: 1) axmo a < 0, To kopeHiB HeMae;
2)arkmo a =0, To x =a® + 2. <



§ 15. Po3e sizyeakHA IppauioHanbiix pIBHAHL T8 HEPIBHOCTEH 3 NnapamMeTpaMn 221

[lpuxnax 2
Pozé'szanna'

> Jx+a=38-x-1. (1)

Jliis Beix kopenis pisusuus (1):

3-Jx-12>0. (2)

Topi piBusinus (1) piBHocHIbHe piB-
HAHHAM:

x+a=(3-vx-1), (3)
x+a=9-6Jx—1+x-1,

fx_"l“:i’s;a. (4)

Ins Beix kopeHis piBHAHHSA (4):

8—a
Ed>0. (5)

Toni piBEauusa (4) piBHOCHIIBHE piB-
HAHHIO

%= 3‘“)2. (6)

Vpaxyemo obmeskennda (2) i (5):

3—@:3-1’(3—0)2 =3_|s_g

6 6
23>0,
6

8

3a ymoeow (5) TOI
=8—a

6

. Orxe, ymoem (2) 1 (5) za-
8—a

|8—a
6

3- =0,

JAal0Th CHCTEMY To6TO

B2

a
G =0,

>-10,
{“ woii-10%a €8

a<8,

PosB’akiTh piBHAHHA Jx+a+Jx-1=3.

Komenmap

BukxopucTaeMo piBHOCHIIBHI TEpPETBO-
peHHA 3ajaHoro piBHAHHA. [ 1boro
HeoOxigHO Bpaxysaty ioro OJ13:

{x+a>0, 7
x-120. (8)
Ilpn nepenecensi wieHa 3ajaHO-
ro piBHSIHHA 3 JIiBOI YACTUHHM B IIpa-
BY 3 NPOTHJIEKHUM 3HAKOM OJIEPIKAIN
piBHOcH/IbHE piBHAHHSA (1).

Insa Beix kopeniB piBusuaa (1)
BOHO € NPABUJILHOK YUCJIOBOIO piBHIiC-
Ti0. Mloro niBa wuacTuHa HeBix eMHa,
orike, 1 mpaBa uacTMHa Mae GyTH
Hesijg'emuoo. Toxi jgami  mMosHa
posB’azyBaTu piBHaHHA (1) He Ha Beilt
OJ13, a TinekwW Ha Tid ii yacTHMHi, 1[0
3aJlaHa YMOBOIO (2).

3a 1miei ymoBH o0OMIBI UacTH-
HU piBHAHHEA (1) HeBixg'eMHi, oTike,
TpH TiJHeceHH1 060X ¥Oro YacTWH JI0
KBaJIpaTa OJeprKUMO PiBHOCHJILHE PiB-
HAHHA (3) (a micnsa piBHOCHMIBHUX Ie-
peTBOpeHb — piBHAHHA (4)).

IIna Beix kopeHiB piBHAHHA (3)
#oro npaBa 4acTHHA HEBiJ €MHA, OTHeE,
i miBa uyacTmHa Oyjae HeBiJI €MHOIO:
x+a = 0. Are Tomi ymoy (7) OII3
3a/IaHOT0 PIBHAHHS BpPaxoOBAHO ABTO-
MaTHUYHO i 11 MOJkHa He 3alUCYBaATH JI0
PO3B’A3aHHS.

Takos: 11a Beix KopeHIB piBHSH-
us (4) iforo niBa yacTUHA HeBiJ eMHA,
oTike, i MpaBa YacTHHA IOBMHHA OyTH
HeBig emuow. ToMmy gani MoskHa pos-
B’asyBaTu piBHAHHA (4) He Ha Beiit
O13, a Tinekw Ha Til 1i yacTuHi, AKA
3amana ymoBoio (5). Tomi obuasi uac-
TUHU piBHAHHA (4) HeBix eMHui, i micaa

!V sammci poss’sisagEa npnriaagie 2—6 y pameax Bujiieno obMerkeHHs, AEL JOBe-
JI0CH HAKJIACTH B OPOIeci piBHOCILIEENX NepeTEOPEHEE 33 I8HOTO PIEHAHHA Uil HEPiBHOCTI.
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Bidnoside:
2
1) npu -10< a < 8 x:(B;“) +1;

2)upua < —10 abo a - 8 Koperis Hemae. <

Mpuxaan 3
Poseé’azannsa

P lns Beix xopeHiB JaHOro piBHAHHSA
x20 (1)

Toai sajaHe piBHAHHSA PiBHOCKIB-
He pIBHAHHAM:

a+Ja+x=x% (2)
Ja+x=x*-a. (3)

Jlna Bcix kopeHiB piBHAHHEA (3)

x*—a =0. (4)

Toxi pieasHHEA (3) piBHOCHIIBHE
PIBHAHHAM:

a+x=(x*-ap, (5)

a +x=xt—2ax" + a*. (6)
Posrnsinemo piBasaan (6) Ak kBa-
JApaTHe BIIHOCHO @:
ad—0C2x*+1a+xt-x=0.
D=2 +1PF—4(x"—x)=
=dx* +4dx + 1=2x + 1)~

. @xtenE@xc+))
Tomi a="——""—"
Otse, a=x>+x+ 1 abo a = a% — x.
3Bigcn
¥—-a+x+1=0 (7)
abo
¥ —a=2x. (8)

VYpaxosyioun ymoBu (1) i (4),
omepsunmo, mo (x> —a)+x+1 > 1,
oTike, piBHAHHA (7) He Mae KOpeHiB.

1ijiHeceHHs1 060X HOro YaCTHH 10 KBaIpa-
Ta O/IEPIKUMO piBHOCHIILHE piBHsIHHSA (6).

Jlns Beix kopenis piBHsuusa (6)
#ioro npasa yacTHHA HeBij' eMHa, oTiKe,
i siBa uwacTuHa Oyje HeBiJ €MHOIO:
x — 12 0. Togi it ymosy (8) OII3 zaza-
HOI'0 piBHAHHS BPAXOBAHO ABTOMATHY-
Ho, i Tomy OJI3 MoskHa He 3anUcyBaTH
Jlo po3B’A3aHHA.

Posp’siskiTh piBHAHHSA Va+Ja+x =x.

Komenmap
Ak i B npuknaai 2, O/13 zapanoro pis-

a+Ja+x =0,

a+x20

aBTOMATHYHO TPH IepeXxoji A0 piB-
HAHB (2) Ta (5) (ana BeiX KopeHIB LUX
PiBHAHB), OT>e, Il MOYKHA He BalHcy-
BaTH B PO3B’A3aHHI.

MipryBaHHA TpM BUKOHAHHI piB-
HOCHUJIBHUX T€peTBOPEHb  BaJaHOIo
piBHAHHA (70 piBHAHSB (2)—(3)—(5)—-(6))
TOBHICTIO AHAJOTIYHI MipKYBaHHAM,
HaBegeHUM vV Komenmapi po mpukna-
oy 2.

Amnamizyroun pisaanHA (6) (are
JOCTATHBO BAyKKO PpO3B’A3aTH  Bij-
HOCHO B3MIiHHOI X), KOPHCTYEMOCH
OpPi€EHTHpPOM, HAEHWII YMOBHO MOYKHA
raszBatu «lllykaii wkBagpaTHHiT TpH-
YyJeH», a came: cnpobyiine po3znsmy-
mu 3adame pieHAHHA K KeadpamniHe
8i0HOCHO AKOICL 3MiHHOL (YU 6i0HOCHO
AKoice (yHKYIT). ¥ AaHOMY BHUIAIKY
POBTAAHEMO Ile PIBHAHHA AK KBaJpaT-
He BigHOCHO mapameTpa a (1e# cmoci®
e(peKTHBHO CIPAIBOBYE TITBEW TO[I,
KO AMCEPHMIHAHT OIEPIKAHOTO KBa-
JIPATHOTO TPUYJIEHA € TIOBHUM KBapa-
TOM, K Y POBIJIAHYTOMY BHIIAJKY).

HAHHA { Oyzne BpaxoBaHa
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Slkmo anA kopeniB piBHAHHA (8)
BuKoHyeTsesa ymosa (1) (x = 0), To aB-
TOMATHYHO BHUKOHYEThCA i ymosa (4)
(x* —a 2 0).

I3 piBusinusa (8) opeprumo
»¥-x-a=0.

Ile piBHAHHA Mae KopeHi, SKIIO

D=1 + 4a > 0, To6To npn a?-%.

_1+4/1+4a I—lela

Toni x, ==Yy %= g

Has x, ymosa x > 0 BuKOHYETBCH,
oTwKe, X, — KOpiHb 33]aHOI0 PiBHSIH-

HA IpU 4 = — i
Vpaxyemo ymoBy x 2 0 pna x,:

T=nildda, ";”%o, V+4a<1,

0<1+4a<1, —%éaéo.

Bidnoeide: 1) npn —% <a<0

l+-\jl+4a 1-+1+4a
xl=—’ x2=—;
2 2
2)mpma >0 pudiNlide 'J;W’;

3) npu a<—i KOPEHiB HeMae. <

Ipuxaan 4.,
Pozé’szanna
P Bajgana HepiBHiCTH piBHOCHILHA
cucTeMi
ax =0,

x+4a >0, (1)
(x + 4a)® > 25ax.

Ilepexy sanmcom BijnoBijgi 3py4-
HO 300pasuTH Ha PHCYHEKY Bci opep-
JKAHI po3B’A3KM 1 HAIPOTH KOXMKHOIO
pPO3B’A3KY BIAMITHUTH, NPU SKHUX BHA-
YeHHAX [apaMerpa Leill poss’sasok
MOYKHa BUEOpucTOBYBaTH (1B, c. 143).

1
~4 0 a

_1+J1+4a

2

_ 1—+J1+4a

2

Xy

I3 npOro pUCyHKY BH/HO, IO IIpH
a > 0 y BignmoBige moTpibHO 3ammcaTH

TibEKM  opny Gopmyny (x,), npm
—%éaéo — aBi dopmymm (x, i x,),

1 .
a npH a<—z KOpeH1B HeMae.

Posp’sa:xiTh HepiBHiCTH X+ 4a>5+/ax.

KRomenmap

Burxopucraenmo piBHOCHILHI ITepe-
TBopenHs. J[yia nsoro Bpaxyemo OJI3
3ajaHol HepiBHOcTi (ax = 0) i Te, 1110
npaBa 4acTUHA HEBiJ €MHa, OT¥ke, A
BCiX posB’sA3kiB 3ajaHol HepiBHOCTI i
JiBa YacTHHA MOBUHHA OYTH JO/IATHOIO
(x + 4a > 0). 3a niei ymosu (ma OJ13)
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O/IepPIKYEMO CHCTEMY

0-x20,
x>0,
x%>0,

O/IEPIKYEMO CHCTEMY

x=0,

x>—4a, (2)

x*~17ax+16a*>0.
PosB’sasxeM0 OKpeMO HEpiBHICTH

x* - 17ax + 16a? > 0.

Ockinern x* — 17ax + 164 = 0 npm
x =a ta x = 16a, To npn a > 0 opgep-
syeMo x < a abo x > 16a.
Topi cucrema (2) Mae posB’A3kM:
0 € x < a abo x > 16a.

OJEPHYEMO CHCTEMY

x<0,

x>—4a, 3)

x*-~1T7ax+16a*>0.

Cucrema (3) poss’sAskiB He Mae,

ockinekn npm a <0 mepma i gpy-
ra HepiBHOCTI He MalTh CHUJIBHHAX
po3B’A3KiB.
Bionoeidv: npn a = 0 x > 0;
upu a > 0 x € [0; @) U (16a; +oo);
mpu a < (O posB’aA3kiB HeMae. <

poaB’askomM arol e x > 0.

Hpuxnan 5.

obuBI uYacTMHM 3aJaHOI HepiBHOCTI
HeBij'eMHi, OTie, NpH [ijHeceHH]
000X 4YacTHH HepiBHOCTI 0 KBajparta
0/lIep3KMMO PiBHOCHJIBHY HEpiBHIiCTb.
Orpumyemo cucremy (1).

Jnsi posp’sizyBaHHs HepiBHOCTI
ax 2 0 HeoOXiHO POBIVIAHYTH TPHU BHU-
najgeu: a = 0 (JiauTH Ha 0 He MO3KHA);
a >0 (3uax HepiBHOCTI 30epiraeTh-
cs npu gineHHi obox Ii yacTHH Ha a);
a < 0 (snar HepiBHOCTI 3MiHIOETBCH).

Ilpu a > 0 snavennsa -4a < 0,
TOMy mepuii aBi HepiBHocTi cucTe-
v (2) maoTe cHLIBHUN po3B’A30K
x = 0, a ansa poss’A3yBaHHA HepiB-
Hoceri  x* — 17ax + 16a® > 0 MoskHa
BUEOpHcTATH rpadivHy iocTpalliio:

A Jr
ﬂvlﬁa x

I[lpp a <0 3Hauenna -—4a >0,
TOMY mepiri ABi HepiBHoCTI cuctemu (3)
He MalTh CIILIBHUX po3B’A3KIB, OTHE,
i Bca cuctema (3) He Mae po3B’ABKIB.

Pos’asxiTe HepiBHicTs VX —a >x+1.

Komenmap
CnouaTky crOpHCTAEMOCH PIBHOCHJIBHHUMH € PETBOPEHHAMM:

g(x) >0,
f(x) >g(x) & { > 2% (%) a

{f(x) =0,
g(x)<0.

Axwo e odeprcani cucmemu napamemp a 6xo0unv JiHIIIHO, MO 8 Nia-

Kux eunadrxax inodi Oyeae 3pyuHo eupasumil napamemp uepe3 IMiHHY,
posznanyniu napamenp Sk (QuHKYio 6i0 yiei 3MIHHOL I 8uUKOpUCHIANLLL 2Da-
Givny inocmpaiiro po3e’a3yearnt vepienocmeil (y cucremi koopauaaTt x0a).
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3a3HAYMMO, 1[0 JJiA 300pakeHHA po3B’A3KIB CYKYIIHOCTI HepiBHOCTEI 3pyYHO

BHUEOPHUCTOBYBATH /IBi CHCTEMH KOOPJMHAT, y AKMUX oci Ox poaTairoBaHi Ha

ojHiiT mpAMii, 1 Ha KOXKHIN BHALIATH IITPUXOBKOI BiJNMOBiHI po3B’A3KH.
ITpn pizEnx 3HaUeHHAX a TpAMa a = const abo He NMepeTNHAE 3AIMTPUXO-

Baui obnacti (upu a2 —%), abo neperuHae ix 1o Bigpiskax. AbcuucH TOYOK
nepeTnHY € po3B’azkamu cucteM (1) i (2), a omke, i posB’AskaMM 3aJaHOL
HEepPiBHOCTI.
Poze’szanns
| 4 3ajaHa HEPIBHICTH PiIBHOCHJIBHA CYKYITHOCTI CHCTEM:
x—az=0,
{x+l >0, a6 {

x—a>(x+1)° x+1<0.
Tomi
x2-1,
1
{ac—xz-x—l )
abo
{aéx, @)
x<-1.

Bobpasumo rpadiuso poss’asku cucreMm HepiBHocTeil (1) i (2) y cucremi
roopmuuat xOa (ua puc. 101, a, 6 sadapbosano Bignosigui obnacti @ i @).

al al
s & 'T: o’*
I =2 I 3
2 el o &>-3
el |
. | 2 |0 -1 0
s I Vet
3 = _3 = =
- -3 1€<a< ;- : _%__ 1<a< 1
a£ —].\r ~1T
h
/ \ 1
7 L a<-1 I a<-1
M o /@
a (7]
Puec. 101

Bauwumo, mo |[npu a?—% po3B’a3kiB Hemae (Hemae 3adapboBaHUX TO-

yokr); |akmnp —1 < a x;—%, TO npAMa a = const neperunae Tinbku 3adapbo-
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Bany obmacte @. Ilpuuomy ofepskanmii iHTepBan oOMexkeHMil 3JiBa
i cipaBa BiTkamm napabonu a = —x* — x — 1. Ane ana Bignosijgi Ham nmoTpibHO
sanucaT™ Xx depe3 a. Jlna nworo 3 piBHsHHA x* + x +a + 1 =0 3HAaXO-

JTMMO X:
x:—l¢1’l-a~1.
2 4
Srx Gaunmo, x:-‘ld- L85 >—l, TOOTO x=—'l+ 3 PiBHAHHA

2 4 2 2

- e ’ 3 P
npasol BITEH napaﬁo.nn, a x:-%— ~Z—a - J1BOl.

Toxi Bi/moBige y oMy BUDaaky 6y/ie Tarorw:

Y P W
2 4 2 4

|mcmo a <-1, l TO npsima a = const neperunae szamrpuxopani obnacri ®

4

i @. lna obnacri @ imTepBan jana x a3niBa obmexxeHwii npamoro x = —1,
a cIpaBa — INpaBol BiTEo napabosu, To6TO —1€x<—%+ —%—a. Jns 06-

nacti @ iHTepBan anA x oOMeyKeHMI 3JiBa NMPAMOIO X = @, a cIpaBa — Ip#A-
Moo x = —1, Tobro a < x < —1. O6’efHAHHA MX IHTEPBAJIB MOYKHA KOPOTIIE

3anmcaTH Take:
1 ’3
ASX<——+,]-——a.
2 4

Bidnosidv: 1) upu a ;—% — po3B’A3KiB HeMae;

2) npm 1 <ac-2 —1-1‘—§—a<x<—1+1‘—§—a;
4 2 4 2 4
3)upuma < -1 a€x<—%+1‘—%—a. <

Ins posp’sAisyBaHHA [eAKHUX JOCHIHUNLEMX 3aBIaHbL 3 IapaMeTpaMH
MOYKHA BHEODPHMCTATH BJACTHBOCTI KBaJpaTHOrO TPUUJIeHa i, 30KpeMa, yMO-
BY pO3Mill[eHHS KOpPEHIB KBaJpATHOIO TPUYJIEHA BiJIHOCHO 3ajJlaHUX YuHcel
(Tabn. 16).

Ipuxaax 6. 3ualifgiTes yeci 3HaueHHs napaMerpa £, Opy SKHUX Mae€ KopeHi
PIBHAHHSA x+2kJx+1-k+3=0.

FPuaé'azanna Komenmap
b Saatin JEil=t, ge & > 0 (roni HArmo JippanionaybHe piBHAHHA Mic-
THTH TiTBEW OJWH KOpPiHB, TO iHEOIN
, MOKHA 3BECTH TaKe PIBHAHHSA A0 parli-
t* + 2kt -k +2=0. (1) OHAJBHOTO, TO3HAYHMBINH Ieil KOpPiHB

x=1"—1). OpepxyemMo piBHAHHA
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3ajaHe piBHAHHA OyJe MaTH KopeHi
ToAi i TIMBKM TOAl, KoaH piBHAHHA (1)
Oyme MaTH Xoua © OJMH HeBiJ eMHWMIA
ropiss (I = 0).

Bunagok t = 0 gocmiguMo okpemMo.
ITpu t = 0 3 piBaarHA (1) Mmaemo k = 2.
Orxe, ipu k =2 piBaEarEA (1) Mae
ropifsk [ = 0. Toxi it 3agane piBHAHHA
Ma€e Kopiak x = —1, TobTO k = 2 3a70-
BOJIbHAE YMOBI 3a/1a49i.

THosuauumo f (&) = 12 + 2kt — k + 2.

Piguanusa (1) mosxe MaTh xoua 6 oauH
JIOJATHWI KOPiHb B OJTHOMY 3 JIBOX BH-
najKiBs:
1) oauH EKopiHB jgojaTHWH 1 OJWH
Big'eMHEMII — a8 1poro HeobxijgHO
¥ I0CTATHEO BUKOHAHHS YMOBH
f(0) < 0;

2) obuBa KOpeHi JoAaTHI — AJA IBO-
ro HeoOXiHO ¥ JOCTATHHO BUKOHAHHSA
CHICTEMH YMOB:

f(©)>0,

D=0, (2)

t,>0.

3 ymosu f (0) < 0 orpumyemo:
-k+2<0,
TobTO fF > 2.
Cucrema (2) nae:
—k+2>0,
4k* - 4(-k+2)>0,
—k>0.
Toxi
k<2,
k:+k-220,
k<0.
Omxe, k < 2.

Bidnoside: k < -2 abo k > 2. <

k<2,
kE<-2abok>1,
k<0.

HOBOW 3MiHHOW0. Ockinpku 3aMi-
HA € pIBHOCHJIBHHUM I€peTBOPeHHAM
(pasom 3 obepHeHOW0 3aMiHOIO), TO
0/lepiKy€MO PpIBHAHHSA, pPiBHOCHJIBHE
38/IAHOMY, 1 TOMY 3aMicThb JOCJIijIHeH-
Hf 38JaHOr0 piBHAHHSA MOYKHA JIOCJI-
JZKYBATH oJiepikaHe.

Ane npu nboMy cJiji ypaxoByBa-
TH, 110 NICASL 3AMIHU 3MIHHOL IHKOJU
3MIHIOENIbCA 6uMoOza 3adati, 30KpeMa
ans pisusuasa (1) Bona Gyae Takoro:
3HaliTM Bel s3HaveHHs napamerpa Fk,
Jius SKUX e piBHSHHA Mae Xoua O
ouH HeBijg'emMHMI! kopiHb (Toxi mic-
51 obepHeHol 3aMiHuM Mu 000B’A3KOBO
3HAI/IEMO KOPEeHi 3a/IaHOro piBHAHHA).
1le MO3KIHMBO B OHOMY 3 TPHOX BHIIA/I-
kiB: abo oauH i3 KopeHiB piBHsHH#A (1)
JopiBHIOE HYy0 (Ie#t BUIAJOEK JIerko
JOCHI/PKYBATH IiJCTAHOBKEOK B PpiB-
asaas (1) ¢t =0), abo piBuauua (1)
Ma€ OJUH JoJaTHUH i oguH Bijx eMHU
KopeHi, a60 o6uaBa KOpeHi J0JaTHI.

S00pasuBinu  BianoBigHi eckisu
rpadikie  byuruii f (t) = 2 + 2kt —
— k + 2, zanucyemo HeoOximmi i jo-
CTATHI YMOBH TAKOI'0 PO3MILI[€HHS I
KOpeHIB KBa/JpaTHOro TpuuJjeHa (pu-
cyHoE a6o Tabu. 16).

Nl * O L @

IIna Toro miob6 posB’AsaTH KBa-
ApaTHY HepiBHicTs K2+ k-2 = 0,
MOJKH2 BHEKOPHCTATH Tpadiuay imko-
CcTpalliro.
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¥ kinni #HeoOxigHo 06’egHaTH Bei
ojlepskaHi pe3yabTaTH. 3BUYANHO, A
oJlepiAHHA BiANOBiAI MokHA 6yJ0
6 posp’szaTu sajaHe piBHAHHA (TAK
came, fAK NpUEJaJ 2), a HOTIM AaTw
BIJINOBi/Ib HA 3aNWTAHHA 3aj]a4i, aJie
TAKMN HLIAX noTpebye Oilibir rpomis-
KEMX 00YHC/IeHb.

Bnpaeu

Posp’ suxiTe piBHAHHSA:

1) Jx—a=2; 2) Jx+2a=a; 3) Vx+6-m=+/x-38;
4) Ja—Jaq-x =%

Posp’sizkiTh HepiBHIiCTD:

1) % Va-x 50,  2) x+2a>V3ax+4a’; 3) Vix+a>x;
—X

4) Jx—a>2x+1; 5) Va’-x% >2-x.

BHaiiiTh yci 3HAYEHHA apamMeTpa a, TPH AKWX PIBHAHHA 3Vx+2=2x+a

Ma€e KOpeHi.
BualijiTh yci 3HavyeHHA nNapaMeTrpa @, NOpM SAKUX PIBHAHHSA

(\\‘x—a)(x—i)=0 Ma€ TiMBKH OJHMH JifiCHWIT KOPiHb.
X
BHalIiTh yci 3HaUueHHS NapaMeTpa @, IPH AKUX PIBHAHHSA \fz_ ax +2=x

Ma€ TLILKY OJHMH JilicHUII KOpiHb.
y=a+Jx,

2x+y-1=0

BusuauTe KinbkicTs po3B’a3KiB cucTeMu { 3AJIe3KHO BijJ 3Ha-

YeHHA nmapamMeTpa a.
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AOAATKOBI BMTPABM AO PO3AIAY 2

Iz
i
Ny

V2
1) e .
) ‘Jg-‘-Jg’

O6uncniTh:

1) V(V5-25) ~{(1,5-46)" -1;

3) J(¥2-1,5) ~{(1-2)") +0,75;

Cuopocrite Bupas (3—95).

1) [E- 2a +2+u—\{2!_1). ' 2) [
JA_“+I .

3) l+\{_+x x —'J_

)

(Jas o) -(ek

a—b

2)

Va2,

a+2

a+2 a 2

1)

2)

\

(d.‘r‘ dy__(

X -

2)

3)

4)

o X

3BLIBHITECA BiJ ippamioHATEHOCTI B 3HAMEHHHMEY JIpoby:

2 . 3
= R o

gy 88+ 50)s_Vor),
-5

“E‘ V20 - (11+2430).

)

Ja o

e,

J;+l}

o
@

(&

25 +
ﬂ'+f‘J_
Ja o

Je o1
2

2

Ve
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Posp’sskite piBaaansa (6—10):

2
6. 1) (Va2 —7x+10) =2x2-9x+7; 2) a2+’ —1—(x+Jx*-1)=0;

3) Jx+1)(@2x+3)=x+3; 4) Jx+1 - J2x+3=x+3.
7. 1) (Vi+x+1)1+x+2x-5)=x; 2) J2x?+3x +/2x? —8x—5=6x+5;
3) Vx?+8x—-4=2x+2; 4) Jx? —Tx+1=+2x*-15x+8.

8. 1) f5x+7-3x+1=+/x+3;
2) V2x+8+/38x—1=5x+2;

3) Jx+3-4Vx—1+x+8-64x—1=1;
4) Jx+11-6Vx+2 +fx+18-8Jx+2 =1.

9. 1) {2x-8+¥x-8=2; 2) YBx+4+3B8x—4=2;
3) Jx+3+i6-x=2; 4) Yo2—x=1-+/x-1.

10. 1) Yx+¥x-16=Yx-8; 2) Yx-1+Yx-2-Y2x-3=0;
3) J2-x? =|x|-1; 4) Yx-6+10x+5=2.
Posp’ ssxciTe cucremy piBaasn (11—12).

11. 1) y=1, 2) x+3y+1=2,

\’x y+2=2y-2 \’2x—y+2=7y—6‘
_2 .;1
o [T P Y ,/— e
3 =13, i
L 1“7 y+6 6’ '\‘J+9 20
x+y 2x—1 _ -y, £
12. 1) 2x-l+4 x+y 5 2) <d:r+j 3’
1x:y+l; ny—2x—2y—2.
3) {J2x+y—1—\fx+y=l, 4) i‘fx+2y+§‘fx—y+2=3,
3x+2y=4; 2x+y="T.
Poss’szxkiTh HepisuicTs (13—21).

13. 1) V3x?+13>1-2x; 2) Jxt+x>1-2x;

3) V3x—x? <4-x; 4) Jx?-x-2<2x+6.

14. 1) Yx? +3x+2-Jx?—x+1<1; 2) V3x2 +5x+7—-V3x% +5x+2>1;

- 4 Dol
3) x-T7 < 4) \ht—lax—bc > 0.

T ew
Vax? —19x +12 x+3
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

1) Jr—2Vre-T+fx+2da-1<2  2) Jr+ave—4—yx—4Jx—1>3;
3) Jx+3>Jx—-1+Jx-2; 4) Jx+6>J2x—4 +VJx+1.

1 1.1 1 1 8_1 1
1 1’-—~——>-—~' 2) J5——<—=;
) 22 4 x 4 ) £ 4 x 2

3) (x—-DVx?—x-220; 4) (x—3)Vx*+x-2>0.

1) (x+DVxi+1>x2-1; 2) (x-3)Vx:+1<x?-9;
3) ‘Jﬁ+x—x2>\’(i+x—xz; 4) J12+x—xz>\l!2+x—x2_
2x+5 x+4 x—11 2x—-9
1) \’51;—&—12 (1; 2) \‘2"1’1-41—3;2;
-x x

3) Jx+5<1+VJ-x-3+J(x+5)(-x-3);

4) Jx—5)(x+7) +1>J-x+7—x—5).

1) Jx+6>Jx+1+/2x-5; 2) Jx+3>Jx—1+2x-1;

3) Va2 —8x+15+yx2 +2x—15>4x* —18x +18.

1) (l-x)\,:ﬂl«-xh’l-r_x}l x'J;H]—x)'Jl—_x >1;
J4 —x? 20 - 21— 2% sz PR SN

3) flrx, i-x >0; dy L= = __&0,
) Vix ofivx-1 ) Ji-x 1-1+x

L S N gy L o 1 s&.
)J;—z Jeiz Jx )Ja_-+1 Je-1 Jx

Posp’a:kiTe HepiBHiCTH Vi-x? Qg{x—a) npu a = 0 i neperonaiitecs,

. 2)

(a>0);

1[0 MHOXHHOK i1 po3B’askiB € Bigpizor. Ilpm AKMX 3HAUEHHAX @ MHO-
JKHUHOIO po3B’A3KiIB i€l HepiBHOCTI € BiIpi30K JOBIKHUHOIO g?

Ilpy AKMX 3HAYEHHAX MapaMeTpa ¢ MHOKWHA pO3B’A3KIB HepiBHOCTL
a++x?+ax >x we nmepermHaeThcA 3 mpoMiskkom [—1; 0]?

Ilpy sxux sHayeHHS NapaMeTpa @ YV MHOXKHHI po3B’fA3KiB HepiBHOCTL

x+vVx? —2ax >1 MICTHTBCA MPOMIKOK I:%, 1]?
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BIAOMOCTI 3 ICTOPII

IHousarTsa cmenensa BUHHMEJO B janekiil pasHuHi. 36epernucsa riuHAHL
ILIATEX cTapoaaBHix BaBwioHaH (6amspko 1700 p. mo H. e.), Axi micTaATh
sanucy Tabimub kBagpaTiB i Ky6iB Ta ix obepHenux sHavenb. [lo MHOMEHHSA
PIBHMX MHOKHHMEIB IPpUBOJNTL po3B’As3yBaHHs OaraThox zajgad. Bupas wea-
dpam uucia BUHUE YHACJIJIOE o0YMCJIeHHA oLl KBajgpaTa, a Kyb vucaa —
YHACJIJIOK 3HAXO/yKeHHsA 06’emy kyba. Aste cyuacHi nossHavenus (tuny a’, a)
seesieno B XVII er. P. [lexaprom (15696-1650).

Jpo6oBi nokasHMUEM cTeneHs Ta HAWNpPOCTILIi npaBuia il HaJ CTeneHs-
MM 3 JpoboBuMY nokasHukamu zactocyBaB y XIV er. ¢pannysexunii marema-
mur H. Opema (6s1. 1323—-1382). Biomo, mo H. ok e (6s1. 1445-621. 1500)
po3rif/iaB cTeneHi 3 BiJ’eMHMMH 1 HYJILOBUM [IOKA3HUKAMU.

1

C. CTeBiH 3anmponoHyBaB po3yMiTH Il a" KOpiHb %‘/E . Aue cucrema-
TU4HO JpoboBi Ta Bii’eMHI NokasHuEM nepuunm cras sacrocopysatu 1. Helo-
ToH (1643—1727).

Hivenpruii marematur M. Illlridens (1487-1567) nas mosnaueHHs
a’=1, akmo a # 1, i BBiB HasBy nowasnuk (Big mimenwk. exponent). Hi-
menbke polenzieren osuauae nidnecmu do cnieneHs. Y cBOIO uepry, TepMin
exponenten BUHUEK YHACJIJIOE He 30BCIM TOYHOrO Iepekyajy 3 IperbKol cJio-
Ba, AkuM JliodpanT Anexcanapiliesruii (6a. III er.) nosHauas kBajgpart
HeBIJJOMOI BeJIMYMHHA.

Tepminm paduran i kopine, yeegeni B XII e1., noxoaaTs Bij JaTHHCBEO-
ro radix, 1o Ma€ ABa 3HAYEHHA: CMOPOHA i Kopinb. I'penpki mMaTeMaTHKH
3aMieTh «106YTH KOpiHb» Kas3alii «3HAWTH CTOPOHY KBajpaTa 3a Moro JaHOIo
BeJIMYMHOIO (ILIoIei0)». BHAK KOpeHs y BUIVIS/Il cMMBOJY \ 3 SIBUBCS BIIep-
me B 1525 p. Cyuacuuii cumBon yBiB Jlekapt, kUil Jo[aB rOpU3OHTAILHY

PHCEY. HyioTon Yie NozHa4YaB NoOKasHuEH ROPEHj_B Tak: 2’_ » %,_ .



Pozsoin 3

OVHKLLIT

OCHOBHUI MATEPIAN

§ 16. PapiaHHa mipa kyTiB

§ 17. TpuroHomeTpusHi (hyHKLii KyTa
| Y4CNOBOIr0 aprymeHTy

§ 18. BnacTtuBOCTI TPUrOHOMETPUYHUX (OYHKLIN

§ 19. Ipadhiku hyHKL CUHYCA, KOCUHYCA, TAHreHCa
| KOTaHreHca Ta Ix BnacTueoCT! .

§ 20. CnisBigHOLLEHHS MIXX TPUrOHOMETPUHHUMU

(hyHKLIISIMU OHOTO 8pPrymMeHTy
§ 21. @opmynu goaasaxHs Ta IX Hacnigku

AOAATKOBWIA MATEPIAN
§ 22. [opaTtkoBi hopmynu TpUroHoMeTpif

B ocroBHIN YacTMHI IBOrO pO3AiNY BM 3MOMKETE OSHAHOMMTHCH
3 TPMIOHOMETPHMYHUME (VHKILAMH, SKi LIMPOKO BHKOPHCTOBY-
0Th AK y caMiit MaTeMaTHIll, TAK 1 B 11 38CTOCYBAHHAX, HARYHTHCH
pocmipxyBaTH i GyHKNil Ta GyAyeaTu X rpadikm, pose’A3yBaTH
pisHOMAaHITHI 3a5a9i, COIMpPAaOYKCE Ha iX BAACTHBOCTI.

¥ nopatkoeiii uacTHEi posjginy Bm GyzeTe MaTH MOMIMBICTE
ONAHYBATH AOAATKORL GOpMysIH TPHrOHOMETPil, AKi MOKYTH CTA-
TH B IPHrofi Iij 4ac po3B’s3yBAHHSA OLIBII CKIAJHHX BaBAAHD
3 TemH, L0 IX NPONOHYIOTH V 3aBaHHAX 30BHIIMHLOTO HE3ae-
HOro OL{iHIOBAHHSA YM Aep)KABHOI miACYMKOBOL aTecramii 3 MaTe-
MATHKHA.
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“ PAAIAHHA MIPA KYTIB

Tabnuusa 24

1. MoHsTTs KyTa

Y reomeTpii

Y TpuroHomerpii'

Kym — reomerpnusa (irypa, yrsope-
HA ABOM& NPDOMEHSMH, sKi BHUXOAATH
3 opHiel TOUKH.

Kym — &irypa, yTBOpeHA NpH IOBO-
pPOTI NMpPOMEHs HA IJIOLIWHI HABKOJO
MOYATKOBOI TOUKH.

gL S — B '
Z AOB yrBopenwi £ AOB ytBope-
npomensmy OA HWIl pPU NOBOPO- |
i OB Ti IPOMEHSH 0OA |
o Py o yi HABKOJO Touku O |

2. BUMIpIOBaHHA KYTiB

1

cHa Mipa KyTa (1°=—
T'pany pa xyTa (1 T

YACTHHA PO3TOPHYTOrO KyTa)

KosxHoMYy KYTY cTaBHTBLCS YV BiJoBij-
HicTs rpagycHa mipa a € [0°; 180°).

B

KoxxsomMy KyTy sAK (irypi craBuThes
V BiAIOBIHICTE KYT IIOBOPOTY, 38 HO-
MOMOI'0I0 KOI'0 YTBOPEHO el KyT.
Kyt nosopory o € (—oo; +e0).

Z AOB = 3 = 90°
£ AOB =y = 270
ZAOB ==
= 90°+ 360° = 450

PapianHa mipa kyta

1 padian — neHTpansHHHN KYT, o BiAnoBigae aysi, JoB-
MHA AKOl IOPIBHIOE pafiycy KoJia.

fz AOB = 1 pan. lle osuauae, mo VAB=0A=R

Z AOC = 180° = & (pagiag)

2 AOC — posropayTHH

1 pajian =

E-‘.: o O:L _i_a]:[
= 57 1 l&Opa'a

! TloxomxeHHs Ta 3MICT TEepMiHa «TPHroHOMeTpiA» ame. ¥y «Bigomoctax 3 icro-

pii», HABeJEHUX TicnsA po3miny 3.
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BN [osicHeHHs 1 06rpPyHTYBaHHS

1. Ilemarra kyra. ¥ kypci reoMeTpii KyT 03HAYAIOTH AK M€OMeTpUYHY (iry-
PV, VTBOPEHY ABOMAa NMPOMeHAMM, AKi BUXOLATE 3 ofHiel Touku. Hanpuknan,
Kyr AOB, 306pasenuii y nepuioMy myHkTi Tabauni 24, — ue KyT, yTBOpe-
Huii mpomensimu OA i OB.

KyT MOKHA PO3rIfaTH TAKOXK SK PesyJIbTAT MOBOPOTY IPOMeHs HA TLI0-
IIMHI HABKOJO noyaTKopoi Toukn. Hanpukaaj, noseprarouu npomins OA Ha-
BKOJ0 TouKH O Bij nouaTkorBoro nojsoxxeHHA OA 1o KiHIEBOTo IOJOMEHHH
OB, Tex opep:xknMo Kyt AOB. 3ayBaXuMo, IO JOCATHYTH KiHIEBOro IIOJ0-
xeHHa OB MoxHa npu noBopoTti npoMeHsi OA AK 3a MOAMHHMKOBOIO CTPin-
KOI0, TAK 1 npoTH Hel.

2. BuwmipoBanasa Kyrtis. HaseJieHi Bullle pisHi o3HaueHHA KyTa NPHUBOASATE
/1o pi8HOrO po3yMiHHSA BUMipPIOBAHHS KYTiB.

V¥V Kypci reoMeTpil KOXKHOMY KyTy BifinioBijiae itoro 2padycha mipa, aKa
MoOXKe BHAXOAUTHCH TiNbKH B Mexax Bijg 0° go 180°, i ToMy, HATIpHKIIAJ, /JH
npsamoro kyta AOB (nus. nyHkT 2 tabn. 24) iforo Mipa 3amMCyeThCH OJIHO

sHayHo: £ AOB = 90° (marapaemo, mpo 1° — ne ii:._o YACTHHA PO3rOPHYTOr0

KyTa).

Ilpu BumMiproBaHHI KYTiB MOBOPOTY AOMOBIJIMCH BBAXKATH HANPAM NO-
BOPOTY NPOTH FOJIHHHEMKOBOI CTPIJIKH JOIATHHM, a 3a FOAMHHMKOBOK CTPij-
KO — Bit’eMHHM.

Tomy npm BHMipioBaHHI KYTiB, YTBOPEHMX MpPH IOBOPOTI IPOMEHS Hil
BKOJIO TIOYATKOBOI TOYKHM, MOYKHA OflePIKATH AK JONATHI, TAK 1 BiJ'€MHI 3Hn
YeHHsI KyTiB nosopoty. Hanpuknajn, akmo kyT AOB, y sxomy npomeni OA
i OB B3aeMHO TIepIEHANKYIAPHi, OepKaHo Ipu nosopoTi npomens OA ua
kyT 90° NMpoTH rOAMHHEHUKOBOI CTPiIKM, TO 3HAYEHHSA KyTa HoBopoty § (gun.
BignoBizawuil pucyHoK nyEKTI 2 Taén. 24) mopisuioe +90° (a6o npocro 90”).
Axmo Toit cammii kyr AOB opnep:xano npu mosopori mpoMersa OA Ha Kyt
270° 3a rOIMHHENMKOBOIO CTPLIKOIO (3po3yMiso, mo nosamuii 0bept — me 360"),
To 3HAYEHHHA KyTa IOBopoTy Y nopisuioe —270°. Toii cammii kyT AOB Moxun
O/IePIKATH TAKOXK TPH noBopoTi mpomensi OA MpOTH TOAMHHWKOBOL CTPinKH
Ha 90° i e Ba moBHMIi 00epT; ¥V BOMY BHIAJAKY 3HAYEHHS KyTa IIOBOPOTY
popieaE 90° + 360°, TobTO 450° i T. .

Bubpapmu siK 3HaueHHS KyTa MOBOPOTY AOBiNBHe Bijf’eMHE WM JojaTIC
yuceso (rpanycis), MU 3aB¥AN MOX¥eMO MoBepHYTH nmpoMink OA (3a roguHun
KOBOIO CTPIJIKOK 4¥ IpoTH Hel) i omepxaTh Bigmosigamii kyr AOB. Takum
4YUHOM, 3HAUYeHHHA KyTa MoBopoTy (Vv rpagycax) MoxXe HabyBaTHm Beix piiicimx
3HaYeHb BiJf —o 10 +eo,

Jina BUMIpIOBAHHS KYTiB NEBHWE KYT NPUIMAIOTH 38 ONUHUILI0 BUMIpy
i 3a ii HOTTOMOTOI0 BUMIiPIOOTHL 1HIT KYTH.
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3a OAMHHUIO BUMipYy MOXHA NPHIHATH OyAb-AKHIA KYT.

Harapgaemo, 1o T&la_o YACTHHA PO3TOPHYTOrO KyTa — Ie oauu rpaayc (1°).

VYV TexHini 3a OJMHHMIO BHMIipy KYTiB IpuiiMaloTh NoBHUN 00epT (3a3Ha-
numo, o 1 rpagyc — ue ﬁ YACTHHA MOBHOI'0 00epTy).

V¥V MopemnaBCTBi 8a OAMHMITIO BUMipY KYTiB NpMiMawTh pyM0, AKHH po-
pPiBHIOE ?:?2- YaCTHHI II0BHOTO 00epTy.

Y maremaTuni Ta ¢isuni, KpiM rpagycHol MipH KyTiB, BHKOPHUCTOBYIOTE
TAKOM padiaHHy mipy Kymis.
HKIo posrNsHYTH JIesiKe KOoJIo, TO
| padian — e LeRTPAJBLHMH KYT, N[0 BiANOBiIa€ Ay3i, JOBKHHA HKOL
JIOPIBHIOE pajiycy KoJa.
Omxe, sikmo Kyt AOB popisHIOE OmHOMY pai-
any (puc. 102), To ne osnauae, mo UAB = OA = R.
R VerasoBuMo 38’ 30K MiXK pagiaHBHMM i rpajgyc-
HHMH MipaMH KYTiB.
C S [lerrpansaoMy posropHyToMy KyTy AOC
(puc. 102), sxwuii gopisawe 180°, Bignosigae mmiBKO-
o, TobTo nyra, AOBXKWHA sIKol JopiBHIoE TR, a ofHO-
My pagiany — ayra poexunoio R. Ormke, pagiaHHa

B

. ) ok
Puc. 102 mipa posropHyToro kKyra AOC popisHIOE ==,

Opep:kany BiAMloBigHICTE Mi¥ rpamycHoro 1 pagiaH-
HOI0O MipaM¥ KyTa 4acTo 3anMCYIOTh TaK:

180° = n paxgian.
I3 uiei piBHOCTI OJlepsKy€Mo HACTYNHI BiAnoBigHOCTI:

19 i iag=180° _gmo |
lsopamaﬂ, 1 pagian = 87

BN [lpuknagw po3s'fA3aHHA 3aBhaHb
Ilpuxaan 1 BwupasiTe v pagiansiii Mipi BeTHUMHY kyris: 30°; 45° 60°;
90°; 270°; 360°.

P  Ockinpku 30° — e -:; gactiHa KyTa 180°, To 3 piBrOCTi 180° = 7 (pax)

O/IepPIKYEMO, L0 30‘:‘:% (pan).

AnanoriyHo mMoxHA 06UMCHNTH H BEJIMYWHU THIIUX KYTiB.

n.

VY sarajinnomy BHINYIKY BPpAXoBYe€Mo, 110 19= — papian, Toal:
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o X . 45=E : o _F
45°= 1o - 45=2 (pam)i  60°=_%. - 60=7

270°= % (pan); 360° = 2n (pax). <!
VpaxoByous, [0 paiaHHMMH MipaMH POSIJISHYTHX KYTIB JOBOJAMTHCH

KOPHMCTYBATHCS NOCHTH 9YACTO, 3alHINEMO OREPIKAHI pesyJbTATH y BHUIIALI
JOBLAKOBOI Ta6GIHIL.

(pan); 90°=§ (pan);

Tabnuma 25
Hye 0° | 80° | 45° | 60° | 90° | 180° | 270° | 360°
y rpajycax
Kyr Ld x L L3 3n
y pajiaBax 9 6 4 3 2 % 2 2n

SayBaxenusi. Haliuacrimne npu samuci pagiansoi MipH KyTiB HAasBy
oauHUIL BUMIpY «paziad» (abo ckopodero pad) me numyTts. Hanpukiaan, za-

micTe piBeOCTI 90° =§ pamian mumyTs 90°= 3>

HOpukaaxg 2  Bupagsite y rpaaycHiil Mipi BeJIHYHHH KYTiB: —1%; 2?“; ?; B

P Ockineku E — 1e ild YACTHHA KYTa 7, TO 3 piBrocTi 1t = 180° opepxyemo,
mo T“a=18°. AHanorivHo MOKHA OOYMCIMTH i BeJIMYUHM KYTiB -2—; i %’E.

180°

¥ saraJpHOMY BUN&JKY BpaXOBYEMO, mo 1 pajiaH= , TOmi

Zn_2Zn 1800 _yp00; 3m_3n 180° ;350 5-5. 180 9°°° ~286°. <]

3 3 =n 441:

Bl 3anutaHHsA ANs KOHTPOMo

ITosicHiTh, IK MOXXHa O3HAYUTH KYT 3a HOIIOMOIOI0 ITOBOPOTY NPOMEHS.
fAx upu TaxoMy O3HAYEHHI BHMIipOKTH KYTH?

2. §k Bu posyMmieTe TakKi TBepjKeHHs: «BerwumHa KyTa mopieHIoE 450°»,
«BenuuuHa KyTa aopiBaioe —225% ? 306pasiTe 1i KyTH.

3. fx moykHA O03HAYMTH KYT B 1°7

4. JlaiiTe 03HAYEHHA KyTa B 1 pamiaH.

5. Yomy nopiBHIOE rpajycHa Mipa KyTa B T pagian?

6. IloscHiTE Ha TpHEKIagax, sSK 3a pagiaHHOK Mipol KyTa 3HailTh iioro

rpajycHy mipy i HAaBnaKM — 3a rpajgyCHOK MipOKo KyTa 3HaliTu iioro
pajiaHny Mipy.
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N Bnpasu

1°. 306pasiTh KyT, yrBOpeHUii 1nosoporoMm npomensi OA HaBkoyio Touku O
HA:

1) 270°%; 2) -270°; 3) 720°% 4) -90°;
5) 225°%; 6) —45°% 7) 540°; 8) -180°;
9) 360°; 10) —60°.
2°. Yomy 0OpiBHIOIOTH KYTH LOBOPOTY, NOKaszaHi Ha pucyHky 1037
up yA ¥ A
0 £ 0 E ) x 0
a 0 8 z
Pue. 103
3. Bupasite y pasiaggiii Mipi BeJIMUYMHH KYTiB: '
1°) 225°; 2°) 36°; 3) 100°;
4) —240°; 5) —22,5°% 6) —150°.
4. BupasiTs y rpajaycHiii Mipi BeJHYMHH KYTiB:
. 3m, _2n, n,
1) 3m; 2)4. 3) 5 4)5’
L 1in, _x
9) - 6) e 7) & 8) 3.
5. Ba pgonoMoron KaidbKyasTopa (abo Tabaunp) sHalAiTH pajiaHHi MipH
KyTiB:
1) 2% 2). 1829 3) 43°; 4) 114°.
6. Ba sonomoroi kadbkyasTopa (abo Tabmume) 3HAAITHE rpagycHi MipH
KyTiB:

1) 0,5585; 2) 0,8098; 3) 3,1416; 4) 4,4454.

=
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-ﬂ TPUrOHOMETPUUHI OYHKLLT KYTA | YACAOBOTO APTYMEHTY

y Ta6nunsa 26
1. O3Ha4yeHHs TPUroHOMETPUYHUX (DYHKLIIA
yepes OiNHUYHE KOJIO yepes AOBLIbHE KOJO qufa HEZMOKHY:
(R=1) (R — paaiyc Kosa) R T
(A5t COCTPUX KYTiB)
u B
£ P (x; y)
¢ a
0
o
A b C
sina=y|— sina=Y% J-sinuzﬁ
R E—
OpIAMHATA TOYKH P
cosa=x | — cos oL =" cosa=2
c
abcupca Touku P
=!=Sillﬂ'. t_ga:! tga=f_
tg - x COos X b
ctgo=2=22% ctga== Ict.g(l=£
y sino . 12 ! a
2. TpuroHomeTpryHi GYHKLIT YCNOBOIO apryMeHTy
sin (umcna o) = sin (KyTa B « pagiaH)
cos (4ucsa o) = cos (KyTa B o pajiaH)
tg (uncia a) = tg (kyra B o pazian)
ctg (umncna o) = ctg (KyTa B o pagian)
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ITpodoexcerns madan. 26

3. Ninil TaHreHcis | kKOTaHreHcis
v
ALy c B (xg; 1)
1
Pﬂ.
o .
0 x
1P — ninin Taurencis (AP, | Oy) CB — ninis xoraurencis (CB || Ox)
i « = y, — opaMHATA BiANOBIIHOY ctg o = x, — abeunca signoriguoi
TOUKH JIIHII TAHIN¢HCIR TOYKH Jlilli.l. l\.'()'['alll"l:!ll(_'iB

B [oscHeHHs 1 OBrpyHTYBaHHRA

1. Os3Bavenns TpuroHomeTpuuHmx (yHkuiin. 3 Kypcy reomerpii Bam Bifio-
Mi O3HAYEHHS TPUTOHOMETDHYHMX (DYHKI[IH roCTpoOro KyTa B IPAMOKYTHOMY
TpUKYTHHKY. Haragaemo ix.

CuHycom roCTporo KyTa o B NPAMOKYTHOMY TPHKYTHH- B
KY HA3HBAIOTEH BIHOIIEHHA NMPOTHJIENHOrO KaTeTa JIo rino-

TeHy3H: sin a=% (puc. 104).

Kocunycom roctporo KyTa o B IPpAMOKYTHOMY TPHKYT- c =
HUKY HASUBAIOTH BiHOINEHHN ITPHJIETJIOr0 KaTeTa A0 Timo-

TEHY3M: COSO.= -3
c

Tanzencom TocTporo KyTa o B IPAMOKYTHOMY TPHKYT- A b C
HUKY HA3WBAIOTH BiJJHOINEHHA IPOTHJIEXKHOI0 KaTeTa JO S Al
c.
I PUJIETJIOrO: tga=%.

Komamnzerncom rocTporo KyTa of B IPpAMOKYTHOMY TPHKYTHUKY HA3HBAa-

. b
OThH BLOHOLIEHHS IIPHJEryioro KaTera L0 INMPOTHJIEHRHOI0: ctg og=—.
a

V kypci reometpii Oysno ofrpyHTOBaHO, 1[0 CHHYC TA KOCHHYC TOCTDOTO
IKYTa 3aJIeXKATh TLNLKH Biji BEJIMYHHE KyTa i He 3aJ1eKaTh BiJl JOBYKHH CTOPiH
TPUKYTHHKA Ta #oro po3TalllyBaHHA, ToOTO CHHYC i KocuHyC (a oTxe, i TaH-
reHe, i KOTAaHreHC) € PYHKIIAMHE BeJIMYMHH KYTa, SKi Ha3WBalOTE MPUZOHO-
MeMPULHUMU QYHKYIAMU.

Tako y Kypci reoMeTpii 3 BEHKOPHCTAHEAM KOJIA 3 IEHTPOM Yy HOYaTKY
icoopauHaT OyJI0 BBeIEHO 03HAYEHHA TPHTOHOMETPHYHMX (DYHKIIN 118 KyTiB
iy 0° mo 180°. Ane 1i o3HaYeHHS MOYKHA BHKODHCTATH AJIA 3HAXOMNYKEHHSA
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TPUIOHOMETPUYHHX (hyHKLUiM noBinbHux kyTis. Haragaemo ix (ane renep 6y-
IIeMO PO3IJIAJATH NOBLIBHI KYTH o BiJf —eo 0 +eo),

Bizememo koo paziyca R i3 nenTpom y modatky koopawHat. IlosdHauumo
TOUYKY KOJI& Ha AojaTHii nisoci abeuue uyepes Py (puc. 105). Ilorpibui nam
kyTH bynemo yTBOproBaTH nosoporom paniyca OP  naskoso Touku O. Hexait
Y Pe3yJIbTaTi IOBOPOTY Ha KyT @ HaBKOJIO ToukH O pajiyc OP  3aiime nonoxeH-
Hs OP (xaxyTh, 110 OpH NOBOPOTI Ha KyT a paaiyc OP  nepexoauThb y paaiyc
OP_, a Touxka P nepexoputsh y Touky P ). Haraaa- y
emo, 1o npu a > 0 paniyc OP, nosepTaiOTh NPOTH
FOAMHHUKOBOI cCTpinku, a npu a < (0 — 3a Hel.

Hexait Touka P, mae xoopausatH (x; y). Toai:

CUMYCOM KYma O. HA3WBAETBCA BiIHOIUIEHHA Op-
muaaTu Touku P (x; y) xona so #oro paxiyca:

P.(x; y)

sin a=-”—;
R

KOCUHYCOM Kyma o HA3UBAETHCH BiIHOIIEHHH
abcuueu Touxku P (x; y) xona zo itoro pagiyca: Puc. 105

coso=">;
R
IMAHZEHCOM KYma ¢ HA3HBAECTECH BiHOIIEHHs OpAMHATYH Touku P_ (¥ y)

KoJia jo il abenmcu: tgo= ¥ (3Buyaitno, upu x # 0);
X

KOMAaHZEHCOM KYma o. HAa3WBAETbCA BiAHOWeHHA abcueu Toukn P (x; y)
KoJia jo ii opauHaTu: ctgo=> (upu y = 0).
y

fAx i gna TpUroHOMETPHYHWUX (YHKIIN ro-
CTpHX KYTiB, 3HAUu€HHA Sin a, cos a, tg a, ctg a
3aJIe)KaTh TIJIBKH BiJl Mipy KyTa o i He 3aJIe’KATh
gizx R'. 3pyuso subpate R = 1, mo A03BOIHTH
JEenio CIIPOCTHTH HABEIEeHI O3HAYeHHHA TPHUTIOHOME-
TPHYHMX QYHKILiHA.

Komno paniyca 1 3 eHTpOM y MOYaTKY KOOp-
ouHAT 6yIeMO HASHBATH OOUHUYHUM KOJOM.

Hexait mpm mnoBopoTI HA KYT O TOYKA
P, (1; 0) nepexogwute y Touky P_(x; y) (To6TO 11pU
TIOBOPOTI Ha KYT « paziyc OP  nepexonuTs y paji-
Puc. 106 ye OP ) (puc. 106).

YA
P, (x; y)

! Ile BHILIMBEE 3 TOrO, IO [BA KOHIEHTPHMYHI KOJ& roMOTeTHYHI (IIEHTp roMo-
rerii — Toura O, a xoedinieHT £ — BinHOmMeHHs pajiyciB IMX Kin), Toxi i Tourm
P na nux xonax Tex 6yayTe romorerwyHi. OTxe, Ipu nepexofi BiJ OXHOrO KoJa io

iHNIOro B O3HAYEHHAX TPHrOHOMETPHYHHX (DYVHKIIH YHCENBHHK 1| 3HAMEeHHHK BiATo-
Bigroro apoby noMHoMaThECH Ha k, a 3HayeHHR [pody He SMIHHTLCAH.
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Cunycomkyma o HAZMBAETHCA OpauEATa TOUKK P (X} y) OMHUYHOrO KOJa:

sin a = y.
Kocunycom kyma o sasuBaeTsen abenuca Touxn P (x; y) oguanunoro Koaa:
cos « = X.

Tanzencom Kymda o HAa3HBAETHCS BiITHOLICHH# OPAMHATH TOUKH P“ (x; y)
sin

OJIMHMYHOr0 Koaa no 1 abeumen, 7o6TO BIAHOIMEHHNT ——.
COSs (¢

Orxe,
sin O

tg o - —— (me cos a # 0).

COS U

Homanzencom kyma o HASUBACTHCA BiagHoOmenHn abcuucn TOUYKH
COSs o

P (x; y) onnEMYHOrOe KoJja o il opnHBEATH, TOOTO BiTHOMEHHA —.
t sin

OTxe,

t y C oS (x
c L= i

g sino (me sin a # 0).

lpurnan Kopueryouncs UMM 03HAYEHHAMH, 3HAWAEeMO CHHYC, KOCH-

. 2n i
HYC, TAHIEHC i KOTAHTEHC KyTa ~° pajias.

» Posrnsasemo oguHuYHe KoJo (puc. 107). Ilpn moBopoTi HA KyT —? pauiye
OP, nepexogutb y paniyc OF,, (& Touxa P n1epexoauTs y TOUYKY P, ). Koop-
5 :
JIMHATH TOYKM P, MOMKHA 3HANTH, BUKOPHCTOBYIOYH BJIACTHBOCTI NPAMOKYT-
3

noro TpUKyTHUKA OAP, (3 xyramm 60°i30° rarinorenyaoo 1): x=-04 = —%;

. 2
J3 . 2 J3 on 1 ; "3 __ /3
y=AP, ==, Topi: sin““=y=>"; cos=-=x=—; - =—7"=-3;
3 3 2 3 2 3 3315
2n 1
D
ERN A

AsanoriyHo 3HAXOAATh 3HAYEHHS CHHYyCA, KO-
CHHYCa, TAHIMEHCA 1 KOTAHIME€HCA KYTIB, YKa3aHHX
V BepXHbOMY pAAKY Tabmmmi 27.

3a3Haurmo, IO TAKMM YHHOM MOJKHA 3HANTH
TPUroHOMETPHYHI GYHKNIT TiMBKK JesKUX KyTiB.
TpuroHoMeTpu4Hi (PYHKIII JOBiNBHOrO KyTa 3a-
3BHYAl 3HAXOAATH 3a AONMOMOIOK KAJbKYJATOPA
Puec. 107 abo Tabauis.
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Tabnunsa 27
rpajgycu 0° 30° 45° 60° 90° | 180° | 270° | 360°
a
pajianm 0 K x X X T 3 2n
. 6 4 3 2 2
sin a 0 1 _J_':’ ﬁ 1 0 -1 0
2 2 2
cos o 1 | 3 | V2 | 2 0o | -1 | o 1
2 2 K
i 0 J_§ 1 J3 He ic- 0 He ic- 0
3 HYE HYE
He ic- ‘/5 He ic- He ic-
g HYE V3 A g . Hy€E 0 HYE

2. Tpurosomerpuuni (yuknii yucnoBoro aprymenTy. BeeseHi osHayeHHA
[O3BONSAIOTL POSrISANATH HE TiMBKHW TPUINOHOMeTpHMYHI (yHKII KyTiB, a i
TPUTOHOMETPUYHI (PYHKIII1 YHCIOBHX aPryMEHTIB, AKINO PO3TJIALATH TPHUTO-
HOMETPHWYHI (hYHKIII uHcna o K BiANOBiAHI TpuronomerpuuHi GyHKIIL KyTa
B o paziad. To6ro
I CUHYC “uCna . — Yye CuRYC Kyma 6 o padian;
KOCUHYC Hucna o. — ye KOCUHYyc Kyma 6 o padian.

Haupurnaz, sin-’ézsin(g pa.n):sin 30°=% (awB. TAKOMK UYHKT 2
Taba. 26).

3. Jliuii Taurenciep i Koraurencis. JINis po3B’A3yBaHHSA JEsKHX 38184 KO-
PHMCHO MATH YABJEHHA NpO JiHIl TAHIeHCIB i KOTAHIeHCiB.

ITpoBepemMo yepes TOYKY P0 OMHUYHOrO KoJjia npamy AP, napajensHy
oci Oy (puc. 108). 110 npaMy HasUBAKOThH JMiHI€EI MaHzeHcis.

Hexaii oo — posinpHe ynceso (UM KyT), OIS
saxoro cos a # 0. Toxi Touka P He JIEXKHUTH HA Y/ .
oci Oy i upama OP_ neperunac NiHil0 TaHIeH- P AL y,)
ciB y Touri A.

Ockinbku npsama OP, 1NpOXOAUTHL 4Yepes
IIOYaTOK KOOPAMHAT, TO Ii pipHsHHS y = Rx. o P0
Ane us npamMa NPOXOAMTL 4Yepe3 TOYKy P 0 1 x
3 KoopauHaramu (cos o; sin o), OT¥e, KOOp-
AMHATH TOYKH P 3a10BOJILHAIOTH PiBHAHHIO
npsamol y = kx, Tobro sin o = k cos o. 3Bigcu

E— Prc. 108
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Taxkum ymaOM, npsima OP, mae pisusanus y = (tg o) x.
[pama AP, mac pisuauua x = 1. {06 auajiTu opAuHaTy TOUKHM A, JO-

cTATHLO B piBHAHHA npamol OP miacrasutu x = 1. Omepxyemo y, = tg o.
Orxe,

manzenc kyma (vucaa) o — ye opdunama 6i0noeidnoi mouku na
NiKii manzencis.

L) AmnajoriyHo BBOJAATHL i NOHATTH AiHIl KO-

C B(xg: 1) manzencis: npsma CB, 110 NPOXOAuTh 4yepes

1 / Touky C (0; 1) ofMHHYHOrO KoJia NapaebHO
. 8 oci Ox (puc. 109).

SAxuo o — goBisbHE ynCyaO (Y4M KYT), LA

0 x akoro sin a # 0 (Tobro Touka P_ He JeXKHUTh
Ha oci Ox), To npama OP_  nmeperunae JiiHiio
KOTAHTeHCIB y geskiit Touni B (x,; 1).
Auanoriuio nonepeiHsOMY OOIPYHTOBY-
Puc. 109 10Th, 1O X, = ctg a. Orxe,

xomanzenc kyma (vucna) o — ye abeyuca 6i0no6idnoi mouku Ha
NEKIT KOMmaHzencis.

3anuTaHHA ANA KOHTPONO

ChopmynioiiTe 03HAYEHHA TPHTOHOMETPHYHHX (YHKIIH rocTporo KyrTa
B NPAMOKYTHOMY TPHUKYTHHKY.

ChopmyiioliTe O3HAYEHHS TPHIOHOMETDHYHHX (VHKIIH [AoBiibHOrO
KyTa:

A) BUKODHCTOBYIOYH KOJIO pajiyca R i3 meHTpPOM y LOYATKY KOODPJAHHAT;
0) BUKODHCTOBYIOYH OJJMHMYHE KOJIO.

[IIo mMaroTL Ha yBa3i, KOJNH rOBOPATE IPO CHHYC, KOCHHYC, TAHTE€HC i KO-
TAHIEeHC Yymcsia of

Brnpasun

[NobyayitTe Ha oauHMYHOMY KOJi TOYKy P, V AKY HEDEXOIUTH TOYKA
P, (1; 0) onguEHYHOTO KOJA TIPH TOBOPOTI HA KyT ¢. ¥V Akiil koopauHaTt-
uiit upepTi 3HaxoAUTECA TouKa Py saBpamnax 3—67

1) o = 3m; 2) a = —4m; 3) u=%;

__3m, _4n, _n
4) o= e 5) s 6) o ik
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2. 3uaiifiTe 3HaYeHHA sin o, cos a, tg a, ctg a (sKuO0 BOHM iCHYIOTE) HpH:

1) a = 3m; 2) a = —4n; 3) a=—§;
_Eo " =_§o * =§
4)(1-.2, 5) « P 6") o Fi

3°. Kopucrymouuch 03HAYEHHAM CMHYCA i KOCMHYC8, 3a JOTIOMOTOK) OJMHMY-
HOr'0 KOJIA BK&XITH 3HAKH sin o i cos o, AKOO:

6m n 5n
== a=--3 ===
1) o 3 2) ; 3) o :
2n n
=——3 og=—
4) o 5 5) 4
4*. KopucrtyiouHch JiHi€ TaHreHcis, ykamirs 3Hak tg o, AKIo:
- 4!: 8K, = 1A%,
1) a= 0 2) a T 3)0:—_6,
n 9
a=——; 5) a=—.
4) 5 ) o 7
5. Kopucryouuchk JiHi€r KoTaHIeHCIB, yKaxXiTh 3HaK ctg o, AKIO:
4n, 3r, 11n,
=== ==K, 3) a=--%,
1) o 3 2) a= 4 ) o= =
= Ix, s
4) a= L 5) a T

u BAACTUBOCTI TPUTOHOMETPUUYHUX GYHKLIN
Tabanuna 28

1. 3HaKK TPUrOHOMETPUYHUX DYHKLIA

y

cos O Y tg o, ctgo

2. MNapHicTb | HenapHiCcTb
Cunyc, maHzeHc i KOmaHzeHe —
HenapHi pyHKyil

Kocunyce — napha ¢yukyis

sin (—a) = —sin «
cos (—0) = cos a tg (o) = —-tg a
ctg (—a) = —ctg
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ITpodoexcentn maba. 28

3. MNepiopguyHicTL

Dyukuin f (x) sasuBaersca nepiodunnor 3 nepiogom T # 0, axugo xua Oyab-
nkoro x 3 obnacri BusHavenHa ¢pyaruil yucna (x + T) i (x — T) raxkox nane-
#aTh 06JI1aCTI BUBHAYEHHSA | BHKOHYETHCH PIBHICTH

FTc+T)=f(x—-T)=f(x)

y = {x} — npoboBa yacTHHA YMCIA X Yepes NpoMisKKH HOBIKH-
y —— Hotw T (Ha oci Ox) BuUrIsAn
M rpadika nepioguyHoi PyHKIIIL
MOBTOPIOETHCH

> nepioau uiel ¢pyukuii (£ € N)

1
/ / /Q /0 / Sikmo T — nepiox dysxuii, To
+T, +2T, 13T, ..., tkT — Takox
2 -1 lo 1 2 3 4 5

in (x + 2n) = sin x Pynkyii sin x i cos x

cos (x + 2n) = cos x maome nepiod T = 2n T = 2r — cuinbuuii nepion

IJia Beix yHKIiN: sin x, cos x,
lg(x+n)=tg x Dynxyii tg x i ctg x tg x, ctg x
vl (x + m) = ctg x maomb nepiod T ==

EEl [MoscHeHHR K OOrpyHTYBaHHA

1. 3saKM TPHroHOMETPHYHMX (PYHKIill JNerko BHU3HAYNTH, BUXOAAYH

3 0O3HAYEHHA IUX (PYHKILI.

® Haopuknag, sin o — e opAMHATA BignopigHol Touku P OOWHHYHOTO
kona. Toxi 3HaveHHs sin o Oyie OAATHHM, AKIIO TOYKA Pu MAa€ AOJIATHY
opauHary, a ne Oyae Toai, xonm Touka P, sanaxomurtscs B I a6o II xo-
opaunarHiii usepri (puc. 110). fAxmo Touka P, 3naxoaurbea B III abo
1V uBeprTi, TO ii opgEHATA Big eMHa, i TOMY Sin o TeX Bix eMHMIA.

y"‘sinu y lcosu y||t;a, ctga
; = >
X x X

Puc. 110 Pue. 111 Puc. 112

Amnanoriuso, ypaxoByOuH, 1[0 cos o — e abcrnuca BifmoBigHOI TOUYKH
P , opepsxyemo, mjo cos a > 0 B 1i IV useprax (abcnuca Touxku P, poaar-
Ha) i cosa < 0 B I i IIT uBepTax (abcnuca Touku P_Bix’emua) (puc. 111).
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Ocxinsxn tgo=""% i ctg0.=2% 1otg o > 0ictg o > 0 Tam, zesin « i
COSs 1 s1n

€08 0. MAIOTh O/iHAKOBI 3naxu, To6ro B I i IT yseprsx, tg a < 0ictg a < 0 ram,
ze sin o i cos a MaoTh pisHi 3Haku, T06T0 B II i IV uBepTsx (puc. 112). O

N

IlapuicTs i HenapHicTs TpHroHOMeTpHYHMX (QyHKILIH.

@ Illo6 mocnmigwTh TpHroHoMeTpH4YHi (YHKIII HA mapHicThL i HenapuicTh,
3a3HAYMMO, 110 HA OfMHMYHOMY Koji Toukd P_ i P poamimeno cume-
TpuyHO BigHOCHO oci Ox (puc. 113). Otike, 1i TOYKH MAIOTH OIHAKOBL
aberuen i nporunesxni  opaumartH. Toaui cos(—a):xh =X, =CO80,
sin(-a)=y, =-y, =-sino.

TakuM YyHHOM, cOS X — napHa (PyHKNiA, a sin x — HemapHAa.

~tgo; ct (—a)——w—%ms(_“)=—~—m“ =—ctg o.

cos(-a) cosa tg cg sin(—«) -sina g
Omxe, tg x i clg x — wenapni pysxuii. O
IlapricTs i HENApPHICTE TPUIOHOMETPHYHHX (YHKIIH MOMHA BHKOPHC-

TOBYBATH JJis ODYHCNEHHH 3HAYEHb TPHIOHOMETPHYHMX (pynﬁuiﬁ Big’eMHEMX

KyTiB (uncen).

Hanpuknaan, » sm(——) —sm-=— ~ oos(——) —=——=_<]

sin ( -u) ~sin o _

Toni tg(-a)=

3. IlepioguuHicTs TPHrOHOMETPHYHHX q:ymmm. Bara'ro nponecin i sBMIII,
mo Bif0yBaIOTLCA B NPHPOAiI i TeXHHIl, MAIOTH TOBTOPIOBAHMII XapaxTep
(sanpuknajy, pyx 3emii saBkoso CoHIs, pyX MaxoBuka). JIJia onnucy Takoro
poAly TpoLieciB BUKOPMCTOBRYIOTh TAK 3BaHI nepiogmyri QyHKIi.
Dyuxnin y = f (x) nasusaerben nepioduunorw 3 nepiopom T # 0, axuo
nas 6yne-aKoro x 3 obnacti suznaven s pyuxii uncaa(x + Ti(x — T)
TAKOMX HANEKATH 00JIACTI BHIAHAYEHHSA | BHKOHYEThCH PIBHICTH
flix+T)=f({=—T)=F1(x)
® VpaxosywouH, [0 HA OAAHHYHOMY KoJii umcnam (Kytam) a i a + 2rk, ge
k € Z, Bignosiznae Ta cama touka (puc. 114), ogepkyemo
sin (o + 2nk) = sin a, cos (a + 2nk) = cos a.

Puc. 113 Puc. 114
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cly
ko«

Toni 2nk (k # 0) € nepiogom QyHKIii sin x i cos x.
IIpu k = 1 ogep:xkyemo, mo T = 2n — ne nepiog ¢y sin x i cos x.
Josenemo, mo ui (yHKIil He MOXXYTh MATH MEHIUOIO JOAATHOrO Mnepi-
opy. 106 noeectn, mo T = 2n — HalMeHIIMI JOAATHHI nepiog KocH-
Hyca, mpunycTumo, mo T > 0 — nepiog ¢yskmii cos x. Toai ana 6yne-
AKOro 3HAYEHHA X BMKOHYEThCH piBHicTh cos (x + T) = cos x. ¥aasmmu
x = 0, ogepxkyemo cos T = 1. Ane e 03Hayae, [0 HA OJHHUYHOMY KoJIi
npu nosopori Ha kyT T Touxka P, 3HOBy norpamnse B Touky P, 10010
T = 2nk, pe k € Z. Takum unHOM, OyAb-AKMil HEepioy KOCHHYCA NMOBHHEH
Oyt KpaTHUM 2T, a OTIXKeE,

271 — HaMeHIINH IONAaTHHH nepiox Kocumyea. O
1106 obr'pynTysaTh, mo T = 2n — HaliMeHIUMH AOAATHUH nepios (pyHK-
uii sin x, pocraTHbo B piBHoCTi sin (x + T) = sin X, AKA BUKOHYETBCH

nna Oyap-AKHX 3HAYEHD X, Y3ATH X = 12!- Opepxyemo sin (T+§)= 1. Ane
1€ O3HAYAE, 110 ITPH NOBOPOTi HA KYT T+g TOYKa P mOTpanjisie B TOUKY

A (0; 1) (puc. 114), To6T0 T+%=§+2nk, orke, T = 2nk. TaxuM YuHOM,

6yab-sAKHii nepiol CHHyca NoBHHeH OyTH KpaTHHM 27, a4 0TXKe,
271 — @paiiMeHIIMH NONATHWM nepiox cunyca. O
Hrmo BpaxysaTH, IO HA OAMHMYHOMY Koii Toukm P i P_ € piame-

TPaJbHO NMPOTHJIEXKHUMH, TO IIMM TOYKaAM BiJiNOBijae Ta cama TOYKA HA
miHii Tasrescie (puc. 115) abo wa niHil KoraHrencis (puc. 116).

U
—\Pu ]
.‘U.\
0 1 %
‘R}.+n
Puc. 115 ] Puc. 116

Togi tg (o + ) = tg o, ctg (a + 7)) = ctg «, a Takox tg (o + nk) = tg «,
(u + mk) = ctg a, Tobro mepiogom dyEKmii tg x i ctg x e nk (k - 0,
7).

Hasivenmum gomaTeum nepionom miusa dyurmin tg xicigx e T = 7.
1Ilo6 joBecTH me, mocTaTHBRO B piBHOCTI tg (x + T) =tg x y3amu x = 0.
Top opepmyemo tg T = 0. Otxe, T = 7k, ne k € Z. Takum yuHOM, Byab-
AKKUI 1epilog TaHreHCA NOBMHEH OyTH KpAaTHHM T, & OTXe, T — HallMeH-
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it gopaTHMil nepion Tamrenca. Axanoriuso y Bignopigwiii piBHOCTI
Ina ctg x JOCTATHRO B3ATH X =§. @

® Illof maTtu ysBIeHHS TpPO INOBEAIHKY 2pagika nepioduunoi QYHK-
yit y = f (x), sragaemo, mo 3a osHaueHHsam rpadix Gysxuii y =/ (¥)
CKJIAJIAETHCA 3 yCix ToYyoKk M KOOpAMHATHOL IUIOIIMHM, SKi MaiTe KO-
opaunary (x; y) = (x; f (x)). Hepmy koopauuaty ans Todok rpadika
BHOMpAIOTE JIOBiIBHO 3 obsiacti Bu3HaueHHA ¢ynknii. BubGepemo #AK
nepuly KoopAMHaTy 3HauveHHsaA x + T (abo B ysaranbHeHomMy BHIVIA-
JAi — sHayenus x + kT npu uinomy ssavenni k) i Bpaxyemo, mjo AJA
nepioguunol ¢yekuii f (x + ) =f (x — T) = f (x) (y sarajpHOMY BH-
nagky — f (x + kT) = f (x)). Toai no rpadika Qynkuii y = f (x) Oyae
BXOJIUTH TAKOX TOYKA M, KOODAMHATHOI IJIOIMHU 3 KOOPAMHATAMU!

x+T=x+T;f(x+T)=(x+T; f(x)

Toury M, (x + T; f (x)) moxua onepxaTtn 3 Touxu M (x; f (x)) napa-
JIeJIbHUM IepeHeceHHAM y3aosxk oci Ox va T oauauns (puc. 117). ¥ 3a-
raJJbHOMY BHIANKY TOYKY Mz (x + ET; f (x)) MmoxHa ojepxaTH 3 TOYKH
M (x; f (x)) napanenbHEM nepeHeceHHAM y30Bx oci Ox Ha kT oguHHAIb.
Orxe, yepes npomimok T Buraspg rpacdika mepioguunol dyHkIii Oyae
noeroproparucs. Tomy nns mnoGymosm rpadikxa nepiommumoi ¢yHELIT
3 mepiogom T nocraTEbo noGyAysaTh rpadix Ha Gyab-AKOMY NPOMIN-
Ky posxuHON T (Hanpuxiaj, Ha npomixkky [0; T), a notiMm omepaHy
JNiHil0 DapajensHO NEpPeHecTH NpaBopyd i jgiropyu ysgoex oci Ox Ha
pigerani kT, ne k — Oyae-ake HaTypadsHe unciao, O

YA
(x) M /_‘:M\,/\/‘\
-3T —~aT -T 0 x T x24T 2T aT 4T x
Puc. 117

EE Npuknagwn po3s’A3aHHA 3aBAaHbL

INpuxnag 1  Kopuceryrounce nepioguyHicTIO, napHicTio 1 HenapHicTIO TPH-
TOHOMETPUYHHUX (QYHKNIH, 3HAHAITE:

1) m% 2) cos (—405°); 3) tgL‘?fs 4) ctg (-570°).
Posze’asannsn Komenmap

1) VpaxoByroum, 10  3HAYEHHA

21x
1) » sm—-— sin (101t+ ) dyeknii  sinx  IOBTOPIOITHCH
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=sin[5- 2n+5]=sin1‘-=1.«':
2 2

2) P cos (—405°) = cos 405° =

=08 (860°+45°)=cos45° ="~ J_

16n

2 tg———tg(511:+) =3.4

) » ctg (—-570°) = —ctg 570° =
= —ctg (540° +30°) =
= —ctg (180°+3 + 30°) =
=—ctg 30°=—/3. <

yeped mnepiog 2w, BHALIMMO
B 3aJaHOMY AapryMeHTi 4HCJo,
KpaTHe nepiogy (robro 10m),
a moTiM cKopucTaeMocH piBHICTIO
sin (o + 2nk) = sin a (k € Z).

2) CnouaTKy BpPaxoOBYEMO NapHicTb
KocuHyca: cos (—o) = cos o, a 1no-
TiM floro nepioguyHiCTE 3 NEepiooM
2n = 360°: cos (o + 360°) = cos a.

3) DPyHKIiA TaHreHc nepioguvHA
3 nepiogoM T, TOMY BHILNAEMO
B 3aJaHOMY apryMeHTi 4Yuclo,
KpaTtuHe nepiogy (tobro 5m), a mo-
TiM BHKODHMCTOBYEMO PpiBHIiCTB
tg (a + nk) = tg a.

4) CnoyaTKy BpaxoOBYEMO HEIAPHICTDH
koranresca: ctg (—a)=-ctg o,
a MmortiM oro mepioAuYHIiCTL 3 Ie-
piogom m =180°:

ctg (o + 180°+ k) = ctg a.

llpuknag 2° oeexiTs TBepkeHHs: AKmo ¢yrxuin y = f (x) nepiognuna
3 nepiogom T, To dyrruin y = Af (kx + b) Taxox nepioguuna

T
3 mepiogom [';—l (A, k, b — peski unmcna i k # 0).

Pusw’s3aHHuA
T
Hexait ¢ (x) = Af (kx + b)i T} “Tal
Toni
p(x+T)=Af (k(x + T) + b) =

Af{ [x+ﬁ)+b) Af(kx+T +b)=

Af(kx + bt T)=Af (kx + b) =@ (x),
1 e i o3Havae, mo QYHKIiA
p (x) = Af (kx + b) mae nepion

%=

3a3HaunMoO, 10 ofep;KaHa piBHICTH
p{x + T)= ¢ (x) opu migcranoeui 3a-
vicrh x sHaueHHss ¥ — T, IepETBODIOETH-
‘u i piegicts @ (x) = @ (x — T,). Orxe,
plx T)=ox+T)= ¢@(x)i T, nilicio
* nepiogom dyermii @ (x). <

Komenmap

3a osHaueHHAM (QyHKIIA @ (x) =
= Af (kx + b) 6yne nepioguYHOK 3 II€-

5 T
piogom T, = m, AKINO AJNA 6VIb-AKOro

X 3 obnacTi BH3HAYEHHH () BHAYEHHS
niei dyakuii B Togkax x i x + T, pis-
Hi, To6T0 ¢ (x + T)) = ¢ (x). ¥ %07 06-
I'PYHTYBaHHA BpPaxOBaHO, IO BHUPa3
k- 2 npu k > 0 gopisHioe k - %:T,

| %]
a npu k < 0 popiBuioe Ek - %=-T. Ta-
KO ypaxoBaHo, 1o GyHKiia f (x) 3a
yMOBOWO miepiogmuna 3 nepiogom T,

iromy f (x, £ T)=7 (x,), ne x, =
=kx + b.
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BuropucraeMo TBepyKeHHs, JOBeJeHe B NIPUKJIaJL 2, AJIA 3HAXOMKeHHSA

nepiofiB QyHKILLMA.

Hanpuknan,
1) P sarmo dyexnis sin x mae nepiog T = 2r, 10 Qyuknisg sin 4x Mmae
nepiog
=T
174 4 2
2) P saxmo Qpyuxyia tg x mae nepiog T = 7, To QyHKIiA tgf Mae rnepiop

T,=L=Z—4n. .

1 1

4 4

BN 3anuTaHHA 018 KOHTPOMIO

1. a) Haspire sHaxm TpuroHoMeTpuyHuX (GyHKOiil y KoxHi i3 KoopauHAT-
HHUX 4YBepTeil.

6") ObrpyuTyiiTe 3HaKM TPUrOHOMeTpUYHUX (QYHKIIN y KOXKHIi 13 KoOp-
IOUHATHUX YBepTeii.

2. a) fki 3 TpuronoMeTpryHEUX QYHKIIN € NAPDHUMHE, 8 SKI — HenapHumu?
HageniTs NpUKJIagW BHKOPHCTAHHA NApHOCTL i HemapHOCTL Ans obuwuc-
JIEHHS 3HAYEHb TPUTOHOMETPHYHMX (DYHKI[IN.

6") O6rpysTyiiTe napHiCTh Y¥ HENAPHICTH BiANOBiHUX TPUTOHOMETPM-
HUX (QyHKIii.

3. a) fxa QyHKnia HasuBaeThes nepioguunon? HaseniTs npukIagn.

6") O6r'pyHTyiiTe nepioUYHicTh TPUTNOHOMETPUYHUX (PYHKINI. YKamiTh
HallMeHIIWH JOHATHWI Mepioji JUIA CHHYca, KOCHMHyCa, TAHTeHca i Ko-
TAHrEHCca Ta OOI'PYHTYHTe, 1IN0 B KOKHOMY BHNAJAKY I1eil nepion piiicHo
€ HalMEeRIINM [0JATHUM TEpPiofoM.

EEE Bnpasu

1. Kopucryrouncs nepiogngHicTIo, NAPHICTIO 1 HEMAPHICTIO TPUNOEOMETPHU Y-
HOI (yHKmil, 3EaligiTe:

1) cosls% 2) sin (-750°);  3) tg(—“’“)- 4) ctg 945°;
5) sm% 6) cos (-3630°); 7) ctg( 1""‘) 8) tg 600°.
2", Cepen zapanux QyHKNiH 3uaiigite nepiogwyni i yKamiTe HaliMeHIIWH
[OONaTHUM nepiof IS KOYKHOL 3 HUX:
DI =% 2) f (x) = sin 2x; i =|x|
4) [ (x) = tg 3x; 5)f(x)=3
3. BuaiifiTe HAIMEHIIWI JOJATHHI MEPioJ] KOMKHOL i3 3a1aHNX (DYHKIi:

D) y=cos2x; 2)y=tg bx; 3) y=sin§; 4) y = ctg 3x; 5) yzcosg:—.
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4. HaxoxzoMy 3 pucyHKiB 118—121 HaBegeHro YacTuHy rpadika gesxol nepi-
opnuHoi pyurnii 3 nepiogom 7'. IlpoaosixiTe rpadik Ha Biapisok [-2T; 3T').

Y

T

3 YA

§19

wy o

>
T X

L |
(1]

Puc. 118 Puc. 119

nY

Puc. 120

19.1. lpadik PpyHkuii y = sin x Ta ii BAACTMBOCTI

y
T

IPAGIKU OYHKLIIM CUHYCA, KOCUHYCA, TAHTEHCA
| KOTAHIEHCA TA IX BAACTUBOCTI

Tabnuusa 29

padik PyHKwii y = sin x (CuHycoina)

BnactuBocTi

yHKUji y =sin x

Obnacme susHayeHHa: x € R (x — Oynb-ake pilicHe 9Mcno).

D(sinx)=R

O6aacmb 3unavens: y € [—1; 1].

E (sin x) = [-1; 1]

QDyHKIIA Benapua: sin (—x) = —sin x (rpagik cmMeTpHYHHE BifHOCHO IIO-

YaTKy KOOpDOHHAT).
Pynryin nepioduyna 3 nepiogom

Touru nepemuny 3 ocamu xoopduram: Oy

ITpomincku 3naxocmanocmi:

T=2r

: sin (x + 2n) = sin x

x=0,
y=0

Ox

{

y=0,
x=nk, keZ

sinx>0mnpr x € 2nk; 1+ 2nk), k € Z
sinx<O0mnpr x e (n+ 2nk; 2n + 2rk), k€ Z
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Ilpodoencerns mabn. 29

7. ITpomimkxu spocmanHa i cnadanHa:

(dyHKIin Sin X 3pOCTAE HA KOKHOMY 3 NPOMIXKKIB [—§+2nk;§+2nk]. keZ,

i cnagae Ha KOXKHOMY 3 NPOMiXKiB [£+2nk; 3?'+2mk], kecZ

Haji6insme anavennn ¢pynxuii gopisaioe 1 npu x:g+21d¢. keZ

Hajimene 3navenus ¢yHruil gopisnioe —1 npwm xz-%+2mk. ke Z

EEN [NosicHeHHS M OOrpyHTYBaHHA

XapaKTepH3yiYH BJACTHBOCTI TPUIMOHOMETPHYHMX (yHKLiH, Mu Oyne-
MO BHOINATH Taki ix xapaxkrepucTuku: 1) obnacts BusHaueHHA; 2) odnacTh
SHA4YeHb; 3) MAPHICTE UM HemapHicTs; 4) nepioauuHicTb; 5) TOYKH NEepeTUHY
3 OCAMH KOOpOMHAT; 6) NPOMIMXKH 3HAKOCTANOCTL; 7) MPOMIKKKH 3pOCTAHHHA
i cnamadusA; 8) Halibinbime i HaliMeHIlle 3HaYeHHA (PYHKIIL.

3ayBaenHs. AOcnucH TOYOK IEPETHHY
rpadika ¢ynknii 3 Bicco Ox (To6T0 Ti 3HAYEHHSA
apryMeHTy, nNpy SxKux (QyHKIIA AOPIBHIOE HYJIIO)

P,
HABWMBAKOTL HYMAMU QYHKYIL.
Haragaemo, 110 3Ha4YeHHA CHHyCaA — I Op- C
JUHATA BiANOBLAHOL TOYKM OAMHHMYHOrO KOJA 1 1

(puc. 122). OckinbKH OpAHHATY MOXHA 3HAHTH ANA
Oyab-AKOI TOYKHM OJMHHUYHOI'O KOJa, TO ofaacmb

susnauenHa QyHRIEL y = sin x — yei pgilicHi unc- -1|B
na. Ile moxxua 3anucaru tak: D (sin x) = R.
JI71s TOYOK OAMHMYHOTO KOJIA OpDAWHATH Haby- Puc. 122

BalOTh yecixX 3HaueHb Big —1 mo 1, orike, o6aracme
3Hayenb GyHKLII y = sin x: y € [—1; 1]. Ile Mo)xHA 3anmucaTH TaK:

E (sin x) = [-1; 1]

HAx baunmMo, Hailbiavwe 3navenna GYHKII sin x JOpiBHIOE ONMHMIL.
IIroro sxadeHHsl (QyHKILA AOCHATAE TiMBKH TOAI, KONMH BIATIOBIAHOI TOYKOIO

OJIMHHUYHOIO KOJNa € ToYKa A, To6To mpu x=§+27rk, ke Z.

Haumenwe 3navennsa GyHKIil sin x gopiBHIOE MiHYC OJWHHIL, AKOro
BOHA JOCHTAE TIiNBKH TOJAi, KOJH BiANOBiHOK TOYKOK OJHHWUYHOIO KONa

€ Toura B, To6To npn x=—§+2n:k. keZ.
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fIx 6yno noxasaso B § 18, cunyc — Henapha ¢yrnkyia: sin (—x) = —sin x,
ore, 11 rpadik cHMeTPUYHMI BiIHOCHO NOYATKY KOOPAMHAT.

Y § 18 Gyno ob6rpyHTOBaHO TAKO, 10 CHHYC — nepioduyHa (PyHKIis
3 HaliMeHmMM jgogaTHMM nepiogom T = 2x: sin (x + 2x) = sin x, omKe, 4e-
pes MpOMiMKKH HOBMKHHOW0 27 BUrisja rpadika (GyHKOIT Sin X N0BTOPIOETHCS.
Tomy ansa Toro mob6 nobyayeaTi rpadik miel pyHKLil, focTaTHLO NOOYIYBATH
i1 rpadik Ha OyOb-AKOMY NPOMIMKY AOBXHHOI 21, a NOTIM ofepaHy Ji-
HIK MAPae/bHO NMepPeHecTH Npasopyy i JiBopy4 yagosix oci Ox Ha BipcTaxi
kT = 2nk, ne kK — Gyab-fiKe HaATypajibHe YHCJIO.

11106 snaitT mowru nepemuny zpagira pynryii 3 ocamu xoopdunam, 3ra-
JnemMo, mo Ha oci Oy spadenns x = 0. Toal Bignmoeigse anavyenns y = sin 0 = 0,
robro rpadik QyHKIII ¥ = Sin X NpoXoAUTE Yepe3 No4YaTOK KOOPAMHAT.

Ha oci Ox snagenss y = 0. Omxe, Ham noTpibHi Taki 3HayeHHs X, NpH
sSKuX sin x, TobTo opauHATA BiIMOBIIHOI TOYKH OJJHHUYHOI'O KOJa, AOPiIBHIO-
narume Hyso, le 6ype TiINBKH Toal, KOJMH BiATOBIIHOK TOYKOI OOUHUYHOIO
iKona Gyne Touka C a6o D (puc. 122), Tro6to npu x = nk, k € Z.

ITpomixcku s3nawocmanocmi. Hx 6yno obrpyaropano B § 18, sHauenus
(pyHKIii cuHye moaaTHi (To6TO OpAMHATA BLANOBiIHOT TOYKA OJMHWYHOIO KOJIA
nopatHa) v I i Il koopameaTEMX uyBeprax (pue. 123). Orixke, sin x > 0 npn
x € (0; m), a TakoxK, yPaXOBYyIOUH nepioj, MpH Beix x € (2nk; n + 2nk), k € Z.

Buauvenda (yHknil cuHye Bim'emui (Tobro opamEaTa BignmoBigHOI TOY-
K1 opuHHYHOro Kona Bim'emua) y III i IV uBepTax, oT:ke, sin x < 0 npu
x € (n + 2nk; 2n + 2nk), k € Z.

ITpomixcku 3pocmanus i cnadanua
® VYpaxoBywum nepiognynicTe QyHKLIl sin x 3 nepiogom T = 27w, mocrar-

HBO AOCHIAMTH 1l Ha 3POCTAHHA i CHaJlaHHA Ha Oy/b-AKOMY NPOMIKKY

JIOBIKHWHOIO 27, HANPUKJIAJ Ha MPOMIMXKKY [—%; %]

Axio xe[—%; %] (puc. 124, @), To npu 36LILIIEHHI APryMeHTY X

(x, > x,) opavHaTa BiANOBiZHOI TOYKH OAMHMYHOTO KOJa 36ibIIyETHCH
(Tobro sin x, > sin x,), OTKe, Y NbOMY NPOMDXKY (PyHKuis sin x 3poc-
TaE. YPaxoBYIOYH NepPiOgWYHICTH, POOMMO BMCHOBOK, N[0 BOHA TAKOMK

3pOCTaE B KOMKHOMY 3 NPOMIMKIB [—§+2Hk;g-+2ﬂk], ke Z.

x, 3n
2¥g
OpAMHATA BiANOBiAHOI TOYKM OMHHYHOIO KoJla 3MeHITyeThess (ToOTO
sin x, < sin x,), oTKe, Yy bOMY NPOMiXKKY (QyHKNia sin x cnajae. Ypa-
XOBVIOUM TIepioguvHicTh, poOMMO BHCHOBOK, IO BOHA TaKOM CIAJac

Axuo x e[ ] (puc. 124, 6), o upu 30inbmeHki aprymesTy x (x, > x,)

B KOKHOMY 3 MIPOMLXKiB [§+21tk; %i-ka], ke Z O
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__1.].-
Puc. 125

IlpoBeneHe pochifizkeHHs HO3BOJISE OOrpyHTOBaHO nobyayBaTH rpadik
GyEKOil y = sin x. ¥Ypaxopyoun nepiopmuHicTe uiei ¢pyukuii (3 nmepiogom
27), moCTaTHLO CIIOYATKY nobyAyBaTH rpadik Ha 6yAb-AKOMY MPOMIYKKY JIOB-
MHUHOW 27, HANPHKNaj Ha npoMixkky [—mn; nt]. dna 6inem Tounoi nobynosu
TOYOK rpadirka KOPHMCTYEMOCS THM, 0 3HAYEHHA CHHyca — Il@ OpAWHAaTAa
BifimoBigHOI Touku oguHMuYHOro Kona. Ha pucysry 125 mokasaHo nobyznoBy
rpacdika pyHKENI y = sin x Ha npomixkky [0; n]. Ypaxosywoun HenmapHicTB
¢yHEOI sin x (i1 rpadik cuMeTPHYHMIA BifHOCHO NOYaTKy KOODPAUHAT), OIS
Toro o6 nobygyeaTté rpadik Ha npomixkky [—n; 0], Bigobpaxyemo omepxa-
HY KPWBY CHMETPHUYHO BiflHOCHO IOYaT-
Ky KoopauHaT (puc. 126).

Ockinmeku mu nobyayeanm rpagir
HA NPOMIKKY HNOBXKHHOK 27, TO, ypaxo-
BYIOYH TepiofMyHicTh cHHyca (3 mepio-
siom 2n), moBTOprOeMO BHArNsAA rpadika Ha
KOMXHOMY NPOMLMKKY HOBMKHHOK 27 (TobT0
IIepeHOoCHMO napaielbHo rpadik V3oBIK
oci Ox na 2nk, e kB — nine uwmcno). Puc. 126
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y=s8in x

0

Puc. 127

Opepxxyemo rpacdik, HaBeeHHil Ha pUcyHKY 127, axuil HasuBaOTL CU-
HYCOi0010.
3ayBaxenusa. TpuromoMeTpuuHi (QYHKLIl IIHUPOKO 3aCTOCOBYIOTH
y MateMaTuLl, (isuni Ta Texanmi. Hanpuknazn, 6araro nponecis, TaKUX #K
KOJIMBAHHSA CTPYHM, MAaATHHMKA, HATIPDYIH B KOJII 3MIHHOTO CTPYMY TOWIO, OTIH-
cyoThCH QYHKLICI, SKY 3a7aiTh GopMyson y = A sin (ox + ¢). Taki npo-
IIECH HABUBAIOTH ZAPMOHIYHUMU KONUBAHHAMU.
I'papix ¢yurnii y = A sin (0x + @) MOX¥KHA ofep)KaTH i3 cHHycOiu
Y = sin x CTUCKYBaHHAM ab0 po3TAryBaHHAM 11 B3JIOBX¥ KOODAUHATHHUX OCeH
i napajelrHUM NEepeHeCeHHAM y3aoBx oci Ox. Haiiuactime rapMoHi4YHE KO-
nmBaHESA € hyHKuieko gacy t. Toxi #oro aapasoTs hopmynow y = A sin (ot + ¢),
. me A — amMIuliTyla KOJMBAaHHA, ® — KYTOBa 4acToTa, (p — IoyaTKoBa (asa,

= nepiog KonmBaHEsA (AKmMo A > 0, o > 0, ¢ = 0).
w

19.2. Ipadik PpyHKUii y = cos x Ta il BAACTUBOCTI
Tabnunsa 30

I'padik dyHKUIl ¥ = cos x (kocuHycoiga)
yl\

BnacrueocTi GyHKUII y = cos x
1. O6nracmv susnauenna: x € R (x — Oyap-sike JilicHe YHCJIO)

D (cos x) =R

2. O6nracmb 3nauens: y € [—1; 1]. | E (cos x) =[-1; 1]
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Ipodosxcenns maba. 30
3. Dymuwryia napra: cos (—x) = cos x (rpadik cumerpuuHmit BigHOCHO oci Oy)
4, d?_r,:nnum nepioduyna 3 nepiogom | T = 2n |: cos (x + 2n) = cos x

x=0, {3’:0'
o Ox o .
y x_=§+1tk. keZ

‘.

5. Touxu nepemuny 3 ocamu koopdunam: Oy {

6. Ilpomimxu snaxocmanocmi:

cos x > 0 npu xe(~-'25+2uk;-;—+2nk). keZ

008 x < 0 npm xe(-;-+2nk;§;-+m). keZ

7. ITpomixrxu 3pocmaHHA i cnadaHHA:

¢yEKLiA cos x 3pOCTAE HA KOKHOMY 3 Mpomixkkis [n + 2nk; 2n + 2nkl, k € Z
i ecnajga€ Ha KOKHOMY 3 npomixkkis [2nk; n + 2nk), k € Z

8 Haii6inpme anavenns ¢ynknii gopisuoe 1 upu x = 2nk, k € Z
" | Halimenme 3navennn GyExuil gopiemwe — 1l npu x=n+ 2nk, k € Z

BN [(oscHeHHs i OOrpyHTYBaHHA

Haragaemo, 10 3HaueHHS KOCHHyca — Ie abcumca BiagnoBigHol TOUKH
onvHEYHOrO Kona (puc. 128). Ockineku abcnucy mMoykua sHaiTH ans Gyme-
AKOI TOYKHM OOWHHUYHOIO KOJa, TO ofaacmb 6u3HAYeHHA (PyHKRIIL y = cos X —
yei pidicHl ynena. Ile MokHa 3anucaTH Tak:

D (cos x) = R.
© JInA TowoK ogMHMYHOro Kona abcrmem HabyBawTe ycix 3HavyeHb Big —1
zmo 1, omxe, obracme 3navens QyHKUii y = cos x: y € [-1; 1]. Ile moxxHa 3a-
IIACATH TAK:
E (cos x) =[—1; 1]

Hx baunmo, Hailbiavue 3HavenHa GYRKIII cos x
nopiBHIoE oguEMIi. I{poro 3HavYenHs GyHKIA HOCH-
ra€ TLTBKH TOJl, KOJH BiIlIOBiTHOIO TOYKOI OfHHKHY- P,
HOro KoJa € Touka A, Tobro mpm x=2nk, k € Z.

Hailmenwe snavenns QyHKIil cos x fopiBHIOE _1 1
minye oguenni. Ile sHaueHHSA AOCATaETHCH TiJlb- B 0
KH TOi, KOJH BLATIORIIHOI TOYKOK OAHHHYHOIO
KoJa € Touka B, Tobro npu x =n + 27k, k € Z.

fIx 6yno nmokazaHo B § 18, kocuEyc — napha D
¢ynryia: cos (—x) = cos x, ToMy ii rpadik cume-

TpHUHHN BigHOCHO oci Oy. Prc. 128
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V § 18 6yn0 oO6r'pyHTOBAHO TAKOMK, 0 KOCHHYC — nepioduyna QPyHKIiA
3 HaliMeHIIMM JomaTHUM nepiogoM T' = 2n: cos (x + 2n) = cos x. OTixke, Uepes
MPOMIMXKM HOBXKHHOI0O 271 BHIIAA rpadika yHKOIl cos X MOBTOPIOETHCH.

1106 sHaltTi moyKu nepemuny zpagirxa pyrryii 3 ocamu koopduram, Hara-
JAaeMo, 110 Ha oci Oy sHavenHs x = 0. Tozi BignopigHe sHaveHHsa y = cos 0 = 1.

Ha oci Ox snauenns y = 0. Omxe, HamM noTpibHi Taki sHaYeHHs x, NpH
SIKMX €08 X, ToOTO abciyEca BIATIOBIAHOI TOUKHW OAMHUYHOIO KOJIA JOPiBHIOBA-
Tume wymo. Lle Gyge Tinekw TOAi, KoNM BiANOBIAHOK TOYKOK ONHHUYHOIO

Kona Gyge Touka C a6o D (pue. 128), To6ro npu xz%ﬂ:k. keZ

Ipominku znarxocmanocmi. Ak 6yno obrpyHroBaso B § 18, sHaueHHs
dyHKLil KocuHye mopaTHi (ToOTO abcmmca BIANOBIAHOI TOYKH OJAUHHYHOI'O

Kona popatha) B 1 IV useprax (pue. 129). Otxe, cos x > 0 npn xe(—%; —:—),

8 TAKOK, YPAXOBYIOUH NEPIOA, MPH BCIX xe(—-;5+2nk;1;-+2nk), kelZ.

3HauyeHHA QYHKII KocHHyC Big'eMHi (To6TO abcipca BIANOBIAHOLI TOYKHU
opuruyHOTO Kona Bix’emua) y Il i ITI useprax, oTxe, cos x < 0 npu

xe(—’25+2xk;%+2nk), keZ.

ITpomiscru 3pocmawnna i cnadaHHA

® Vpaxosyoum nepioguunicTs Gynkuii cos x (T = 2n), JOCTATHLO AoOCHigH-
TH Ti HA 3POCTAHHESA i CNIAIAHHA Ha OV/Ib-AKOMY IIDOMIKKY HOBXKHHOIO 2T,
Hanpukiaja Ha npoMixkry [0; 2n].
fAxmpo x € [0; n] (puc. 130, a), To npu 3binemenni aprymenty X (x, > x,)
abcuuca BiANMOBiAHOI TOYKH OMHHHYHOINO KOJIA 3MeHIIyeThes (ToOTO
cos x, < COS X,), OTe, y IbOMY NPOMIXKKY QYHKIis coS X cuaaae. Ypa-
XOBYIOUM IEepioHYHicTh GYHKIL cos x, poOMMO BUCHOBOK, II[0 BOHA Ta-
KOX CMAJ8€ B KOXKHOMY 3 IpOMikKiB [2nk; m + 2nk], k € Z.

Puc. 130
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fAxmo x € [r; 2] (pue. 130, 6), To npu 36inbeEHi aprymesty x (x, > x,)
abciyca BiMOBLAHOT TOYKHM OJWHWYHOro Kojna 36inbmyetsea (ToOTO
COS X, > COS X,), OTKe, y bOMY IPOMiXkKKy QYHKIiA CO8 x 3pocTae. Ypa-
XOBYIOUM nepiogmyHicTs (GyHKNOIL cos x, poOMMO BHCHOBOK, INO BOHA
3pOCTAE TAKOM¥ V KOXKHOMY 3 MpoMikKiB [ + 2nk; 2n + 2nk), k € Z. O
ITpoBespene nocnigyxeHHs nosponde nobynysary rpadik Gpysruii y = cos x
aHAJIOTiYHO 0 Toro, Ak Oyso nobymoeano rpadgik ¢pyHKLIL ¥ = sin x. Ane rpa-
(i QYyHKLII i = cOS X MOKHA OfIEPIKATH TAKOMXK 38 JONOMOI'0OK reoMeTpUyYHHX
nepeTBopeHb rpadika GyHrnii y = sin x, BUKOpHCTOBYIOUN QopMysy

sin(§+x)= cos x ]

® Il dopmysry MOxHA OOI'DYHTYBATH, HANPH- yh
KJIaf%, Tak. PosrnsHeMo OJWHUYHE KOJO
(pmc. 131) i BigMiTHMO Ha HBOMY TOYKH B C,
A=P_ i B=P, ta abcuucu i opamHaTH D, A
tx +x
= %x |
IIUX TOYOK. YPaxoBYHOYH, LIO LAOB_E, D, 0 cJi
OJlep?KYEMO, 1[0 NPH MOBOPOTiI NPAMOKYTHH-
ka OC AD, naskono Touku O Ha KyT -g- npo-

TH TOAUHHUKOBOL CTPiIKHM BiH nepelne
B npaMokyTauK OC,BD,. Ane Toni OD, = OD, Pruc. 131

i 0C, = 0C,. Omxe, sin(Z+x)=y, =0C, =0, =t, =cos x.
3asHauynMMo Takok (popMyH, AKi HaM 3HaJOONATHCH Naji:
cos(g+x) =ty =-0D,=-0D, =—y, =—sin x.

n(3 )
sz-l-x:eosx

cos(;-rx) ~sin %

Toxi tg(§+x)= =—ctg x.

Orixe,

t.g(§+x)=—ctgx LO

Vpaxosywouu, mo cosx=sin(x+§), rpadix ¢yeKOii y = cos x MoxHA

onep:kaTu iz rpadika Qysrnii y =sin x Horo napajnenbHAM NepeHECEHHAM
y3noBxK oci Ox Ha (—g) (puc. 132). Opepsxyemo rpadik, AKHi HA3HBAETHCH

Kkocunycoidoio (puc. 133).



260 Poaaia 3. TPHTOHOMETPHYHI OYHKLUI

g
3
i
(1]
o
T |
(CE]
=S
|
y
®

y=cosx
Puc. 132
yl\
1 4y COsS X
i _3x = 4 1 0 = T 3n x
2n - n 5 : 3 2n
-1+
Puc. 133

19.3. lpadik PyHkuii y = tg x Ta ii BAACTUBOCTI
Tabaunsa 31

Mpadik PpyHxuii y = tg x (raHreHcoiga)
yA

y=tgx

Ry

|
X
|
A
1]
LXE]
(%]

BnactusocTi ¢pyHkuii y = tg x

1. O6racmv susnavenns: | D (tg x): x¢§+ﬂ:k, EecZ

2. O6nracmo 3navenv: y € R.| E(lgx)=R
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ITpodoexmernsa mada. 31

3. Pynuryia nenapna: tg (—x) = —tg x
(zpagix cumempuunuil eidnocro novamky xkoopdumnam).

4. Pynxyis nepioduyna 3 nepiogom L;‘-;—j tg (x + n) = tg x.
|[z=0.] | [u=0, ‘.
5. Touxu nepemuny 3 ocamu xoopdunam: Oy L =l e |

- —
tg x > 0 npu xe(nk;gwrk), keZ J

Ox

6. ITpomincxu snaxocmanocmi:

Ltgx<0upn xe(—%utk;nk), keZ ‘

7. Ilpominku 3pocmanHs i cnadanHa:

{ dyaxnia tg x 3pocTac Ha KOKHOMY 3 MPOMIXKIR cBo€l ofnacTi BH3HAYEHES, |

} TOGTO Ha KONHOMY 3 npomixcKie (-§+‘ltk; §+Hk). keZ |
| e gt

1
8. l Haiibinvuiozo i nallmeniwozo snavens QyHK1in He Mae. J

IR MNosacHeHHs i O6rpyHTYBaHHS

in
Haragaemo, 1o tgx=’ . Omxe, obracmio susHayeHHa TaHreHca By-
CoOB X

I

AYTH yCi 3HAYEHHS APryMeHTY, OpY AKHX cos x # 0, To6To x¢§+ nk, k € Z.

Otpumyemo D (tg x): xatgﬂtk, k € Z. lleii pesaynbTaT MOXKHA ONEPIKATH

i reomeTpuyHO. 3HAYEHHSA TAHIreHca — Iie OpAH-
HaTa Bignosizuol Touku T HA yiHil TaHreHciB
(puc. 134). Ockinbku Touku A i B OfMHUYHOIO
KoJsa nexats Ha npamux OA i OB, naparenbHMX
niHii TaHreHciB, MH He 3MOKeMO 3HAHTH 3HAYEH-

He TAHTeHca I x=%+n’k, k € Z. ]Ina Bcix is-

IIMX 3HAYEHL APIYMEHTY MM MOYKeMO 3HAWTH
BignmosigRy TOYKY Ha Jinil TAHTeHCIB TA I OpAMEHA-

Ty — TaHrenc. Omke, yci sHavyeHHA x:%-ﬂl:k

BXOAATH A0 obnacri BusHavenun GyHKIil y = tg x.
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Ina Toyok omuHuuHOro Kona (ki He abiraoThes 3 Toukamu A i B) op-
JIMHATH BiAMOBIAHMX TOYOK Ha JiHil TanrenciB mabysaloTk ycix aHadeHb Bij
co 10 +eo, Takum ynHOM, ob6aacmb 3HaveHb GYHKLIL y = tg x — yci mijicni
qucnaa, Tobro y € R. lle moxkna sanucatu Tak: E (tg x) = R. 3 naBeneHux
MipKYyBaHb BHILTHBAE TAKOM, 110 Hailiabuiozo i Halimenuio020 snavensb QyHK-
uig tg x se mae.

HAx 6yno nokaszano B § 18, ranrenc — Henapha dyukuis: tg (—x) = —tg x,
omxKe, 11 rpadik CHMeTPHYHHI BiJHOCHO MOYATKY KOODAMHAT.

Tanrenc — nepioduyna dyHkiia 3 HaliMEHIUHMM JOJATHHUM [epioxoM
T = n: tg (x + n) = tg x (muB. § 18). Tomy npn nobynoei rpadika niei pyHk-
1wii gocraTHeo nobyaysaTn rpadik Ha Oyab-AKOMY HPOMIMXKY AOBXHHOIO T,
a MOTiM OjiepKaHy JIHiIO IePeHeCTH NapaselIbHO MPABOPYY i JiBOPYY y3J0BK
oci Ox na siacrans kT = nk, ne kB — Oyab-fike HATYPAJILHE YHCJIO.

1106 sHaiiTH mouku nepemuny zpagixa Pyrkyii 3 ocamu Koopdunam,
Harafgaemo, mo Ha oci Oy snavenns x = 0. Toapi Bixgnopigne sHaveHHsH
y = tg 0 =0, 10610 rpadixk dysxuii y = tg x npoxoaUTL yepe3 NOYATOK KO-
OpAMHAT.

Ha oci Ox snavenHs y = 0. Omxe, Ham norpibui Taki snaueHHs X, OpH
axux tg x, TobTo oppMHATA BigmoBiHOI TOYKHM JiHiI TaHreHCiB, MOpPiBHIOBA-
Tame Hymo. Lle Oyze Tinbkm ToAl, KONH BiAIIOBiAHOI TOYKOK ONMHHYHOIO
Kona 6yne Touka C abo D (pue. 134), Tobro npu x = nk, k € Z.

IMpomincrku snaxocmanocmi. Ak 6yno obrpysarosaro B § 18, snavyenHs
dyHKLUii TaEredc ponaTtHi (TobTo opaMHAaTa BiANMOBiAHOL TOYKM JiHII TAHreH-

cis nopatua) y I i Il koopausaTaux useprax. Orxe, tg x > 0O npu x € (0.' ;),

a TAK0, YPaXOBYIOYH Ilepiof, Ipu BCix xe(nﬁ: -;—+r:k), ke Z.
3nauenss QyHKnil TaHrenc Bin'emul (TOOTO OpMHEATA BIANOBIAHOI TOYKH
Tinii TaHreHCIB Big emua) y 1111V useprax. Orxe, tgx < Ompu x e (-»% +ntk; nk)

kelZ.
ITpomincku spocmanna i cnadauHs
Vpaxosyioun nepiomuynicTs Gysknii tg x (mepion T = n), nocTaTHBO NO-
criguTH ii Ha 3pocTaHHA i cnajaHHs Ha OyAb-AKOMY MPOMIMKKY AOBMH-
HOIO 71, HANPHUKJIAJ, Ha IPOMIKKY (—12‘—; %) fAxmo xe (-;; -;E} (puc. 135),
TO NpH 30inblleHHl aprymMenTy x (x, > x,) OpAMHATA BiANOBIAHOI TOYKH
ninii Tarrencis abinemryerses (Tobto tg x, > tg x)). OTke, y npomy npo-

MiXXKY QyHKILiA tg x apocTae. Y paxoByouH NepiognyricTs GyHKIIL tg x,
po6rMO BHCHOBOK, IO BOHE& 3POCTEE TAKOXK Y KOXXHOMY 3 HPOMIiXKIB

n n -
(-E+E.k;§+ﬂk), ke Z O
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1 yA Tg_ o b, fi
tg x, B T
T!
tgx, s U
L b 0
."r?_ >
L =t o 3 /0 2 ¥
0 T.
TG
3
Puc. 135 Puc. 136

IlpoBepene mociijyKeHHs A03BONsAE oOrpyHTOBaHO NnobyayesatH rpadik
dyurnii y = tg x. Ypaxosyloun nepiogunynicTs miei dynknii (3 nepiogom n),
cnoyarky nobyayemo rpacdik Ha OyAb-AKOMYy IIPOMIXKKY JAOBMHHOIO T, HRIIPH-

KJI8J, H8 NPOMIiMKKY (w%; —'25] Ona 6inemn TouyHoi mobynoBM TOYOK rpadika

CKOPHMCTAEMOCH TAKOM THM, 1[0 3HAYEeHHS TAHIME€HCA — I OpAMHATA BiAHO-
BifiHOI ToukM ninii Taurencis. Ha pucynxky 136 moxkasano nobynosy rpadika
¢dyHKOil y = tg x Ha DpOMiIMKKY (—g—; -’-t-).

JaJji, ypaxoByiOuH DepioHYHICTE TaHreHca (3 mepiofioM 1), HOBTOPIOEMO
BUNIAA rpadika HA KOXXHOMY IPOMIXKKY JOBXHHOK T (TOOTO mepeHOoCHMO
napajensHo rpadik ysgoBik oci Ox Ha nk, e k — nise yucno).

Onep»xyemo rpadik, HaBeleHHil HA pUCYHKY 137, AKMi HA3WBAIOTE MAH-
zencoidoro.

yA ——

[
g
|
a
|
v
)
[NE]
A
no|g
%V

Puc. 137
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19.4. I'padik PyHkuUii y = ctg x Ta ii BAACTUBOCTI

Tabnunsa 32
Mpadik PpyHkuil y = ctg x (koTaHrerHcoina)
vt y=ctgx
-2r an\ -7 0 A 3n 2n x
] 2 T

BnactueocTi ¢y1-mul' y= ctg x

1. Ob6racme 8usnHaveHHA: [D (cig x):x=#nk, k € Z Hl

2. O6nacmv 3Havenv: Yy € R. ! E(ctigx)=R '

3. DPymryia nenapna: ctg (—x) = —<tg x
(zpaghix cumempuunuil 8i0HOCHO nowamky Koopdunam).

4. Dynxyis nepioduyna 3 nepiogom | T = n 1 ctg (x + n) = ctg x.
—_—

—— y=0,
5. Tourxu nepemuny 3 ocamu xoopdunam: Oy memae , Ox l =

6. IIpomincku 3naxocmanocmi:
e

cig x > 0 npr xe(ﬁk;%ﬂrk), keZ

cig x <0npn xe(ﬁﬂth; u+1dz), keZ

s Hpoxbxxu 3pocmanHua i cnadanHA:

(bymuua ctg x cnagae Ha KOXHOMY 3 MPOMIXEKIB CBOEI obnacri Bu3HAvEH-
! HA, T060TO Ha KOXHOMY 3 npomixkis (nk; n + nk), k € Z.

8. Hauﬁmswozo i ualimmozo 3HaYEHRL q:ymmm HE MAaE€. J
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B (oscHeHHA i OOIrpyHTYBaHHA

COS¥  Omxke, o0aacmio 6U3HAYEHHA KOTAHTEHCA

Harazaemo, mo ctg x=
sin x

OyAnyTh ¥Ci BHAYEHHA APIYMEeHTY, NpH SKHX sin x # 0, 10610 x = 1k, k € Z.
Taxum yuHOM,

D (ctg x): x # nk, k € Z.
Toit caMuil pe3ynbTAT MOXXHA OJiep-

MATH, BUKODHCTOBYIOUH TIe€OMETPHUYHY L)
imocrpauin. 3HaYyeHHA KOTAHIeHCA — e C Q,
abcuumca BiANOBiMHOI TOYKH HAa MiHiI KO- P

raurexcis (puc. 138). Ockinsku Toykm A
i B oqMHHYHOTO KOJA JIe}KATH HA NPAMHX
OA i OB, napanensHMX Jinil KOTAHTeHCIB,
MM He MO)XeMo 3HAaHTH 3HAYeHHH KOTAH-
renca ans x = nk, k € Z. [Ina peix immux
3HAYEHL APryMEHTY MH MOJKEMO 3HaWTH
BiIOBiAHY TO4YKY Ha NiHil KOTAHreHCiB Ta D
i abcuucy — KoraHrenc. TAKHM YHMHOM, Puc. 138

yci saHayenHsi x # nk BXxoAATE Ao obnacti

BH3HaYeHHA PyHKUII i = ctg x.

Ilna TOUOK OfMHHYHOrO KoJja (ski He 36iraoThes 3 Toukamu A i B) abce-
IHMCH BiiMOBiAHUX TOYOK Ha JiHiI KoTaureHciB HabOyBalTE yCiX 3HAYEHE Bij
—oo 10 +oo, OTIKE, O6aacme 3HaveHy GYyHKLiL ¥ = ctg x — yel pificHi yncna,
17006710 ¥ € R. lle moxxua sanucatu Tak: E (citg x) = R. 3 uapeieHnx MipKy-
BAHL BUIIMBAE TAKOMK, 110 HAUOLAbULOZO i HAUMEHUIO0Z20 3HAYEHL (GYyHKLIIA
ctg x He Mae.

Ak b6yno nokasaro B § 18, Koranreuc — wenapua GyHkuia: ctg (—x) =
= —ctg x, Tomy ii rpadixk cHMeTpHYHHH BiIHOCHO MNOYATKY KOODAMHAT.

Taxox y § 18 Gyno obrpyHTOBaHO, IO KOTAERNeHC — nepioduyHa GyHK-
1ig 3 waliMesmuM pomaTHuM nepiopmoMm T = m: ctg (x + n) = ctg x, Tomy dge-
Pes NpPOMiXKKH AOBXKHMHOK T BHTIAA rpadika ¢dyeKNil ctg x moBTOpIOETHCA.

IITo6 3HaéiTu mouxu nepemuHy zpagika PyHkyii 3 ocamu Koopdunam,
HarajgaemMo, mo Ha oci Oy sHavennsi x = 0. Ockinbky ctg 0 we icuye, TO rpa-
ik dyHKUi] y = ctg x He mepeTHHae Bick Oy.

Ha oci Ox suavenus y = 0. Omxe, HaM moTpibHi Taki 3HaYeHHA X, IPH
Akux ctg x, TobTo abciyca BiMOBinHOI TOYKM JiHII KOTAHIEHCIB, NOPiBHIO-
BaTHMe Hyno. Ile 6yae TinekH Toxi, KOMH BiAMOBiHOI TOYKOI ONHHHIHOIO

x+n

Kxona 6yne Touxa C abo D, TobTo npu x=%+nk, kelZ.

Ipomixcxu 3narxocmanocmi. Ik 6yno obrpysToBaso B § 18, sHaveHHA
¢ yHrOii korarreHc gopaTtHi (To6To abcnuca BiANOBiLAHOI TOYKH miHil KOTaH-
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rencie gopartaa) y I i Il useprax (puc. 139). Toxi ctg x > 0 npu xe(O; %)

Ypaxosywouu nepioa, orpuMyemo, upo ctg x > 0 npu Beix xe(nk;-g+nk),

ke lZ
Buavenns GyHKUil koTanrenc sBig'emui (Tobro abenuca Binnosignol To4-
KM Jninil koraHrenciB Bifg'emua) y Il i IV useprax, ormxe, ctg x < 0 npu

xe{%ﬂtk; 1r+nk). keZ.

ITpomincku 3pocmanna i cnadanns

© VYpaxosywouu nepioguunictk ¢ysruii ctg x (maiimeHmmit gonaTHMiT me-
piog T = m), ROCTATHLO HOCHIAMTH ii Ha 3POCTAHHA i CHAJAHHHA Ha OyIb-
AKOMY NPOMIKKY AOBKHHOKO T, HANpHKJIAA Ha npoMmixkky (0; nt).
Axno x € (0; n) (puc. 140), To npu 36i/bUIEHH]I APryMeHTy X (x, > x,)
abcruca Bignopiauol ToukH JiHil KoTaHreHciB ameHuyeThes (T0OTO
cig x, < ctg x,), omxe, y nbomy npoMixkKy ¢ynkuis ctg x cnajae. ¥Ypa-
XOBYIOYHM Hepiogu4HicTh, poOMMO BHCHOBOK, IO BOH& TAKOX CHAJAE
B KOXHOMY 3 NpoMiKKiB (nk; n + nk), k € Z.

Puc. 139 Puc. 140

Ilpoeenene gocmigxeHHs Aoaponsic nobyaysaTn rpadik GyHKI Y = ctg x
AHAJIOTIYHO /10 Toro, Ak Oyio nmobyaoeano rpadik ¢ynknii y = tg x. Ane rpa-
ik GyHKOI y = ctg x MOIKHA OffepPIKaTH TAKOK 38 ONOMOroI0 NeOMEeTPUYHHX
nepersopert rpadika dyskuii y = tg x. 3a dopmynoio, HaBeneHOO BHIIE,

tg[-g-+x)=—ctg x, T0bTO ctgx=—tg(x+§). Tomy rpadik GyHENI § = ctg x

MOKHa ofep:kaTH 3 rpadika ¢yHKLI y = tg x DapanenbHUM HepeHEeCEHHAM
f

y3a0Bx oci Ox Ha l—g] 1 CHMeTpHYHHM BifoOpakeHHAM ofiepakaHoro rpadi-

Ka BifjHocHO oci Ox. OrpuMyenmo rpadik, SIKMH HA3HBAIOTE KOMAHZEHCO0IG0I0
(puc. 141).
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yl\

y=clgx
3
—2n 3z \ -W 5 0 = r 3n 2n x
-3 s 2 =
!
Puc. 141
Nl [pvknagy po3e’'a3aHHA 3aBAaHb
Ipuxaan 1 IHobynyiite rpadik dynxnii Ta Bkaxites Byni ¢pyskuii i npo-
MiMKM 3HAKOCTAJIOCTI:
1) y = 2 sin x; 2) y = sin 2x.
Komenmap

TI'padikm Becix sagaHEX (YHKIIH MOXKHa ONEPIKATH 3& AOIIOMOTOI0 I'eo-

MeTp4YHHX nepersopeHs (Tabn. 6) rpadika ¢yskmii f (x) =sin x. Orxe,
rpadikoM KOkHOI i3 nux dyukuii 6yme cunycoina, onepkaHa:

1) y = 2 sin x = 2 f (x) poararysanHaM rpadika y = sin x yaBidi B3ROBK
oci Oy;

2) y=sin 2x = f (2x) cTackyBaHHAM rpadika y = sin x yaBi4i B3JOBXK
oci Ox.

Hyni ¢yeKLIii — ne abcuHcH TOYOK mepeTMHY rpadika 3 Biccio Ox.
11106 3aniHcaTH DPOMiXKKHM 3HAKOCTAIOCTI PYHKILI, 3a3HaYMMO, 1110 (HYHK-

uis ¥ = 2sin x mepioguyna 3 nepiogom T = 2x, a ¢yHKNiA y = sin 2x nepio-

; 2 pt S
auyHa 3 mepiogom T = —25 =n. ToMy assi KOHOI QYHKIII AOCTATHLO 3’ ACYBATH

Ha omHOMY nepioni, me 3naveHss GVHENIL gomaTtHi (rpadik posTamoBaHmMii
puie oci Ox) i ge Big’emui (rpadik posramopanmnit HUKYe oci Ox), a DoTiM
OfepIKaHi NPOMIXKKH IIOBTODHUTH Yepe3 mepiof.

1

2)

Pozé’'azanmna

P> T'padik dysrnii y = 2 sin x ogepxyemo i3 rpadika pyHKNii y = sin x
po3TAryBaHHAM #oro BABiYi Bazosk oci Oy (puc. 142).
Hyni ¢yeKLii: x = nk, k € Z.
ITpoMirXKH 3HAKOCTAJIOCTI:

2sin x> 0npu x € (2nk; n + 2nk), k € Z;

2sinx<0npuxe(n+ 2nk; 2n+ 2nk), ke Z.
P Cpabdik dyuxnil y = sin 2x ogepsxyemo i3 rpadika bysEknii y = sin x
CTHUCKYBAHHAM WOro BABiui B3noB:x oci Ox (puc. 143).



2sin x

Y

y = sin 2x

b
a
RY

Hyni GyHRLii: x=—'g-, keZ

Ipomixxkr 3EaKocTanocTti: sin 2x > 0 opu xe(mk;%ﬂl:k), ke Z

sin 2x < 0 opu xe(gﬂtk; u+nk), ke lZ. <

Ipuknag 2  Postamy#iTe B NOPAAKY SPOCTAHHA YHCHA:
sin 1,9; sin 3; sin (—1); sin (—1,5).
EKomenmap

Ina Toro mob posMicTHTH 384aHI 4YHCJa B NOPAAKY ix 3pocTaHHsd,
3’sicyemo, fIKi 3 HUX AOAATHI, & AKi — Big'eMHi, a HOTIM NOPIBHAEMO MiX
coboK0 OKpeMO AOJaTHI YHCJA i OKpeMo Big’€MHi, KOPHCTYIOYHChH BiJOMHMMH
NpPOMiKKaMH 3POCTaHHSA i cmagaHus GyHKOII sin x.

Poszé’azanua -

Yucna sin 1,9 i sin 3 — popaTtwi (ToukH Px.s i P, anaxopareca B I uBep-

Ti), & umecna sin (—1) i sin (-1,5) — Big’emni (P i P | anaxopaThCH

B IV uBepri).

VYpaxoByiouH, 1[0 §<L9<u, §<3<n i mo ¢yHKIiA sin x coajgse Ha

HpOMiXKY [E; !t], 3 HepiBrocti 1,9 < 3 oxepxyemo sin 1,9 > sin 3.
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Taxomx —§<—1-:D, —-'25<—-1.5<0. PDyHKILiA 8in X HA TPOMIXKKY [“§= 0]

gpocrae. Ypaxosywuu, mpo —1 > —1,5, ogepskyemo sin (—1) > sin (—1,5).
Orxe, y DOPAAKY 3POCTAHHSA IIi YHMCJIA PO3TAINOBYIOTHECH TAK:
sin (—1,5); sin (—1); sin 3; sin 1,9. <
3ayBaxeHHs. 15 NnopiBHAHHA 3al@HUX YHCEN MOXKHA TAKOX 3006pa-
auTH TO4UKHM P, o, P, P P_,‘B Ha OJHHMYHOMY KOJIi i nopiBHATH BignosigHi
OpAMHATH (BHKOH&HTe TaKe POo3B’ABAHHA caMocTiiiHo).

Npuxnax 8 Ilobyayiite rpadix dynknii: 1) y =|sin x|; 2) y =sin | x|,
Komenmap
I'padixn sagasux ¢yHKOid MoXCHA OfiepIKATH 38 AOMOMOIOK reoMeTpHUY-

HHMX nepeTBopeHb rpadika ¢yHknii f (x) = sin x. 3ragaemo Bignosigui mepe-

TBOPEHHSA:

1) y=|sin x|=|f (x) | — srme oci Ox (i Ba camiit oci) rpadik y = sin x
saMmaeTsca 6ea aMminm, HHKYe oci Ox — cUMETpUYHO Bigo6parkyeTnscsa
BistHOCHO oci Ox;

2) y=sin | x |=7(| x |) — nopasopyu Bin oci Oy (i na camiii oci) rpadix
y = sin x saysumalors 6e3 aMiHM i Ty camy wacTuny rpadika Bigobpaxy-
0Th CHMETPHUYHO BignocHO oci Oy.

Po3é’asanns

P Coouarky nobyayemo rpadik dyuxnii y = f (x) = sin x (puc. 144):

yll

y=ginx

1-...
_21/\ /
/ 31— -7 _i; 0 x j!\ s 2n x

Tig 2 T 2
_l—-
Puc. 144

1) Hani Gyayemo rpadix dynxuii y =| sin x | =| f (x) | (puc. 145).
h

y=|sin x|

[
no
" a
|
ER
|
£l
|
pold +
]
b o =
i | 1 ~
o
CERE S
: ™~
[
=)
Ry

y=sinx
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2) Bynyewmo rpagix dynxnii y = sin | x | = f (| x |) (puc. 146).

yA
:’ sin x i y=sin| x|
. | AN
2n _§2!! “n _12‘. 0 % n % A irrel
=44
Puc. 146

Ipurknag 4 = Ilobynyitte rpadik QyHKuil Ta BKaMkKiTH NpOMiMXKKH i coajas-
Hf 1 3pOCTAHHSA:

1) y=cos(x—§)= 2)y=tg x.
Komenmap
I'padiku sapanux QyHKIIH MOXKHA OIEPIKATH 38 JAOIOMOI'OI0 I'eOMeTpuY-
HUX NEepeTBOpeHb rpadikiB QyHKIin:
1) f(x)=cos x;
2) ¢(x)=tgx.
Toni opepaxyemo rpadiku:

1) y=cos(x—§)=f{x—§) — napaJjieJIbHUM llepeHeceHHAM rpadika QyHK-

uii f (x) ysmosx oci Ox uHa E ONUHMILE;

2) y=-tg x=—¢ (x) — cumerpiero rpadika dyskuii ¢ (x) sigHOCHO OCi
Ox.
1i{0o6 sanucaTu TpoMiXKH cuafaHHA i 3pocTaHHsA (pyHEUiM, BigMiTHMO,

mo GYHKIA y=cos(x—§) uepioguuua 3 unepiogom T =27, a ¢Qyuknis

y = —tg x mepiogwuHa 3 nepiogom T = n. Tomy ana roxuOl pyHKIil KoCHTH
3’AcyBaTH HA ONHOMY Tepiofli, e BOHA CHAJa€ i e 3pocTae, a MOTiM ofepika-
Hi IPOMIXKKH MOBTOPHUTH Yepe3 Nepioa.
Pozé’sazauusa
1) I'padik pysKIil y=cos(x—§) ozepsxyemo i3 rpatixa dyeKOiT y = cos x
#oro napasensHUM NepeHeceHHAM Y3108k ocl Ox Ha E opuHANs (puc. 147).
DyHKIiA CHafa€ HA KOMKHOMY 3 IPOMIiXKKiB [%+21Lk;%“+2nk]. ke Z,

i 3pocTae HA KOXKHOMY 3 IPOMIXKKiB [—%’E +211:k;+;—+ an]. kelZ
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2)

ya‘\
1 ¥ = cos {x ;)

Puc. 147
P I'padik dyukuii y = —tg x ofepxyeMo CUMETPHUYHUM BinobparkeHHAM
rpadika GyHkuii ¥y = tg x signocuo oci Ox (puc. 148).

yh y=-tgx

g
Ry

Prc. 148
DyHKIliA CHajgac HA KOXKHOMY 3 NPOMIXKIB (—§+1rk; -:—-H'l:k), ke Z. <
3anvTaHHeA 418 KOHTPOSIo
a) Ilo6ynyiite rpadik dyuxnii y = sin x. Kopucryounce rpadixomM, oxa-
paxTepuayiiTe BracTuBoCTi i€l GyHKII.
6) ObrpyuTryiite BnacTusocTi dysxuii y = sin x.
a) Hobynayiite rpadik dysxnii y = cos x. Kopucrylouuncs rpadikom, oxa-
PAKTEpH3YiiTe BIACTHBOCTI niei dyuKuii.
6") ObrpyuTyiite BaacTupocTi GyHKIIl y = cos x.
a) ITobyayitre rpadik dyrkuii y = tg x. Kopucryouncs rpadikomM, oxa-
PaKTepH3yiiTe BIacTHBOCTI niel dyHKmii.
67) O6rpyaTyiiTe BacTHBOCTI QyHKIII y = tg x.
a) ITobynyi#ire rpadik dyakuii y = ctg x. Kopucryouncs rpadikom, oxa-
paxkTepu3yiiTe BJacTHBOCTI 11i€l dyHKILII.
6") O6rpy=aTyiiTe BIacTuBOCTI dyHKNIl y = ctg x.
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N Bnpasu
1. Kopucryiouucs snacTuBocTaMH GyHKUil y = sin x, nopieasiiTe uncna:
1°) sin 100° i sin 130°% 2) sin 1° i sin 1; 3) sin 2% i sin 2.
2. Kopucryiouucs BiracTHBocTAMM (byHKIIT ¥ = cos x, NOpiBHANTe yucna:
1°) cos 10° i cos 40°; 2) cos (—2) i cos (—3); 3°) cos 37" i cos (;—".

3. Kopucrywouuces BnacTusoctsaMu yHkuii y = tg x, nopisagaitre yncna:
1°) tg 15° i tg 140%  2°) tg 2" i t.g%; 3) tg (-1,2n) i tg (-0,1n).

4. Kopucryounck BlacTHBOCTAMH GYHKLIL y = ctg x, nopiBusiiTe uncaa:
1) ctg 3° i ctg 5% 2) ctg - i ctg ’—130!; 3) ctg (-1) i ctg (-1,2).

5. Poaramy¥Te YHcia B NOPAAKY 1X 3pOCTAHHA:
1) sin 3,3, sin 3,9, sin 1,2; 2) cos 0,3, cos 1,9, cos 1,2;
3) tg 0,7, tg (—1,3), tg 1,5; 4) ctg 0,5, ctg 2,9, ctg 1,1.
Ilo6yayitte rpadik dyskuil Ta BraxiTe Byni dyHKIIL i npoMixky 3HAKO-
cranocti (6-9).

6. 1) y=sin(x——;~); 2°) y=sin %; 3) y = sin (—-x); 4°) y = —sin x;
5)y=38sinx; 6)y=-|sinx|; T7T)y=sinx+|sinx]|.

7. 1) y=coﬂ(x+§]: 2°)y=cos8x; 3)y=cos(—x); 4°)y=-—cosx;
5)y=2cosx; 6)y=|cosx|; T)y=cosx—|cosx]|

8. 1) y=tg(x-2) y=tg2n  3y=tg ()
Yhy=tg|xl; By=|tgx]

9. 1) y=ctg(x+g~): 2) y=ctg (—x); 3) y = —ctg x; 4) y = 3 ctg x.

IlobynyiiTe rpadik dyuKnii Ta BKaXKiTe NPOMIXKKM 3pOCTAHHA i cnanan-
HA (ysKuii (10—13).

10. 1°) y = sin 3x; 2°) y = 3 sin x;
3%)y=sinx+1; 4% y=sin(2x+i5).
11. 19 y=cos-:-; 2°)y=cosx —1;
3)y=cos|x|; 4% y=3cos(2x—§).
12. 1) y=tgdx; 2y=tgx+3; Jy=—2tgx; 4Hy=tgx+|tgx]
13. 1) y=ctg§-; 2) y = —2ctg x;

y=|ctgx|; 4)y=ctgx +ctg| x|
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§" 2@ CNIBBIAHOLLEHHA MDK TPUTOHOMETPUYHUMU
s OYHKLIAMU OAHOIO APTYMEHTY
Tabnuna 33

OcHOBHA TPUTNOHOMETPHYHA
TOTOXHICTD

. 2 s S
Lsi.n’ai—cos‘o‘.:l l

sin a
wor ol L S —
SN T 1+tgo= l,
[ owold . SFC
Ctga_linaj
1+ctg’o=—
cos a = X ’tgn-ctgu=l‘ bttt

sina=y

BN NosfcHeHHA K o6rpyHTYBaHHA

® Ha pucysxy B Tabnuni 33 zo6pakene ofMHUYHE KOJIO, TOOTO KOJO paii-
yca 1 3 neHTpoM y nouaTky KoopausHar. PiBHaHHA 1poro xona: x* + y? = 1.

Hexait npu mnoeopori Ha Kyt a Touka P, (1; 0) oguEMuHOro xona me-
pexonuTs y Toury P (x; y) (robro npu nosopori ma kyT a pazniyc OP, ne-
pexoputs y pauiyc OP ). Haragaemo, 100 CHHYCOM O HASHBAIOTH OPAWHATY
TOUYKH Pu (x; y) onuEMyHOrO KoOxa, Tob6TO Sin a = Yy, a KOCHHYcOM o — abciH-
cy uiei Toukn, T06T0 cos a = x. KoopaunaTu Touku P, 3a/10BONBHAIOTE PiB-
HAHHIO KoJia, Tofi y? + x% = 1, oTxe,

sina +cos?a=1. O

Ile cniBBigHONIEHHA HA3UBAIOTHL OCHOGHOK MPUZOHOMEMPUYHOK IMOMON -
Hicmo.

Haragaemo Takox, 100:

sin o
tgo=

(ze cos a # 0); ctga="22 (sin a = 0).
cos ¢ sin

Toni tga-ctga= $as, s =1, TobTo

cos sina
tga-ctga=1(sin a #01icos a#0).
3a nomoMororw IHX CHIBRiHOIIEHB 1 OCHOBHOI TPMI'OHOMETPMYHOI TO-
TOXKHOCTI OJIEPIKYEMO:

. 2 2 o
+
l+tg2a=1+smzu=ws a Esm o _ lz , TOB
cos” o cos @ cos“ o
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Bl [(lpuknanw po3s’'fA3aHHA 3aB0aHb

1+tg‘a=m:,

cos’ a s.in o
Asnanoriuro orpumyemo: 1+ctgio=1+ = =

2.1
l+ctg®a =t

(cos a # 0).
. }
+cos o 1 6
sin” o sin” a sin a
(sin a # 0).

SHAlOUM 3HAYEHHHA OJiHi€l 3 TPUrOHOMETPHYHHX (YHKNINH Ta

iHTepBaJ, y AKOMY 3HAXOOUTHCH «, 3HAHIITE 3HAYEHHHA iH-
INUX TPHOX TPHUIOHOMETPHYHMX (QyHKITiH:

MNpuxaax 1
1) sina=-§, 90° < a < 180°%;
Poszé'asanna o’
1) » 3 piseocti sin®a + cos*a =1

2)

OIEPIKYEMO: cos’a =1 —sin®a.

2
Buincs msza=1—(i) w22 Ol
5/ 25
K 90° <a < 180° 70 cos aa <0,

a OT¥e, COS OL=—

Tﬂxi tgu:slnu =..-5_:._i
cosa 3 3

5

3

¢ 0.— =-—. <1
tg sin 4

r

b 3 pisrocTi tg a*ctg a = 1 orpu-

o 1 i
MYEMO ctgt:t—tgnl 3. Iligcras-

sil < 1
nsemo B pismicTs 1+tg?a=—5
cos @

sHaveHHa tgo 1 omepikyemo
1

1 . 9
1+-= . Beigeu cos’a=—.
9 cos’a iy 10

Ockinpku u-:ac%", Tocosa < 0,

’ 9 3
TOAl €OSOL=— ‘— =2
10 1’10

2) tga=

1)

2)

1 3n
- A<O<—.
3" 2

Komenmap

PisnicTs sin® a + cos® o = 1 nos’s-
3ye sin o Ta cos o i JosBONIsiE BH-
PasHTH OAHY 3 NUX QyHKIIN yepes
immny. Hanpuxnan, cos?a =
=1 - sin‘u.'l‘omcosa::t\)l—sin o.
¥paxosyioum, y fKili uysepri 3HA-
XOAUTBCH (L, MM MOXKEMO BH3HAYM-
TH 3HAK, #AKW norpibHO B3ATH
B mnpasiit yactuai dopmynu (ue
3HaK Kocuuyca B Il usepri).

3rawun sin o i cos o, 3HAXOAUMO

tg a=""2 ctg(}::«c?ig. 3azHa-
cos o sin o

YUMO, IO WTicJA 3HAXOMNEHHHA
tg o sHauenHA ctg o MoxkHa Ta-
KO3 3HAWTH i3 cHoiBBigHOIEHHSA
tga cctga=1.

PisuicTh tg a * ctg a = 1 noB’a3ye
tg o i ctg a i nosBonse BUpasuTH
onHY 3 nux QyHKIIA yepes iuimy
AK oDepHEeHY BENHYHHY.

Pisnicts 1+tgla=

nos’A3ye
cos o

tg o Ta cos o i Jo3BOJIAE BHPA3UTH
ofHy 3 MUX (QYHKIiH yepes inmy.
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Hanpuxaazg, cos?o = 12 . Toni

1+tg" a

coso=1% 12 . 3Haw4y, y Axii
\,1+t¢ a

YBEpTi 3HAXOAUTHCH O, MH MOXEMO
BU3HAYHTH 3HAK, SIKHH moTpibno
B3ATH B Ipasiii yacTuHi opmynn
(ue 3Hak kocuuyca B III useprTi).
1106 3uaiiTH sin o, MOMHA CKO-
PHCTATHCSH CHiBBIIHOMIEHHAM

sina=tgo- cosa=

ol .

Y

R

| tga-cosu=°inu-msa=s'ma.
| o
. 1-cos’a
Ilpuxaag 2  CopocTtiTe Bupas —E—-
' Posé’s3anns Komenmap

2

Jas Toro mob NepeTBOPUTH UM

1-cos" o _ sina - 2 2 §
e e =CO0S" (L. < | CeNBHMK JAHOTO BUPA3Y, 3 OCHOBHOL
B TPUIOHOMETPHYHOI TOTOXHOCTI sin” o +
| +cos?a=1 sHaxoaumo: 1 — cos? u =
| =sin? a. Iotim BUKOPHMCTOBYEMO O3HA-
| sina
YeHHs TaHreHca: tgo= i crpo-
cos o
.} IYEMO OEpIKAaHMI Apib.
I
Ilpukaax 3  CopocTiTe Bupas sin® a — cos? o + cos? a.

Komenmap

Jlnsa mepeTBOpeHHs TPUIOHOMETPHYHHMX BHpAasiB nopsay i3 TpHroHoMme-
TpUYHHEMHE (OopMyIaME BHKOPHCTOBYIOTE Takoxx airebpaiuni dopmynu i, so0-
KpeMa, (OPMYJIM CKOpoYeHoro Muo:kenus. Tak, Bupas sin? o — cos* o MoxkHa
pO3TISAAATH K pisHMINO KBajapaTis: (sin? a)? — (cos? a)?. Toxi foro Momua
POBKJIACTH HA MHOKHEKH (AK jgobyTok cyMu i pizauni sin? o Ta cos? a),
A MmiCJA IBOr0 B¥KE€ BHKODHCTATH OCHOBHY TPHIOHOMETDHYHY TOTOIKHICTH:
sinfa +cos®a=1.

Po3g’sa3aHus
P sin* o — cos* a + cos? a = (sin? a + cos? a)(sin? a — cos? a) + cos? a =
= 1-(sin®? a — cos? a) + cos? a = sin? & ~ cos? o + cos? o = sin? a. </
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Mpuxnan 4° Cupocrirs Bupas |—%% _ npu Z<g<r.
tga+ctga 2
Komenmap .
CrooyaTKy BUKOPHCTAEMO O3HAYEHHA TAHI'eHca i KoTaHreHca: tg o= s:: :,
C
_coso
ctg 0=——, a picna neperBopenHs 3HAMEHHMKA APO6Y — OCHOBHY TPHUIO-

sin o
LOMETPHUUYHY TOTOXKHicTh: §in? a + cos? a = 1. Jlani cupougyeMo opepxauui
Api6. TlotiM ypaxosyemo, mo Va® =|a. 11[06 poskpuTH 3HAK MOAYs, 3HA-

XO/MMO BHAK KOCHHYCA B 3aJaHOMY IPOMLXKKY i BpaxoByemo, 1o npu a < 0
anavenHs | a | = -a.
Po3e’azanns

co8 & cos o cos o
I ciga sin a 4 sin o sin o

b'Vtzcuctga— gin_q+oosu ﬂ:“i_"_‘!ﬁ‘_ T |
‘ cos o - Bin &

cosa sino cos ¢ - sin o

=vcos® o =|cos o|=~cos &, ockineku B II usepri {%camt) cos o < 0. <

. . (sinateoso)’-1_,
Tipuxaang 5  JoeeniTs TOTOMXHICTS s G .
Komenmap

HoseneMo, o JiBa YacTHHA piBHOCTI JopiBHIOe mnpasiili. InA nsoro
B BHAMEHHHMKY BHKOpHcTaEMo dopmyny tg a=in£—z-, a B 4HCeJLHUKY IigHe-
cos

ceMo BUpas y JyKKax A0 KBajpaTa i aacrocyemo dopmyny sina + cos?a = 1.
Haragaemo, nio momosxcnicmio HA3UBAEMbCA Pi6HiCMb, NPABUNLHA NPU 6CiX
donycmumux sHaveHHAx Oyke, saki exodame do Hei. Tomy 3ajaHa piBHicTBb
€ TOTOMHICTIO TiNBEKK 38 yMoBH tg o # 0 i cos a = 0.

Po36’a3anna

(sino+cos )’ -1 _sina+cos’o+2sinocosa-1 _1+2sinacosa~1 _ 2sinccoso -9

g o cos’ o aj sino I 2! 3

cos

2 = 2, Omxe, 3aaHa PiBHICTH € TOTOXKHICTIO. <.
3ayeaxenuda. [Ipy gosenenHi ToToxHOCTeH HailuacTime BUKOPHCTOBY-
0TH TaKi cocobu:

1) B8a HOIOMOroK TOTOXKHHX HEPETBODEHBb HOBOAATH, IO OOHA YACTHHA PiB-
HOCT1 NOpiBHIOE iHIIIH;

2) posrnsaAaTE pisHUOIO JiBOI i mMpaBol YacTHH TOTOXKHOCTI i JOBOOATH,

{0 118 Pi3HHLA AOPiBHIOE HYMIO (el cnoci6 BEKOPHUCTOBYIOTH Y THX BH-

(8/IKAX, KOJIM [UIAHYETHCH ePEeTBOPIOBATH 00MABI YACTHHM TOTOMKHOCTI).

2 sin @t cos o 8in O Cos O i
*cos O
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B 3anuTaHHs QNA KOHTPOMO
| 1. BanumiTs cniBeiAHOmMERHA Mix TPUIOHOMETPUYHHUMHE (PYHKLIAMH OgHO-

! ro apryMeHTry.
2'. JlomeziTe CHiBBiAHOIIEHHSA M TPMIOHOMETPHYHMMH (QYHKIIAMM OJHO-
2 Iro apryMeHry.
BN Bnpasw
1. Yu icHye umcno o, AKe OQHOYACHO 3aJ0BOJIbHAE YMOBM:
o i —-.1.' .=..1.'.' i =§- -_-’-"
19) sina=2, cosa=z; 2°) sina g cosa=
3°) sin @ = 0,7, cos a = 0,3; 4°) t.go:=~:—, ctga=§;
5°) tga=$, ctga=-1-; 6) tga=2+3, ctga=2-37

2. 3Haouu 3HAYEHHH OAHiEl 3 TPHrOHOMETPHYHMX (QYHKIiNA Ta iHMTepsas,
YV AKOMY MICTHTHCHA o, OOYHCJITE 3HAYEHHA IHIIMX TPLOX TPHUroHOME-

TPUYHHX (DYHKIiH:

1°) sma——i—:;. E-;?-Cll(zﬂ; 2°) cos a = 0,8, <u<rr,
3 3n

3) tgt}::E. u<a<?; 4) ctg a = -0,2, E<cr.cn.

3. CopocriTs BHpAas:

1°) 1- sin® a — cos? a3 2°) (1— cos a)* (1 + cos a);
i

go) S odn’a, 4°) sin® a - tg o ctg o;

1-sin"a
tgo  ctga |

5) sin* o +2 sin® o cos® o + cos® o;  6) e e

_— 1 Sk

7 %ﬂ—ctgamsw 8)( +ctgu)(m‘l-—ct8‘a)

9‘) Bin a+cosﬂu. 1, 100) ’l-l-si‘.att_Jl_mjn“ opH E(a(ﬂ-
So+cosla-1’ Vi-sina \l+sina 2

4, Jlone_qrn: TOTOXKHICTE:
1 L t-tge;
cos o

3°) (sino. + coso) + (sina — cosaf = 2; 4) — 2% _cos?os

cigoa+tg o
5) l+tg o 1 . 6) cos @ +1+sinu= 2 -
1- t.g o cosza sino’ 1+sina cos @ cosa’

7) ctg? o — cos? a = ctg® a cos? a;

3
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.) I:OBSCI -sinau

4 4
: =cosa-sino; 107 -8R @008 @ _pya2g
l+sinacosa cos” o

5'. 1) Bigomo, mo sino+coso= 2 3uaiigiTe sin o - cos o.
2)Bigomo, motga + ctga = 2.3uaiizite: a)tg?a + ctg?a;6)tgia + ctgia.

§ 21 O®OPMYAU AOAABAHHA TA IX HACAIAKU

21.1. dopmyAu poAABaAHHSA

Tabnuus 34
1. KocuHyc pi3HULI | Cymu
i cos(o._——ﬁ) cosacos[i+smusml3 r
| cos (o + B) = coiimt:cn;]3—lsmnusmt.’»___J
2. CuHyC CyMM i pi3HULL
- sm—(a+ﬁ)_—smucos[3+cosasmﬁ [
mn{a—[})-smucosﬁ cosusmﬁ
3. TaHreHc CyM# i pi3HuMLi
e ——
tga+tgﬁ | v tgu tg p
wern-iaity D T

Bl [loscHeHHn M OBrpYHTYBaHHA

1. Kocunyc pisunui i cymu
® 1llo6 oxepsxaTu dopmyay ans cos (o — ), cnouaTky pO3rIsHEMO BUIA-
JIOK, KoJu o i B sHaxoasThesa B npoMixkKy [0; n]ia > B. Ha OAMHKIHOMY
KOJIi NO3HAYMMO Touku P_ i P Ta 300pazsuMo BEKTOpH OP i OP,5
(puc. 149). I1i sexTopy MaloTH Ti cami KOOpAKWHATH, [0 H TOYKM P_ i Pﬂ,
T06TO:
OP, (cos oz sin o), OR, (cos f; sin f).
Joexxkuan (Moayni) IUx BEeKTOPIiB JOPIBHIOIOTH OJMHMILI: I O_P: |=1,
|0—1’,,|=L a KyT MiX HuME gopiBEIE o — B (To6To £ P OP, = a — B).
Buaiinemo ckanspHuii 1o6yToK BekTOpiB OP, i OB, mBoma crocoGamu:
1) sax cymy nobyTKiB OAHOMMEHHMX KOODAHHAT:
OP, -O_Pﬂ=cosa - cosP+sina - sinf;
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2) sk pobyTok noBKHH (MOAYNiB) BEKTOPIB HA KOCHMHYC KyTa Mi HMMM:
OP, - O,=|OF,| - |OR,| - cos £ PO =1+ 1 + cos(a—P)=cos (a:~p).
Omrxe,

- cos (o — B) = cos a cos § + sin a sin f3. (1)

Onepaxany dopMyny HaA3UBAIOTH POPMYN0I Kocuhyca pisnuyi. ClioBecHO
ii MoxHa cHopMyJIFOBATH TaAK:

nepwozo kyma (wucna) Ha Kocunyc dpyzozo naroc dobymox cuny-

l KOCUHyc pisnuyi d6ox kymie (wucen) dopisnioe dobymxy Kocunyca
ca nepuiozo Ha curyc dpyzozo.

o6 obrpyaryBaTi mo ¢dopMyay B 3arajJbHOMY BHIIAJKY, HArAJ@EMO,
[{0 38 O3HAYEHHAM KyT Mixk BexkTopamu (£ P _OP ) MOMe Gy'm TiNBKH

B Mexax Big 0 mo n, Tomy npu o > ﬁ KYT MK BEeKTopaMH OP i OPB
MoKe nopiBHIOBaTH @ — f§ (puc. 149), abo mosxe nopisHioBaTH 21 — (a0 — )

(puc. 150), a6o Moke BigpisHATHCA BiJ IUX 3HAYEHL HA Ilijle YMCIO
obepriB (TobTo Ha 21k, ne k € Z).

Puc. 149 Puc. 150

Vpaxosylouu nmepiopgwuHicTs (3 nepiogom 2n) Ta napuicTs QYHKUI Ko-
CHHYC, OJEPKYeEMO, 1m0 B OyAb-AKOMY BHIOAJKY COS £ PmOP'a =cos (o — B),
OT)Ke, HaBe/ieHe OOrpYHTYBAHHSA 3a/IMIIAETHCH NPABHJIBHHUM ANs OYVib-AKHX
3HaveHb a i B.

3a ponomoroio dopmynu (1) Terko BUBECTH (POPMYNY KOCUHYCA CYMU:

cos (o + ) = cos (a — (—B)) = cos a cos (—f) + sin a sin (—f) =
=cos o cos B — sin « sin B.
OTaxe,
cos (a + ) = eos o cos B — sin a sin f. (2)

nepuwozo kyma (wucna) Ha Kocunyc dpyzozo minyc dobymox cuny

! Kocunyc cymu deox xymie (wucen) dopienice dobymxy Kocunyca
ca nepuiozo nHa cunyc dpyzozo. O
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2. Cunyc cymu i pisauni

Busenemo tenep ¢opMyn CHHYCA CYMH i CHHYCa PisHMLI.

CnouaTtky 3a dopmynon (1) onepkumMo ZBA KOPUCHI CHiBBiAHOIUEHHSA,
a came:

3.

cos(ﬁ-qa) -cos¢p+smzsm¢p 0-cos@+1-sin@=sin .
3anuueMo ofiepikany (opMyJly cOpaBa HAJNIBO:
sin@ =cos (g —qa]. (3)
Hxuio nigcrasuTH y opmyny (3) tp=§—0., MAEMO
sin(—'E-a) =CcoSO. (4)
BHKopHCTOBY!O‘{H dopmynu (3), (1) i (4), opepxyemo:
ein - £ con(3-) 5] -

*cos(——a)cos|3+sm(5— )smﬁ sin o cos B+ cos a sin B. Omxe,

Lmn(a+ﬁ)ﬁsmacosﬁ+cosamni3 L (5)
i Cunyc cymu deox xymie (vucen) dopienioe dobymxy cunyca nep-

wozo xyma (wucna) Ra Kocuryc dpyzozo naroc dobymox Kocunyca
nepuLozo Ha cunyc dpyzozo.
Jna cuHyca pisHMII MaeMo:
sin (a — B) = sin (a + (—B)) = sin a cos (—B) + cos a sin (—f) =
= gin a cos § — cos a sin B. OTxe,
sin (o — B) = sin a cos § — cos a sin f.

Cunyc pisnuyi deox xymie dopieHioe dobymky cunyca nepuLozo
Kyma (wucna) na xocuryc dpyz020 minyc dobymox Kocunyca nep-
wozo Ha cunyc dpyzozo. O

Tasresc cym# i pizEuni
3a ponomorop dopmMyn AozaBaHHA AnsA cuHyca (5) i kocuryea (2) nerxo
onep:xaTH (HOPMYJNIM NIONBBAHHS AJNS TAHreHca Yd KoTaHreHca. Hanpu-

‘Knajn,

sin(a+p)=ainacoaﬂ'+cosasinﬂ
cos(@+f) cosccosf-sinasinf’

tg(a+pP)=

IlopinuMo yMceNFHMK 1 3BHAMEHHWK OCTAHHBOTO Ipoby Ha nobyTok cos o

cos §} (3Buuaiino, 3a ymMoeH, mo cos a = 0 i cos B # 0 ) Ta onepaxumMo:

sinccosp  cosasinf sina+sinﬁ

cosocosf cosacosf  coso cosf _ tga+tgP
cosocosf sinasinf _l‘g‘ﬂg Y mhl—wumﬁ'
cosucosfp cosocosf cosa cosP

Orxe,
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o tgattgh |
1-tgatgh 1'

tg(a+P)=

Jns taureHca pisguni Maemo:

tga+tg(-P) _ tga-tgp

tg (a-P)=tg (a+(-P))=

1-tgatg () l+tgatgh’

Omixe,

———

| tg(a-P)=

B Npwxknanw po3s’s3aHHA 3aB0aHb
Tpukaan 1

Poseé'azanna
1) > sin 15° = sin (45° ~ 30°) =
= sin 45°o0s 30° — cos 45° sin 30° =

V2 Va1 VeV
2

2 2 2 a
2) » cos 15° = cos (45° — 30°) =
= cos 45° cos 30° + sin 45° sin 30° =

V2 V3 V2 1_Ve+2
2 2

- &

2 2 4
3) b tg 15° = tg (45° — 30°) =

J3
_tgd5'-tg30° _ "5 35 _

1+tg 45 tg30° ._7_;_3 V3
3

» (3-\f5)ll _12-6\/5_
" (3+V8)(3-V3) 6 -2—J§'<}

&l

1+1

tgo-tgh |
1+tgatgh

O6uucaits: 1) sin 15°; 2) cos 15°; 3) tg 15°.

Komenmap

Ionamo 15° sk pisHUIIO:
15° = 45° - 30°,

2 3HAYEHHS TPUIOHOMETPUYHUX DyHK-
i kytis 45° i 30° mu 3Haemo. Tomy,
sanucaBmy cuHyc 15° Ak cuHycC pi3Hu-
i, onepxumMo 3HAYeHHH sin 15°. Ana-
noriyHo 3HEHAeMo cos 15° i tg 15°.

3aysarkuMo, 10 AJNS SHAXOMKEH-
HA tg 15° moxHa Oyno 6 BMKOpPHUCTATH

sin ot

Takox gopmyny L€ Oo=——".

Y saBpaHHL 3 B OfepiKaHOMY BM-

. 3-8 . .
pasi 3py4Ho noabyrtucs ippani-
3+ 33 pES

0 B 3HAMEHHUWKY apoby, mio
3HAYHO CNPOINYE BiANoBixE.

cos (o + P} + sin a.sin

Hpuxnag 2  Cupocrits Bupas

cos(a~P)-sinasinf’

Komenmap
V gucensHUKY i 3HAMEHHHKY Apo6y BHKOpPHCTAEMO GOpPMYJIH KOCHHYCA
cyMu i KocHHYycA DiSHHINI Ta 3Be/leMo NMOAIOHI YieHH.
Poze’aszannsa

cos(u+|3)+alnueinﬁ=cosacosﬁ—sinuainﬁ+sinaainﬁ=cosaeosﬂ_

cos(a—P)-sinasinp cosacosB+sinasinB-sinasinf cosucosﬁ_

<]
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MNpuxnan 3  BualiziTe 3HaYeHHS BUpasy cos 37° cos 23° — sin 37° sin 23°.

Posé’'ssanna ! Komenmap
P cos 37° cos 23° — sin 37° cos 23° = Buxopuctaemo GopMysy KOCHHY-
ca CyMHM CIpaBa HAJIBO:
=cos (37°+28°) = cos 60° =1, < cos a cos B - sin a sin f = cos (a + P).

2

Hpuxnax 4  JoBepiTs TOTOMHICTE:

1) sinu+cosa:\/§sin(a+—;5);

2) sina—cosa-——\/ﬁsin(au—z).

Komenmap
Hns Toro mob obrpyHTYBATH IIi TOTOMKHOCTi, AoBepeMoO, mio ixHi mpasi
YACTUHH JOPiBHIOIOTH JIiBHM, BUKODHCTOBYIOYM (DOPMyJIM cHMHYCA CYMH i CH-
Hyca pisHMIi:
sin (o + B) = sin a cos B + cos a sin f.

Poszé’azanna
n » \Eﬁiﬂ(&+i5)=\@(ainaoos%+cosaainf]zﬁ(smu.-‘i—é+cosa--—?):
=sin 0+ cos 05 <|
2 » \Eﬂin(ﬂ-—ﬂ=Jé(sinucos—:-—-cosusin§)=\f2—(sinu-%_cosa.izé]z
=sino.—cosf. <

3anwTaHHA 4NN KOHTPONIO

| -
1. Banmwite GopMyNH AOAABEHHA: &) KOCHHYC CYMH I KOCHHYC pisHHL;
0) cuHyC cyMM i CHHYC pi3HMIi; B) TRHrMeHC CYMH i TAHTeHC PiSHMIL.
2*. HomenitTe hopMynM AONABAHHA: 4) KOCHHYC CYMH i KOCHHYC Pi3HMIL;
6) cuHYyC CYMH i CHHYC Pi3HHI; B) TAHINeHC CYMH 1 TAHreHC PisHUI.
gy
1

Bnpasn

ObuHCaiTE:

1) sin 13° cos 17° + cos 13° sin 17°;  2) sin 16° cos 29° + sin 29° cos 16°%;

3) sin 78° cos 18° — sin 18° cos 78%  4) sin 63° cos 33° — sin 33° cos 63°%;

5) cos 66° cos 6° + sin 66° sin 6% 6) cos 71° cos 26° + sin 71° sin 26°;

T) cos 20° cos 25° — sin 20° sin 25°; 8) cos 18° cos 12° — sin 18° sin 12°%;

9) tg 10°+ g 35° 10) tg 73°-tg13° 11) 1+tg67°tg 7°
1-tg10° tg 35°° 1+tg 73° tg13°” tg67°—tg7°
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2. CopocriTe:
1°) sin ba cos 3o — cos Ha sin 3a;
2) cos 4a cos 2a + sin 4a sin 2a;
3) sin (o — B) cos a + cos (o — P) sin f;
4) cos o cos (o + P) + sin a sin (o + B);

5°) coa?aws4(!+sin7asin4a; 6°) sinancoeza—cosﬂasinm;
sin o cos 20 + cos o 8in 20 cos 20 cos 4o —sin 20 sin 4a
7°) tg4a+t.53a; 8°) tg Ta—tg 20
1-tg 40 tg 3a 1+tg 7o tg 20
) sin (0. +B) +sin (o - B) | 10) mn(u-&ﬁ)—zunuw&ﬁ.
sin (o +P) - sin (e - p)” cos(a+)—2cosocosp

3. 3a jonomMoro opMys AoAABAHHS 00UMCIITE:
1) sin 75°%; 2) cos 75% 3) tg 75°%
4) sin 105°; 5) cos 105°%; 6) tg 105°.
4. JloBefiTh TOTOYKHICTH:
1) sin (o + B) + sin (a — B) = 2 sin a cos B;
2) cos (o — B) — cos (a + B) = 2 sin « sin B;

sin (@ +p) _
5 cosaeosﬁ_tga+tg&

4) sin (o.—p)

sin o sin B
5) sin (30° o) —cos (60°— &) = —/3 sin o5
6) sin (30° — a) + sin (30° + a) = cos o;

'l tg(%—‘ ~a)+tg a=tg(§;"— —u)tg o-1

=ctgB-ctgo.

8% tg(a+ ’;‘-)—tg o =1+t,g(u+g)tg o

Jgsina+2ms(60°+a)

9%)
2gin (60° + o) - V3 cosa

=ctga;

109 V2 cos a - 2 cos (45° + ) »
2 sin (45° + a) - J_smn
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21.2. ®opMmyAU NOABIMHOTO apryMeHTy
Tabnunsa 35

[sin 20~ 2 sin 0 cos o |

[cos o mcona—ain? a=1 — 2 sinf . et 1

_ 2tga |
e

NN [losicHeHHA M OBrpyHTYBaHHA

Illo6 opepsxaTy GopMyJI NOABIMHOrO apryMeHTy, AOCTATHHO Yy GopMy-
JIAX AOJABAHHSA
sin (a + P) = sin a cos B + cos a sin B,
cos (o + B) = cos a cos P — sin a sin f,
_ tgo+tgp
tg(a+B)——~——~—lﬂtguw
B3ATH f = a. OpepKUMO TOTOMKHOCTI:
sin 2a = sin o cos a + cos a sin a = 2 sin a cos a, To6TO
sin 2a = 2 sin o cos a.
cos 20 = cos 0. cos a — sin « sin a = cos? a — sin? a, To6TO
cos 2a = cos? a — sin® a.
tgo+iga _ 2iga

&I"‘: o »
te 1-tga-tga 1-tg'a
2iga
20= i
tg 1_“3“ @

Is popmynu cos 20 = cos® a — sin? a, KOPUETYIOYUCH OCHOBHOIO TPHIOHO-
MEeTPHUYHOK TOTOMXHICTIO cos? a + sin? a = 1, MoxHA opepxaTi dhopMynu, #Ki
JIO3BONSIIOTE BUPA3UTH cOS 20 TUILKH Yepes sin a ab0 TINBKK Yepes cos O.

JlificHO, 3 OCHOBHOI TPHIOHOMETPHYHOI TOTOMHOCTL OfEPIKYEMO

sina =1 — cos? a, cos? a = 1 — sin? a. Toxi
cos 2u = cos? a — sin? o = cos? o — (1- cos? a) = 2 cos? a — 1, T06TO

cos 2a =2 cos? a — 1. 1)
cos 2a=cos®’a —sina =1 - sin? a — sin? a = 1 — 2 sin? a, TobTo
cos 2a =1 — 2 sin? a.D 2)
13 dopmyn (1) i (2) MorxHA ofepaTH HACHIIKY, Skl KOPUCHO 3aI1aM’ ATATH:
;2 3-0082“! I 2 1l+cos2a
sin c:t=~—--2—*-—~r 'cus A=
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I1i popmynm HasMBAIOTL POPMYNAMU FHUNCEHHA CMENEHA.

fxmo B ocTanHiX GopMynax nosHauHTH 20 = X, TOGTO OL=>, TO MOKHA

sanvcaTh Taki opmynu:

1-cosx=2sin’-’25.

2

1+cosx=2cos’Z, (3)
2

3aszHayuMo, 110 GOpMYJIH CHHYCA i KOCHEYCA NOABIHHOrO APryMeHTy CIIpa-
BeiIMBi ans Oyab-AKHX SHAYEHBb APrYMEHTY, TOAI K ¢opMyJia TAHI'eHCA ITOABii-
HOI'0 APr'yMeHTY CIIpaBe/JIMBA TLIBKH JAJIA THX 3HAYEHBb APIYMEHTY o, JJIH AKHX

ossaveHo tg o i tg 2a, To6TO TiMEKM mpM u¢§+nk i Z(xat—gﬂtk. e k e Z.

3a3HAYUMO TAKOMK, IO, HK 3ABK/AY, ofiep)KaHl GOpMyNIH MOMHA BHKO-
PHCTOBYBATH SK 3J1iBa HampaBo, TaK i copapa Haniso. Hanpuknazn, samicte
BUpady 2 sin 3a cos 3o MoxkHa sanucaTH sin (2 - 3a) = sin 6a, a samicTs BH-
paay cos? 1,6a — sin? 1,50 saanucaTu cos 3a.

T [(pyvknagw po3s fAsaHHy 3aBjaHb

Hpuxaan 1

Pozé’'azanna

1) » cos® E—sin —*cos(2 )

" I THA

2)» sin 15°em15°=l-2 sin 15° cos 15°=

% in(2 - 15"')-—51!130"-— <

Hpuxnaxg 2  /loseaiTs TOTOMXKHICTE

O6umcaits: 1) cos® E—sm E

1+cosdo
sin 4o

2) sin 15°cos 15°.

Komenmap

VY nepmoMy 38BAaHHL HOCTATHEO
«BII3HATH» TpaBy 4YACTUHY QOopMyamn
KOCHHYyca NOABIHOr0 aprymMeHTy i sa-
OMCcaTH Ppe3ysbTaT. ¥ ApYyromy 3aB-
OaHHI cJiji 3BePHYTH YBAry Ha Te, IO
3aaHWI BUPA3 BipisHseThCH Bij mpa-
BOl YacTHHEY (hOpMYJIM cMHyca NoABiii-
HOI0 APryMeHTY TiJIbKH BificyTHicTIO
peiiiku. Tomy, sKkmio meil Bupas Io-
MHOMHTH i moniiuTe Ha 2, TO BiH He
3MIHMTECH, aJle Tenep 38 (QOpPMYNOX0
OZIePIKYEMO:

2sin 15° cos 15°=sin (2-15°) =sin (30°)= %

=ctg 20

Komernmap
JlosepeMo, IO JIiBA YACTHHA TOTOXKHOCTL JOpiBHIOE mpasiii. 3a3HauumMo,
[0 B YHCENLHWKY apo0y 3HAXOAUThCH BHpa3, AKHN MOXKHA OGeanmocepegHBO
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nepeTBopuTH 3a (opmyso (3). Ane sacTocyBaHHA L€l GopMynr 3MeHIIYE
aprymesT yasiui: 1 + cos 4a = 2 cos? 2a. Baxkano i B sHAMEHHUKY Apoby
nepeiiTH 0 TOr0 CAMOTO aprymMenTy 2a, AKHH 3’sBuBCA B umcenbHuky. Jlns
LBOI'0 POSriasiHeMo sin 4o AK cHHyC NOABiMHOro aprymeHTy (BiiHOCHO apry-
MeHTY 20a): sin 4o = sin (2 2a) = 2 sin 2a cos 2a.
Pose’'sazannsa
1+cos4o 2 cos” 2a __cos 20

- =— =— =ctg 20 <
sin 4o 2sin 20 cos 2a  sin 20
Ilpuraan 3°. Cxoporits api6 id
cos 2o
Komenmap

IlepeTBOpIOXOYH TPUTOHOMETPHWYHI BHMpasW, CJHig naM’ATATH HE TiJb-
KM TPUIOHOMeTpH4YHi, aje # anrebpaiuni dopmynn. 3okpema, AKIO BUKO-
PHUCTATH B 3HAMEHHHKY apofy ¢opMysly KocHMHyca HOABITHOrO AprymeHry:
cos 2a = cos? a — sin? a, ojepiKyeMo BHpA3, SKUH € Pi3HHLE KBaApaTiB
cos « Ta sin o, Moro MoKHA POSKJACTH HA MHOMHMKM AK NOOYTOK CyMM
Ta pisHUUi UWX BUpasiB. 3 orjsAy HA BUpPa3, OflePXKAHUN y 3HAMEHHMKY,
Yy YHCeNLHUKY PO3STNITHEMO BMpAaa sin 20 = 2 sin o cos o K NOBOEHHI JA0-
OyToK sin o Ha cos a. Toai Ans oTpUMaHHEs KBaApPaTa CYMM IUX BUPasiB HaM
noTpibua me cyma sin? a + cos® a, ane 3a OCHOBHOK TPUIOHOMETPHYHOO
TOTOMHICTIO I[I0 CYMY &€ OOUHHIIH, AKA CTOITh Y YHCENIbHUKY.

Pozé’azanns
l+3in2a_.sinza+wszu+2ainumsu_ (sin0.+l:030'.)2 _sinoa+cosa
" cos2a cos o —sino (cos a+sin o) (cosa—sin @) coso—sino

puxkmax 4  3HaA0YM, IO cosu=§- imo oe (%—;21'.'), obuucHiTe:
1) sin 2a; 2) cos 2a; 3) tg 2a; 4) ctg 2a.

Po3é'azanna . Komenmap
3HAM 3 A si o
o0 3HalTH 3HAYEeHHHA sin 20 38

=2 =1_ 2 =1,_£
sin“o cos“ o 25’ TO6TO dopmynow cHHYCAa NOABIAHOrO Apry-

Bm%‘:%‘:" Omixe, s'mu.:% afio MeHTy sin 2a = 2 sin a cos o, noTpi6-
3 HO, KpiM 32J8HOT0 3HAaYeHHHA COS o,
= MaTH lie ¥ 3HaYeHHA sin o, AKe Jer-

KO 3HAWTH, BUKOPDHCTOBYIOYM OCHOBHY

3n
PRECHIASatn By 4 TPHTOHOMETPHYHY TOTOMKHICTH:

ofiepxyeMoO sin o= —g. Togmi: sin @ =1 — eos? a.
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1) sin20=2sinocoso=

-
5 5 25
2) cos20=cos’o—-sino=
9 _16_.17.9
25 25 25
24
20 _ " 25 _
2 sm ‘\J
8 telo= cos2a i 7
25
200 7
tg20="22=-"L 4
4) cig sin20 24
HER 3anuTaHHR ONR KOHTPONo

Haragaemo, 1o AJis 3HAXOMKEH-
HA Sin a CJij TAKOXK YPAXYBATH 3HAK
CHHyca B 3aJJaHOMy MpPOMiIXKY (aa
yMOBOIO o sHaxoautThcs B IV usepri,
Jie cUHYC Big’eMHUI).

3a3HayMMoO, 10 COS 200 MOYKHA Ta-

KOX 3HalTH 3a GopmyJio0
cos 2a=2cos?ax - 1,
He obumcmionouM sin a, a ctg 20 — 3a

A .
tdopmynoo ctg 20.= oY HigCTABHE-

1M 3HaligeHe 3HaYeHHA tg 2a.

1. BamumiTe GOpMyJIHM CHHYCA, KOCHHYCA 1 TAHreHca NOABIHHOIO APIYMEHTY.
2". lomeniTs (pOpMyJH CHHYCA, KOCHHYCA i TAHreHCa NOABIHOIO APryMeHTY.

EEE Bnpaswn
1°. O6umcaiTe:

1) cos? 15° - sin? 15°;

. n.
2) 23111-8-008-8-,

3) (cos 15° + sin 15°)%

r

o tg
2tg 15
4) (cos 75° - sin 75°)%  5) ——2>; e
1-tg°15° 1-1g2*
8
Hoeenite ToToMXKHiCTE (2—3).
2°. 1) cos® Emsm 2-cosx; 2) sin bx cosbx= -—smlOr

3) (sin x + cos x)? =1 + sin 2x;
g 1)=

40
u=c0£a00520u

3) (ctg o — tg a) sin 2a = 2 cos 2a;

_ctg’a-1
5) ctg m_—zctgu 2

4. Cnpoc'ri'rb BHPAas:
1°9) 222 _gin g
cos

sin 20— 2sin o
FFF o s L 2

3)

cosa-1

1)

4) (sin x — cosx)2=1-sin24:.

2) sin 40
4coso

=sin o cos 20

o il
4) tga+ct.ga—-———sin2a,

2°) cos? a — cos 2a;

cos 20— sin 200
cos 4o i



5. 3ualoum, MO sina=§ imo ae (g;u), ofuucaiTe:

1) sin 2q; 2) cos 2a; 3) tg 20 4) ctg 2a.
6. 3ualoun, oo cosa=—% imo oe (n; %), obuncaiTh:

1) sin 2q; 2) cos 2a; 3) tg 2a; 4) ctg 2a.
7. 3uawuym, mo t.ga:% imo ae (rr; 3?“). ob6uucaiTe:

1) sin 203 2) cos 2a; 3) tg 2a; 4) ctg 2a.
8. 3HalouH, moO ctga=~§ imo oe (%. 21!), obumeniTe:

1) sin 2q¢; 2) cos 2q; 3) tg 20; 4) ctg 2.

sina+3cos o

9*. 3ualigiTe cos 20, AKIO =3.

sina-cosa
10°. BraiiniTe Haitbinbnre i Halimenme snauenHs Bupasy cos 2a — | cos a |.
11. TIlob6yayirre rpadik @yHKIii:
1) y = sin x cos x; 2)y=sin* x —cos* x; 3") y=tg x sin 2x.
ctg -1

12. Noseaits dhopmyny ctg 20.= rprrrmgd

21.3. Dopmyau 3BEAEHHA
Ta6nuus 36

Popmyramu 36e0eHHA HAZUBAKTH (OPMYJM, 3a [JONOMOIOK HKHX

TpuroHomerpruHi GyHKOii Bix aprymMeHTis Buay En + o i (2k+l) to (ke Z)
3BOIATH 0 TPUINOHOMETPHYHMX (DYHKIIH Bijj ApryMeHTY .

OpieHtup Mpuxnapu
no o umena o nomaerses | 1. CopoeriTs 3a opMynaMu 3BeieHHS
wmedaio kn, k € Z (10610 uEcao, tg (3n — a).

aofipaskyeTnen Ha ropu- | P tg (8n—a) = —-tg a.<
ITAJNLHOMY JNiaMerpl Oau-
(0J1a), TO Ha3Ba

101 pyHKIIT He IMIBIETD
AKNIO TONAETHCH WHCIO

(rodT0 wuWMCHO, fAKe
YETHCHA Ha BepPTHKAJB-
TPl OAMHUWYHOIO

L0J1a ), naspa zaaadol QpyHK-
51 A BIAMOBiIHY

KomernTap. Hasea 3aganci dyskuii He
3MIHIOETBCH, OCKLIBKYE 31 300paskyeThcA HA
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Ipodosxmernna madn. 36

([‘ll[l_\p't' Ha KOCHHYC, KOCHHYC
HA CHHYC, TAHréHC HRA KOTaH-

FeHe | MeTAAre e Ha TAHTeHC).

rOpU30HTANBHOMY AiaMerpi (anisa) oguHMAY-
Horo kona (puc. 1). ko a — rocrpuii kyT,
T0 KyT (3 — ) 3HaxopguThen B II usepri, ne
TAHreHC Bia'emMHMII, TOMy B npasiit yacTumi
GOpMySIH B3ATO SHAK ¢«—».

. SJHAK OJlepaHOre BMpaay BH-
HAMACTHLCH BHAKOM TOYaTHKO-
BOTO BHMpa3y, KU YMOBHO

BREAJKATH KYT ( rocTpHuMm.

2. Copocrits cos(%’%a).
> cos(s?“+a)=sina.

yh

.

KomesTap. HasBa 3agaHoi QyHKIii
3MIHIOETBHCH, OCKINBKH 3?" 300paxyeThcs
HA BepPTHKAJLHOMY JAiameTpi (BHHU3Y) ofH-
HuUuHOro kojya (puc. 2). Axmo o — ro-

CTPHIl KYT, TO KyT (%HI) SHAXOMUTHCH

B IV usepri, ne kocumyc popaTHUil, TOMy
B mpaBiil 4wacTHHi GOpMysM B3fITO 3HAK
«t»,

B [loscHeHHs M OBrpyHTYBaHHA

® QPopmynH HoAaBAHHS [03BOJAKTE OOrpyHTyBaTu GOPMYNU 3BeJeHHSH,
38 AKUMH TPHMIrOHOMeTpHuYHi ¢yHKOii Bia aprymentis Buny kn + o

i(2k+ 1)-%1:0& (B € Z) sBopgsATH A0 TPMIOHOMETPWYHHX GYHKIH# Bijg

APTYMEeHTY O.

PosrnAanemMo AeKLTbKA NPHKIALIB.
sin(t—a)=sinmtcosa —cos wsina=0-cos a—(—1)-sin a = sin «o;
cos (n+ a)=cos tcos a — sin tsin a = (—1)-cos a — 0-sin a = —cos o;

ctg (bn—o)=

cos(6rn-0) cosbrceoso+sinbnsine _ cosa =—ctgo
sin(bn-o0) sinbrncosa-cosbBmsino —sina
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(3BMuAaiiHO, B OCTAHHLOMY BHMIIAJKY TOH CAMHIl pe3yJIbTaT MOMHA OlepHa-
TH, BUKODHMCTOBYIOYM IllepiojMuyHicTh i HenapHicTh (QYHKUII KOTaHreHCa);

fAK 6yJyio mokasaHo Ha c¢. 280, sin (;—a)=coau.;

cos(——+a) 7: cos o.—sin —?sina:ﬁ - cosa—(—1) - sin o =sin o
sin(:E’FH:) mnancnsa+cos3“mnu
tg(a"mt) z 2 =—=Z=_ctgo.
3n 3n sin o

(3: ) co8 — cos a—sin — sin a
2 2

Jlna ananisy ofiepKaHUX Pe3yJILTATIB CKJIAJEMO TaKy Tabamuimio.

Tabnunsa 37

3miHa Koopaunarua 3uak 3aga-

Bun Opepixana HA3BH YBepTh (AKI0 Hol QyHKIII

aApryMeHTy dopmMysa 3a/18HOI | YMOBHO BBAOKATH | Yy BiANoBig-

GYHKLIL | KYT o rocTpum) Hill uBepTi
— sin (n — a) = sin a HeMae II +
kﬂ g cos (m + o) = —cos a | Hemae 11 -
(ke2) ctg (6n — a) = —ctg | Hemae v -
{2k+1)§ia sin(;—a]zcosa € | +

(k € 2)

cos('?_: + a] sin o € v +
tg(—— + u) =—ctga € v -

AnanoriysHo Mo¥<HA OBTPYHTYBATH, 1110 B YCiX BUINAAKAX TPUTOHOMETDPHY-
Hi QYHKNI] Big aprymeHTiB BuAy knt a i (2k+ l}%ia (k € Z) MoxHA 3BOJMTH

JI0 TPUI'OHOMETPHMYHHMX (YHKIIH Biji apryMeHTy O 38 TAKHM AaJrOPHTMOM:
AKWo do wucna o dodaemvea wucno ka, k € Z (mobmo wucno, axe
3o06paxyembcs HaA4 zopu3onmanvHomy Jdiamempi oduHuwLHOZO
KOn@), mo Ha3ea 3a0anoi QyHKyii He 3MiNIOEMbCR, @ AKWO doda-

€EMBCA LUCNO (2k+1)§ (mo6mo wucno, axe 306paxcyemvca Ha éep-

muxansiomy diamempi OOUHUYHOZ20 KONQ), MO Ha36a 3a0AHOL
PynKyii 3MIiHIOEMbCA HaA 6i0N06idHY (CUHYC HA KOCUHYC, KOCUHYC
HaQ CUHYC, MAHZEHC HA KOMAHZEHC | KOMAHZENC HA TMAHZEHC). SHaK
0depicanozo 6upasy 6UHALAEMBCA FHAKOM NOLAMKO6020 6Upasy,
AKWO YMmoeHo eeaxamu xkym o zocmpum. O
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¥ rabsuni 38 HaBeneno ocro6Hi (popmynu 36edenna. Yei inun BUnNagKu
MOxe OyTH 3BefieHO JI0 HMX 38 JOIIOMOTOK) BUKOPHCTAHHA NepioJudHoCTi Bij-

TNOBIIHUX TPUIOHOMETPUYHUX (PYHKINM.

: Tabnunsa 38
n T
x n+a n—-a (| 2n-a §+0£ g—a 3—:+a %—a
ginx | sina | sina | —sina | cosa cos —cos o | —cosQ
cosx | —cosa | —cosa | cosa | —sina | sina sin a —sin o
tg x tg a —-tg a ~tga | ctga | ctga —-ctg a ctg a
ctg x ctga | —ctga | ctga | —tga tg a —tg a tg o

3asHauyMmo, 10 3a ((QopMylaMu  3BefleHHS cos(-;——a)zsina,

sin(% —u) =cos 0, ctg(% - a] =tg o, tg(g —a) =ctg oo fArulo ocranHi dpopmy-

NI 3A4lIACATH CIpaBa HANIBO, TO OHEPIKUMO KOPMCHI cHiBBigHOIEHH#, fAKi
YacTO HA3HWBAIOTL (Qopmyramu OONOSHANLHUX apzymenmieé (apryMeHTH o

i -’2-‘-—0'. [ONIOBHIOKTH OJUH OJHOTO 10 g)

sinazcos(%—u}, cos o= sm——a) ‘

tga=ctg(§—a), ctga= tg(——a

Hanpuknaz, sin 60° = cos (90° — 60°) = cos 30°;
cos 89° = sin (90° — 89°) = sin 1°.

BN [Mpwknagwu po3s’A3aHHA 3aBgaHb
Ipueaag 1  OOumchiTs 3a onoMoroxn Gopmysn 3peIeHHA:
1) cos 210°%  2) tg:"f.

Posze’aszanua Komenmap
Ilogamo 3amaHi aprymMeHTH TaK,
1) P cos210°=cos(180°+30%) = mo6 moxkHa 6yso BukopucTaTH QOp-

B MyaE 3BefgeHHs (TOo6TO BHAinuMo
=—cos 30° S < | B aprymenTti uyacTmHH, #Ki 300paxa-

HOTBCH Ha FOPH30HTAILHOMY 860 BepTy-
< KaJbHOMY JliaMeTpi ONUEWYHOIO KoJia).

T
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Hanpuknan, 210° = 180° + 30°. 3Bu-
yailHO, MOXHA OyJy0 nojatu nel ap-
rymenT me i rtak: 210° = 270° - 60°
i Tesx BUKOpUCTATH POPMYJIM BBEIEHHHA.

Ilpuxnan 2° JloBeziTs TOTOXKHICTH

ooa(Sﬂ:—a) . ain(; +a)
i)

—-cosz(—ag-—a): cos 20..

Komenmap

Hosegemo, mo JiBA YACTHHA TOTOXKHOCTI AopiBHIOe mpasiii. CnouaTky
HUKOpHUCTaeEMO (POpPMYyJIM 3BeieHHS, & IOTIM CHpOCTHMO OfepXaHi BUpA3N
aa gonomorom dopmyn: tg a-ctg a=1 i cos? a — sin® a = cos 2a. IIpu
crpoiieHHi BupasiB cos (3n —a) i tg (m + o) MmoxHaA 3acTocyBaTv fK Oes-
nocepeubo GoOpMyJIM 3BEEHHSA, TAK i NepiogWYHICTE BignoBigHMX QyHKIIH.
llanpuknaja, ypaxoByiodd, njo nepiogom QyHKIIl cos x € 2n, OfAEPIKYEMO:

cos (3n — a) =cos (2n + T — a) = cos (T — a) = —cos a.

Posze’'azannsa
- n
Bm(—+ﬂ.
> _cos(3n-u)_ 2 (ﬂn ) (—cosa) mu——(usinaF:
tg(:m) tg (n+ o) (-ctga) -
"G)Szﬂ

. —-sin®a=cos’a—sin®o=cos 20. <

B 3anwuTaHHA AN KOHTPONO

1. IIpoisocTpyiiTe Ha DpPHKJIAg8X BHKODUCTAHHSA (OPMYJI 3BEeAEHHS.
ITosicHiITH OffepcaHUit pe3yJbTAT.

2". Noeenith aekiybka dopmMys 3BeIeHHA.

EEN Bnpasu
1. O6guchiTe 3a gonoMorow GoOpMyJT 3BEIEeHHA:
1) sin 240°; 2) tg 300°; 3) cos 330°; 4) ctg 315°;
an, _lim), " . _8r
cos g sm(-2f 7 8) cte(-2).

2, O6umcniTe:
1) cos 8° cos 37° — cos 82° cos 53°; 2) sin 68° sin 38° — sin 52° cos 112°.
3. CopocriTs Bupas:
. [3n T . {5m
sin (1 + &) cos (X— ) ﬂn(—z——-u)ws(é +a)_ sin (3m+ u)nm(--i—a)‘

: v 29 " 3°) i ;
ﬂg(.;n‘u) tg (n-a) sin (n - 20)

1%}
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tx(i’f-u)ama(n—u)ain(anm;
2 ; B)tg 1°+tg 20+ tg 3° ... - tg 8T~ tg 88°~ tg 8.

(cos (3,5m - 0) + sin (1,5n + a))® -1
4. JloBeAiTh TOTOMXHICTH:
1°) 2 sin (90° + o) sin (180° + a) = —sin 2q; 2°) ctg 20°-ctg 70° = 1;
. 2lm 2 n
ain’ (% o) -con(a-7) |
=-2ctgo; 4 =—sin®20.
cos(!r—u)—sin'a tg’(nﬂx) ctg (u—-—) ¢
2 2

ain(n_za)—zsin(;-‘—n)

21.4. ©opMyAH CyMH i Pi3HULI OAHOHMEHHUX TPUIOHOMETPHYHUX
yHKUIN Ta GOpMYAU NepeTBOPEeHHA AODYTKY
TPUrOHOMETPHUYHUX QYHKLIN Y CymMy
Tabnuns 39

1. Dopmynu cymu i Pi3HULL TPUrOHOMETPUYHNX PYHKLA

| _
sin o.+sin P = 2sin9“—+—g ‘-’—2-‘? | sina-sinp= 2sin2‘—ﬁ cos“2E
|

i
cosaroonfi=2e’ |

cos o +cosfi=2cos—+ zﬁf:oﬁ—m—;—E 1::«:@:c:t—(:aos[3;:—2!sixl~‘3‘—2+-£:sill95%ﬁi

—— - s . J S Sl
| |

sin (a+p) _ sin(a-f)

I
|
i
i tgo+tgfp=——1 '= tgoa-tgp= ‘
L cos o cos B ‘ cos o cos B _J

2. l"lep_eraopeHHn ROByTKy TPUrOHOMETPUHHMX tpkawu Y cymy

{sintxsmﬂ —(cos(a g)— oos(u+ﬂ))

l

cos o.cos = —(cos{u B)+ecos(a+p)) l[
+ sin ccosP= —(sm(a B)+sin(a+p)) ll

B [osicHeHH# N OOrpyHTYBaHHSA

1. <Popmyian cymu i pisenni TpuroroMeTpHYHHX QyHKIIN.
® 3a dopMynaMu HOAABAHHA:
sin (x + y) = sin x cos y + cos x sin y;
sin (x — y) = sin x cos y — cos x sin y.
Hopaoyu no4JeHHO i PiBHOCTI, OflepHKyeEMO:
sin (x + y) + sin (x — y) = 2 sin x cos y. 1)
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Hxmo nosnaynTH:
xt+ty=a, (2)
x—-y=8, (3)
TO, AOJAAI0YM | BigriMaroun piBHOcTi (2) i (3), maemo: .1:=°‘T+H. y--“—;ﬁ.
Togi 3 dpopmymm (1) opepikyemo Gopmyny nepemeopeHHA CYMu cunycis

y doBymok: —

sina+sinﬂ=2sin“Tchos“—;E i @)

CrnoBecro ii MOxxHa cOPMYJIIOBATH TAK:
Cyma cunycie deox apzymenmis dopienioe nodsoenomy dobymxy
CUHYCA NIGCYMU YUX GP2ZYMEHMi6 HA KOCUHYC ix niepisnuyi.
Ao saminuTy y dopmyni (4) B va (—f) i BpaxysaTu HenapHicTL CMHY-
ca: sin (—p) = —sin B, To ogepxumMO (popMyIy:

[:in(Jr:—sinB:2|i|inm—;j§wlsiﬁ‘ti U

2

I Pisanuys cunycie deox apzy mermie dopienroe nodeoenomy dobymry
CuHYca niépianuyi yux apzymenmie Ha KOCURYC ix niecymu.
AHaNOriyHo, A0NAI0YH IOYWJIEHHO piBHOCTI

cos (x + y) = cos x cos y — sin x sin y, (5)
cos (x — y) = cos x cos y + sin x sin y, (6)
OLlePIKYEMO:
cos (x +y) + cos(x —y)=2 cos x cos y, (7
i, Buxoryroun saminu (2) i (3), maemo:
t:os|r1+1::|:n3ii'.=2cm;5¥icoe;5‘-;‘E A

Cyma kocunycie d6éox apzymenmie dopienioe nodeoenomy dobymry
KOCUHYCA Ni6CYMU YUX APZYMEHMié Ha KOCUHYC ix niepisnuyi.
Axmo BigusaTA Big piBeOCTi (5) piBricTs (6), TO omepKUMO:
cos (x + y) —cos (x — y) = —2 sin x sin y. (8)
Toni

u+|35iné-ﬁ |

cos o —cosf=-2sin— =1

Pisnuysn xocunycie deéox apzymenmie dopienioe: Minyc nodeoenuil

do6ymok cunyca niécyMu Yyux apzymMenmie Ha Curyc ix nispisnuyi.
JIna Toro mob oOrpyHTYBaTH (opMyJiH NEPEeTBOPEHHA CYMH (pisHHILi)
TAHTEHCIB, JOCTATHBO BHKOPHCTATH O3HAYEHHA TaHreHca i ¢opmynm mo-
HBABAHHSA:



§ 21. GopmyaM AOAABAHHA T8 Ix HAacAlpkK 295

sinoe  sinf _sinccosP+cosasinf _ sin(a+f)

tgu+th=coaa+ooaﬂ_ cos o cos f§ _cosuoos[.‘.'
O'race,.
tga+tg|3=% . 9)

fAxmo y dopmyni (9) saminuTu  Ha (—f) i BpaxyBaTu HenapHiCTb TaH-
renca (tg (—B) = —tg p) i napricTs xocuuyca (cos (—B) = cos B), To ozmep-
HYEMO:

sin@-p) | (10)

cos o cos i |

tgo—tgh=

3asnayumo, o dopmysu (9) i (10) cnpasepnuei TinbKu TOAl, KOJM
cosa#0icosB=0.0

2. Ilepersopenns No6yTKY TPHrOHOMETPHUHHMX (yHknii y cymy.

@ 3assHayumo, 10 B npomneci obr'pyHTyBaHHA QOpMYJ NepeTBOPEHHA CYMH
Ta pisHUNL cHMHYCIB i KOocHHyCiE y n00OyTok Mu (GaKTUYHO OTPMMANH
i (popmyu nepeTBOpeHHA NOOYTKIB TPHroHOMETPUYHHUX (PYHKLIH ¥ cymy.
JHificro, sikno noziiuTh o6uaBi yacTmuu piBrocti (1) Ha 2 i 3amucaTu
ojep)aHy piBHICTH cpaBa HaniBo, MaeMO:

sinsty:%(sin(x~y)+sin(x+y)) = (11)

Amnanoriyso 3 dopmynu (7) ogepxyemo:

cosxmsy=%(oos(x—y)+eos(x+y)) H 12)
a 3 opmynu (8_) (nicns ginesHs Ha —2) MaeMo:
sinxsiny%(cos(x—y)—eos(xw)) ! (13)

Baminwooun y dopmynax (11-13) sHaveHHs x HA o, Y HA [, OfEPKYEMO
Tol 3amuc mux Gopmyn, Akl HaBeneHo B Tabnuni 39. O

B Npuknanw po3B’A3aHHA 3aBAaHb

Hpuxaan 1  IlepeTsopiTh 3ajaHy cymMy YW pisHMNi0 B gobyTok i, sKmo
MOIKJTHBO, CIIPOCTITh:
1) sin 75° + sin 15%  2°) cos? o - cos? B.
Komenmap
1) V¥V nepuiomy 3aBpaHHI mMoxxkHa 6eanocepefHb0 3acTOCyBaTH Gopmyny
sin o+sin f=2 sin%gcos?, a moTiM BUKOpHCTaTH TaOMUYHI 3HAYEH-

H#A sin 45° i cos 30°.
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2) Slxmo Bupas cos? a — cos? [} po3rnsHYTH AK Pi3HMIKIO KBajApaTiB, TO HOro
MOXCHA PO3KJIACTH HA MHOMKHMKH, 8 IOTIM 0 KOXKHOIO 3 OfepaHuX BU-
pasiB s3acrocyBaTH (OpPMYJIH NEepPeTBOPEHHA pi3HMII YU CYMU KOCHHYCIB
y nobyrok. [Ina nogansmoro CHpoOIEeHHS OfepHaHOro BUpady BHKOPUC-
TOoBy€EMO (hopMyJry CHHyCA NOABiHHOrO aprymeHTy, a came:

2 sin “—;Ecosigi=sin(a+ﬁ) i 2sin%ﬁcosa—;ﬁ=sin(a—ﬁ).

Po3é’azanna

J'J'J"

g

1) sin'?f')"+.sinl5"=2sin75";lﬁﬁ(}()&i'?"r'ﬂ;l =2sin45°cos30°=2-
2) © cos? a — cos? B = (cos a ~ cos B) (cos a + cos B) =

=—25in%ﬂsin—a—;ﬁ . 2c0592LB—cosa—;—B=-sin(a+|3)sin(a-—ﬁ). <
Ipuknaxg 2  Ilepereopits y nobyTox sin a + cos f.

Komenmap
Mu Bmiemo nmepeTBOpOBATH B A0OYTOK cyMy cuHyciB a6o kocunycis. Jlns

mepexofy JAO TAKMX BHpAa3iB JOCTATHBO 3rajaTH, mo cosf=sin g—B)

(aﬁo sin 0. =cos (—;— - a)).

Posze’'azannsa
n +o-B ““(n‘ﬂ)
sina+cosB=sina+sin(E—[3)=23m : < C08 : -
- -B ﬂ) (&+B 1:)
2sm( 3 cos = )
Ipukaax 3  CnpocriTs Bupas R8-S 2a) (cos 2a.— cos 8a)
1—cos 6o =
Komenmap

Jlns Toro mob cnpocTHTH 3agaHuii Apib, MoXHA cripo0yBaTH CKOPOTHUTH
itoro. llns mporo nogamMo YHCENLHHK i 3HAMEHHHMK YV BUINAZAiI HOOYTKiB, AKi
MiCTATH OJHAKOBRI BHPa3H. ¥ YHMCENbHHUKY BHKODHCTaEMO (hopMynH IepeTBO-
pPeHHA pisHWUNi cuHyciB i KocHHYCiB y m0OyTOoK (a TakoM HeNapHICTH
cunyca: sin (—3a) = —sin 30), a B 3HAMEHHHUKY CKOPHMCTAEMOCH (POPMYJIOHO

1—cos x=2sin? %
Poze’azanna

(sin 8a —sin 20) (cos 20— cos 8a) _ 2 sin 3a cos 5 - (—2)Bm5a.sln( 3(1)
1-cos 6a 2sin’3a

=2 cos 5o sin bo = sin 100
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Npuknan 4° IoBeaits ToroxHicTs 4 sin 70°— sinlm" =-2.

Komenmap
JloBegemo, 110 JiBa YACTMHA TOTOMHOCTI fopiBHioe npasiit. Ilicnsa npu-
BeJIeHHSA JI0 CHLJIBHOIO 3HAMEHHHKA NepeTBOpHMO noOyToK cHMHYCIB Ha pi3HuU-
I}0 KOCHMHYCiB, & noTiM ypaxyemo, oo cosBO'“:%. a cos 80°=sin 10°
(ockinbku 80° + 10° = 90°).

Posé'azanna
1
_ 4sin70°sin10°-1 _ 4 5(c08 60°-cos 80°)-1

g 1
4 sin 70° - —
> 0 sin 10° gin 10° sin 10°

1
_2p7200880° 1 9cos80°_-2sin10°_
gin 10° sin 10° sin 10° ¥

Hpuxnaan 5 Hosexits, sxkmo A, B, C — KYTH TPUKYTHUKA, TO
sin A+sin B+sinC=4 cos-;lcosgcosg.
Komenmap
Hnsa kytie TpukyTENKa A + B + C = nn. Togi C = n — (A + B) i 3a dopmy-
namu 3BefieHHA sin (m — (A + B)) = sin (A + B). Ilicns nepeTBOPeHHA CyMu
cuHyciB sin A + sin B y pobyrok nomigaemo, mjo apryMeHT (A + B) yaBiui
A+B

Oinmemuii 3a apryMeHT . Ile nossonse sanucaru sin (A + B) 3a ¢opmy-

JOK0 CHMHYC& NOABIMHOIO apryMeHTy i B olepiKaHiii cyMi BUHECTH 3a NYKKH

2sin AvH

, 8 MOTIM IIePETBOPHTH B AYKKAX CyMy KOCHHYCIB y nobytok. Ilo-

A ; B =!;_C = % _% i BukopucTaTH GOpPMYyIH 3Be-

TiM Tpeba BpaxysaTu, II0

[CHHS.

»

Posé’asannsn
> VYpaxoryiouwm, mo ans KyTiB TpUKyTHHKA C = 1 — (A + B), omepxyemMo
sinA+sin B+sinC=sinA+sinB +sin(n— (A + B)) =
=2sin 2*B oos A-B 1 gin(A+B)=2sin 22 B oos A=B 1 o gin A+ B oo A4 B
2 2 2 2 2 2
A+B

2

A—B+COBA+B)=23mz—C A

cos
(poa 52 e0n ®]

=2sin
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R 3anvTaHHA ONA KOHTpONo

1. BanuuriTes GOpMyIH IepeTBOpeHHs cyMM i pisHuuni cunycie abo cymm
i pisuuni KocuHyciB y nobyTok. HaeegiTh npuUK/Iagu BUKOPHUCTAHHA IUX
¢opmy.

2. Banuwite GopMynd NepeTBOPEHHA cymu i pisHmili Tanrencis. Hasenirs
NPHKJIAAA BUKOPHCTAHHA [UX QopMyIL.

3". Iomepiths GopMyJsi¥ nepeTBOPEHHS CyMH i pisHMIi TPUIOHOMETPHYHMX
QyrKnii y fo6yTox.

4. HaseziTs NIPUKJIAJAHW BUKOPHCTAHHSA GopMy:
ainxcosyz%(sin(x"yhﬁiﬂ(x*'y));
cosxcosy=%(ms(x—y)+ons(x+y));
sin x sin y=;i;(cos(x—y)—cos(x+y)).

5. lopeniTs hopmyJin, HaBeJleHi B 3aNUTaHHi 4.

BBl Brnipaewu

1. IlepersopiTh cymy (abo pisHMIIO) TpUroHOMeTpHYHUX QYHKIIN y #o0y-
TOK i CcipoCTiTh:
1°) cos 152° + cos 28°%; 2°) cos 48° — cos 12°%;

3) cos 20° — sin 20° 4) Sn88 teinlb
sin 25 -sin 15
5" sin? a — sin? f; 6%) sin a + sin 2a + sin 3a + sin 40;
7) cos a + cos 2a + cos 3o + cos 4a.
2. JloBefiTh TOTOMKHICTH:
oy SINT5 +sin15° _ o ® sinu+ﬂinﬁ:tga+ﬂ;
e T ~3; %) cosavoosp 2
a-f
3) wss‘%'MIm=2$in2a; sin a +sin f§ =ms; 2 ;
sin 8a sin o cos B+ cos a sin a+f
cos="=
(sin 20+ sin 60) (cos 2o —cos 6a) . . Sino—cosp (a—-ﬁ n)
=Egin =t -]
5) 1-cos 8a dos G)cosn~ainﬂ B\ ~3f
+ Sina+sin 3o +sin 5a +8in To _
7) cosu—coaau+m.’xx—ms'i’a_‘0tg2a.

3. IleperBopiTh Yy cymMy:

1) cos 45° cos 15%  2) sin ~cos>%; 3) sin 20° sin 10% 4) cos -~ cos =.
24 24 10 5
4. ObuHMCHiTh:

1) 2 cos 20° - cos 40° — cos 20°; 27) 4 sin 10°-sin 50°-sin 70°,
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5°. Jloeemits, mo npu a + B + Y = T BUKOHYETLCH PiBHICTH:
1) sin o.—sin f+siny=4 sin:—cosgsin-;-;
2) coso.+cosP+cosy=1+4 s'm%sin g sin %
6. [osenits dopmysu:

1) ctga.',.ctgﬁsm.

sin (B-a)
sinasin p’

sinosinp’

2) ctgo— ctgP =

888 10PATKOBI GOPMYAM TPUTOHOMETPII

22.1. ®opmyAr NOTPIHHOro T2 NOAOBMHHOIO aprymeHTiB.
BupaxkeHHR TPUroHOMETPUYHUX QYHKLIN
yepes TaHreHC NOAOBUHHOIo apryMmeHTy

Tabnuus 40
1. DopmyAr NOTPIMHONO apryMeHTy
sin3a=3sina-4sin’a] [cos3a 4oossa-3t:osaJ
| 3tga-tg’a - qa-ctgu ctg o -~
tg3o=———T—, 0 (2k+1 3a=""F""TF T azl,keZ|
o 1-3ig%a " 6! i | i 1-3ctg” o S

2. DopMyAH NOHUXEHHA CTENEHA

sin®q = Lo oot oo

3. ®opmyAM NOAOBHUHHOIO apryMeHTy

(3Hax nmepen KopeHeM BHOUDAIOTEH 3a/I€XKHO BiJl 3Halta TPUIOHOMETDPHYHOL
¢dyrKUil, mo cToiTh y niBi#l yacTuHi piBHOCTI.)

. o_, [l-cosa o, [1+coso
smz—i 2 ’ {oﬂsi—i 2
;| o_, |l-cosa _ sina g=1—"-°3'1 —
jtga_i - S sa#n+2rk keZ| | €5 o arnk ke
[ 1
| o _ 1+cosa _ sinQ o l+cosu .
i ctgg—i i as oo @72k, keZ ctg S axnk, keZ
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4. BUpaxeHHs TPUrOHOMETPUYHMX GYHKLIA HEepes TAHreHC NOAOBUHHOTO apryMeHTy

2tg % 1-g?%
sina=——-=2-, a#n+2nk, ke Z coso=———>2 arn+2nk keZ
l""!":' 1+tg’g

2tz &
tga=__t§_2_, a#%-l-rm. neZ axn+2nk,keZ

- z2a
1-tg 2
1-1g*2
ctgo'.:——ui. azxnk, ke Z
21.35

B [loscHeHHs 1 OOrpyHTYBaHHA

1. PDopmyam mortpifiHoro aprymerTy. BukopucToByroun GopMynu nonaBaH-
s, dopMynu noasifiHOro apryMeHTy, OCHOBHY TPHI'OHOMETPHMYHY TOTOX-
uicte i popmyny tg a-ctg a = 1, opeprxyemo Taki popmyim:
sin 3a = sin (2a + a) = sin 2a-cos a + cos 2a+sin a = 2 sin a-cos? a +
+(1-2sina)*sina=2sina-(1 —sin® a) + (1 — 2 sin? a)-sin a =
=3 sin o — 4 sin® a. Orxe,

sin 3a =3 sina — 4 sin® a |

cos 3a = cos (2a + a) = cos 2a+cos o — sin 2o +8in a =
=(2cos?a—1)*cosa—2sin?a*cosa=(2cos’?a—1)+cos a —
- 2(1 - cos®a)+cos a=4 cos® a — 3 cos a. Omxe,

cos 3a=4cos*a—3cosal

2ga +tga 3
2
tg3a=tg (Qu+o)=— B2+t _1-tg =3ga-tg & Onye,
€ g ) 1-tg2a- tga  2tg’c 1-3tg’a
1-tg’a-

3tga—tgsu
a=—-2— 1.
te 1-3tg’a

1 1-3tg’a 1= te?e  (ctg®a-3)ctgo  3ciga—ctg’a
ctg 3a.= = - = 3 = 2 — Omixe,
tgdo 3tga-tg o 3 1 3ctg“a-1 1-3ctg’a

ctga ctg'a
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3
!;g:sa=8ct¢a—d’x o
| 1-Betg’a |

3aysaxenna. ®ynkuii sin 3a i cos 3a icHyioTe npu Gyab-AKUX 3HA-

yeHHAX o, & tg 3a icHye Tinbkm Tomi, KoJH 3u¢§+nk, ne k € Z, Tobro
u;t%-{-%, oTHe, O # §(2k+1). k € Z. Anaoriuso ctg 3a icHye Tinbku Toni,

kouu 3a # nk, ne k € Z. Toxni uaﬁl;?, ke Z.

2. ®opmynn nommxennsa crenes. 3 dopmyn cos 2a =1 - 2 sin? a Ta
cos 2a = 2 cos? a — 1 ogepKyeMo GOpMYyJIH NOHMIKEHHS CTEIeHs:

sin’a=——“°;'2", 1)
mzuzl;c.;g_%. (2)

3. ©Dopmyan nonoBHEHEOrO aprymenry. fkmo y ¢dopmynax (1) i (2) samicTe

0. B3ATH apryMeHT %, TO OJIEPXXHMO:
B'mI%:l*‘;““' 3)

20 _l+cosa

2 2 @

3 ¢opmyn (3) i (4) ogepkyeMo GOpMYIH NOJOBHHHOIO 8PIYMEHTY IJIA
CHHYyCA 1 KocHHYycA:

1-cosc

o = e ———
BillE =+ 2 » (5)

omg:i,}“% ] (6)

Y max popMynax 3HAK mepel] KOpeHeM BHOHMpAaIOTH 3aJIeXKHO BiJl 3HaKA
TpUroHoMeTpuuHol QyHKUIi, o cTOITE y JiBii yacTHHI piBHOCTI.
.‘rlnmo nounesHo posginute dopmynm (5) i (6) Ta Bpaxyeatu, mo

. a

sin — cos —

-—3-=th, a —(g‘-:ctg%, TO OfIEPIKYEMO:
o 2

cos - sin
2 2
o _ l1-cosc 7
tgz-i l+cosa i (M
a_. 1+cosa & (8)
Ctgz "\ l-cosa
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¥V dopmynax (7) i (8) suaxk nepesi KopeHeM TaKoK BUOHPAOTHL 3aJ1€2KHO
Bijl 3HAKA TPHrOHOMETPHYHOI (yHKILiI, MmO cTOiTh y NiBi# YacTUHI piBHOCTI.
3assaunmMo, mo dopmynu (5) i (6) MoxkHA BHKOpHUCTOBYBATH NpH Oyab-
SAKHX SHAYEHHAX o, a GopmynH (7) i (8) Tinbku ToAl, KoMM icCHYIOTH 3HAYEH-

s tg% Ta ctg% pinnosiaso. Omxe, dopmysry (7) MoXkHA BUKOPHMCTOBYBATH,

AKIIO %;ﬁ’—;+nk. 10670 00 # T + 21k, k € Z, a popmyany (8) — axmo %*nk,

TobT0 o # 21k, k € Z.

3ayBajsKMMO, O AJA TAHreHca 1 KOTAaHreHca IOJIOBUHHOIO APryMeHTY
MOJHA ofiepxKaTH GOpMyH, SKi He MiCTATE KBaApaTHUX KopeHis. Hanpukian,
=22 | ©)

2 1+cosa

JHificHo, ypaxoBylouH, IO aPryMeHT o BABiui Olnbmmil 3a aprymMeHT g,

sina 2sinacm9' :a-.in‘zl -
MaeMo: = 2 _2_ =tg=, saxmo 1 + cos a # 0. Tobro popmy-
1+ cosa : O o 2
2cos —2 cos2

a1y (9) MoxkHA BUKOpDHCTOBYBaTH Npu o # nt + 2nk, k € Z.
Amnanorigso o6r'pyHTOBYIOTE opMyny

tgl="0 | (10)
2!iin2E sma
l;i‘::“= : 2 == i:tg%, Axmo sin o # 0, To6To dopmyny (10)

MOXKHA BUKODHMCTOBYBATH IIPH a # 1k, k € Z,

VpaxoByiouH, 1o ctg%=—1—a-, onepakyeMo dopmyH:

b

a_ sina {3
cth_l—mu i ctg2-

4., BuapaxkeHHA TPHIOHOMETDHYHMX (DYHKIiH Yepe3 TAHIeHC IOJOBMHHOIO
aprymenTty. I11o6 onepakaT Bimnmopingi dopmynu nis sin o i cos o, 3anuiie-
MO KOX<€H i3 muX BHpasiB 3a ¢opMynaMy NOABIHHOro aprymMenTy i mominumo

= o o - - M -

Ha 1 :smgz +oos"’3. IloTim, mo6 mepeliTH N0 TAHT€HCIB, MOALIHMO YHCENb-
- 20 s

HUK 1 3HAMEHHHMK ofiepaHoro Apoby Ha cos - (3BMuaiiHo, 38 YMOBH, IO

cos’%:ﬂ, To6TO Ipu o # nt + 2nk, k € Z).
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2si.n-qoos- s'mn
2 Rt
a o 20 o a
2sin — cos cos cos- 2tg
sina:mu= 2 2 = 2 = 2 = 2 - Ol'iﬂe,
. s'm’g-foosz; ﬂ%-rooszg sin’-:“'l t.gz;+l
cos® 2 cos® &
2 2
212
sina=——2_ g#n+2nk ke Z | (11)
IHg’q
2
. . 2@ 20
- b ; [ s
°°5“=mu=m 2 " 2_ 2. Omxe
1 sin’:+co52;- tg*_"z-‘n ’
l_t‘zu
oS 0= 2 azn+2nk,keZ)| (12)
20
1+tg 2

fAxmo nounenno noainuTu pisHocti (11) i (12), To onepxkumo GopmyJiu:

2tg &

—f—;. a¢§+m, neZ a+n+2nkkeZ

2

tgo=

= (13)
1-tg

|

l_tgz(l ]
ctgo=——2, a#nk, keZ .
2@2

3ayBaykumo, mo opmyny (13) MoxHa ofiepkaTH i 3a GOpMYJIOI0 TAHI'€H-

ca nojBiffHOr0 APryMeHTY, OCKLIbKH 0'.=2-%.

BEE lNpuknagw po3B’A3aHHA 3aBaHb

Hpugnan 1 O6uucniTh, He KOPUCTYIOUHCH TAGNIUISAMM | KANBEKYIATOPOM:
1) sin 15°; 2) cos 15% 3) tg 15°.
Po3é’sazannusn Komenmap

1) » sinl5°=J e =

1 30°

2

J3
e V2B
Yoz, 3, "

Ockinbku aprymeHT 15° cTAHOBHTH
noJIoBMHY Bix aprymenty 30°, a xocu-
Hyc 30° HaM BiloMHii, TO MOXKHA 3HAHTH
IyKaHl 3HadeHHA 38 QopMyJaMH IO-
JIOBHHHOTO apryMeHTy. ¥ PpaxoBYIO4H,
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2) » cos15°= 1—"‘-’%’£=
B —
— :i:ﬂ;
2 2
1-cos30° _
) b o__
V™ g0 in 30°
=—2 -2_3.-

mo aprymeHT 15° 3HAXOmMTBECH B
I usepri (e 3HaueHHA BCIX TpHro-
HOMeTpMYHMX ¢YHKUIH  gonaTHi),
y dopmynax (5) i (6) nepen sHaKOM
KBAJPATHOIO KOPEHA BHOMpAEMO BHAK
«ts. JIna Toro mob SHANTH TAHreHC
15°, moxxHa 3acrocyBatTu Oyab-fKy
3 dopmyu: (7), (9) abo (10), ane apyu-
Himme BUkopHcTaTH Gopmynu (9) abo
(10), sanmc AKUX HE MICTUTL KBAPAT-
HuX KopeHis. Ilicns Toro Ak sHaiimeHO
3HaYeHHHA sin 15° i cos 15°, moxxHa Ta-
KOX CKOpHCTATHCH (HOPMYJIOI0

sin 15°
15°= :
tg cos 15°

3ayBakeHHA. 3anucH pinnosigeit gna sin 15° i cos 15° moxxHEa mempo
CIIPOCTHUTH, BHALIAKYYM IiJi 3HAKOM 30BHIIHBOIO KBAJPATHOI'O KOPEHH KBa-
npar nsouiyieHa. I11lo6 nomaTh, HANDPHKJIAK, 2-J3 YV BHIVISAZl KBAaJpaTa nBO-
4yjieHa, MOMHOXHMMO i nofiiumo neil Bupas Ha 2 (Ta pOSIJIAHEMO BHpPA3 2J§

AK TojBOEHUM NoGyTOK umMcen J3 i 1). Onepxyemo:

9_J3=4- 2f (\E 1)’

JzT

(J§1

o 4+2\f (J§+1)

2

_V3-1_e-

Toni sin15°= 2

BukoHyIOUM aHaJOTiYHI IepeTBOPEeHHA, MAaEMO cos15°=

Ml 3anuTaHHA ANA KOHTPOMO

22 4
Jouss

4

| 1. 3BanumiTe GOpMyNM NOTPIFHOrO TA MOJOBMHEHOTO APTYMEHTIB i opMyH

?

BUD&YKEHHA TPUIOHOMETPMYHHMX (QYHKIiH Yepe3d TAHIe€HC MOJOBMHHOIO
aprymenTy. IlpoinmocTpyiiTe HA NPUKIAA8X 38CTOCYBAHHA HHUX dopmyi.

| 2. O6rpysTtyiiTe dopMysH NOTPiMHOro TA MOJOBMHHOTO ApryMeHTiB i ¢op-
MyJId BUDayXEHHsl TDUIOHOMETPHYHHAX (DYHKIiH yepe3 TAHTeHC MOJOBHH-

HOT'0 ApTyMEHTY.

N Bnpasu

1. O6umchniTh, He KOPHCTYIOYHNCH TAbIUIAMH 1 KAILKYIATOPOM:

1) sin 22°30’;

2) cos 22°30';

3) tg 22°30'.
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2. 3BHaifiTe sin%; cos tg—, AKIO:
3 3n 5 . 3n
1 =—= i n<a<=—; 2 o=— i —<u<2n
) cosa 5 n<o 2 ) cos i = o

-

3. O6umcnite tg(a+£). AKILO cos2a=% i n<a<§f.
. 12 3n
4. Obuwmcrite cosi, AKIIO sma-mﬁ i :t<a<-2—

5. O6uucnire sin a, AKOO th =%

6. O6uucnire tg—, AKIO smoucosa-% i 3;<a<2r|:.

sin2a0. = cosa
l+cosa 1+cos2o
8. Vpaxosywus, uo sin 36° = cos 54°, obumnciiTe sin 18°,

7. Ob6uucnite

» HAKIIO t.gE =2.

22.2. Dopmynaa nepeTBOPEHHA BUpas3y a sin a + b cos o
Tabnuna 41

| asma+beoau-—Ja +b“sin(u+(p) ;

ne aprymen'r lp BHBHAYAETHCA i3 cnmm.zmomenb

g e

EEE [losicHeHHS 1 OBrpyHTYBaHHSA

® CpoouaTky AOBeeMO TAKe TBEDMXKEHHA: AKW0 ONA wucen m i n 8UKOHY-
embcs cnigsidnouenna m* + n? = 1, mo odune i3 yux wucen moxna esa-
Hamu CuHYCcoM, a dpyze — KOCUHYCOM Oesrozo apzymenmy Q.
PoarnsagemMo Touky M KOOpDAMHATHOI IUIOMMHM 3 KOOPAMHATAMH
M (m; n). KoopaueaTu Touku M 380BONBHAKTE PIBHAHHIO OIMHUYHOTO
xona: x?2 + y? = 1 (ockinbkm za ymoBow m? + n? = 1). Omxe, Touxa M
3HAXOANTBHCA Ha OfMHWYHOMY Koui, i ii abcipmca € KocMHYCcOM KyTa ¢,
Axuil yreopioe pagiyc OM 3 ponateEuM Hanpsmkom oci Ox, & OpAuHAa-
TA — CHHYCOM LEOro KyTa @. Tobro m = cos @, n = sin ¢.

2 2
SIkmo BaATH Mm=—9% _ -0 . T0 m?+n’= ga e 2b ol
\/c::2+b2 Jaz.h[-,’ a“+b° a"+b
Tozi AnA AEAKOTO KYTA Q M= ————=cos@, N = ——=sin .
a? +b? a” +b

Tenep Mu MOkemo AoBecTH dopMyJry a sin a+bcosa=va®+b®sin (0+¢).
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Jlnsa mporo gopeaeMo, 110 NMpaBa YacTUHA i€l ¢GopMynu AopiBHIOE HniBiil.

Ja? +b? sin (o +¢) = Va* +b* (sin & cos @+ cos o sin @) =

=W[

. a b .
sin o +cosQ =asino+b Cos O,
Jaaﬂb2 \_Jaz+bz ]

uto # norpibHo Gyno pmoeectu. OTke,

asin a+bcos a=+a?+b* sin (0. + @),
Jie APTYMEHT () BU3HAYAETHLCA i3 cniBBijHOIEHE:

a . b
cos p= » SINP= -0
Ja' +b2 Ja’ﬂ‘:z

3ayeaxeHHs. B ogepxasiii opmysi apryMeHT ¢ BH3HAYAKTH 3 TOY-
nicTio 1o 2n, ase HaiyacTtime BHOMpAajOTH Te 3HAYEHHS, AKe HalMeHUIe 3a

MOIYJIeM.

Hanpuxnax, nns Bupasy sin a + cos a maemo a = 1, b= 1. Toni

== a = i . = b :l.
A ve SN A N e N

OTixe, aprymeHT @ sHaxogaTheA B | uBepTi, TOMY AK 3HAYEHHS ( MOXKHA

BubpaTH m:%. Topi

L

lNpvknanw po3B’'A3aHHA 3aBfaHb

llpukaan 1
J§ sin o.—cos O
Po3é’azannsn
3a jopmysI0r0
asino+bcoso=va®+b®sin (e+¢)
JEPIKYEMO

J3 sin a—coso=2sin (“"‘E)'

YpaxoByo4H, I10 ain(o:—%) Ha-

yiia€ BCiX 8HaYeHb 13 IIPOMIMKKY

1; 1), maemo, mo 2sin(u.—-§—) Haby-

a¢ BCiX 3HayeHsb i3 mpoMixkky [—2; 2].
ke, HaROinbpIme 3HAYEHHS 38aHOTO
upa3y popieHioe 2, a HaiiMeH-
e — (—2).

{ T

3HakuniTeh HANOiNBIIEe TA HaANMEHITe

|

3HAYEHHA BHUpa3y

Komenmap

Bupas J3sina-cosa mokna nepe-
TBOPHTH 38 (pOpMyJI0I0

a sin o.+b cos a.=va® +b* sin (0. + Q).
Tyr a=J3, b=-1,
Ja?+b? =J4 =2. Omsxe,
' a  _\3

a2+b2 B

TOxIi

cos Q=

. b 1
sing= =—=.
;a2+b2 E

Tomi aprymMesT ¢ 3HAXOAUTHECH B

IV ggepti, i K SHAYEHHA @ MOXKHa
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BUGPATH, HANPWKJAZ, l.p=—§. Takox

cnid ypaxosyseamu, w0 Ons mozo uyo0
3naumu naibirbwe ma HaimeHule
3HayeHHA 6upaldy, nompibHo He minb-
KU OyiHumu 3HaYeHMA 6upa3y 3a Jo-
NOMOIOI0 HECTPOTMX  HepiBHOCTeMH

(—2 < 2sin(u.- %) < 2). a W BIeBHHUTH-

cH, L0 3HAK PiBHOCTI B IUX HEpiBHO-
CTAX JOCATAETHCH.

Ilpukaan 2  IloGyayiiTe rpadik dyuknii y= J2 (sin x +cos x).
Komenmap
Bupassin x + cos x MO3HA 3aIIMCATH Yy BUIJIAA1 Sin X +cos x = Jisin(x+5).
Toni rpadik sagaHol QyHKIII MOoXXHA MoOyyBaTH 38 HONOMOT0I0 FeOMEeTPHY-

HHX nepeTBopeHb rpadika QysKNii y = sin x.

Poszé’'azanna
> y=J§(sin x+cosx)=2 sin(x+§).

I'padik samasoi ¢yHKOii omep:xkyemo iz rpadika ¢yHKOii y =sin x
(puc. 151) poararysaunsam y 2 pasu B3foBxk oci Oy i napanensHUM nepeHe-

CeHHSIM OTpMMAaHOro rpadika B3goBx oci Ox Ha (-—E) <

P= 2sin(.t' } i]

-2

Pue. 151
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B 3anuTaHHA ONA KOHTPOMO

1. Banumite dpopmysy mepeTBOpeHHs BHpPAa3y a sin o + b cos o HA BUpA3
BUrIAAY ¢ sin (x + @). IIpoimocTpyiiTe HA NpUKIaAl 3acToCyBAHHA i€l
Gopmysn.

2. O6rpysTyiiTe dhopMyy nepeTBOpeHHA BUPA3Y a sin o + b cos o Ha BUPA3
BHIIAAY ¢ sin (x + ).

Bl Bnpasm

1. 3uaiigiTe Halbiskpore Ta HaliMeHIle 3HAYEHHA BUPA3Y:
1) sin o + cos a; 2) sinu~J§cosa;
3) J3sino+cos o 4) J2sin o+/6 cosc.

2. TlobGyuyire rpadik pyHkKuii:
1) y=+/3sinx+cos x; 2) y = sin 2x — cos 2x;
3) y=sin x++/3cos x; 4) y:J§Sin325+cos§.

3. 3BmaiigiTe o6nacTe 3HaYeHs QyHKIII:
1) y = 3 sin x + 4 cos x; 2) y = 5 sin 3x — 12 cos 3x;
3) y =sin Tx — cos Tx; 4) y=8 sin§+15 cos%.

4. Ym icHYIOTH Taki 3HaAYEHHHA X, IpM AKHMX BHMKOHYETHCH PiBHICTBb:
1) 3 sin x — 4 cos x = 6; 2) 5 sin 2x + 12 cos 2x = 15;
3) V3sin4x—cos4x=1/5; 4) sin3;~+cm§=l,5?

AOAATKOBI BIMPABU AO PO3AIAY 3
Copocritek Bupas (1—-2).
1. 1) tg? a — sin®? a — tg? a sin® a;
2) Jsin® B(1+ctg B)+cos? B(1+tg B);
3) (3 sin a + 2 cos a)® + (2 sin a — 3 cos a)%;
cosPtgf
4) s ctg BeosB.

"
sin (-0) _tg('é'“) cosa
sin(n-o) ctga sin(n-ru),
2
3n 3n . 16n 18n
4) tg(2+u)sinzsm 9 msls.
5t . 1in

sin(g—ﬂ)ctg(g+a)tg(%+u)’ ctg(u—a)oosﬁsm—gwcoszn

g l)2tga—tg(u—r|:)+ctg(§—25—a); 2)

tg (n—P) cos (n—P) tg(; —ﬂ) ]
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JoeeniTe TOTOXHICTD (3—4).

tgla+P)-tga-tgh . o 1-cos 20+ sin 200 _
) tg o tg (a+p) te B 2) Tvcos2a+sin2a e
cm(u+ﬂl+cm(u—ﬂ)=ctgm 4 a‘mu—sin:iu=_ctg2u_

sin (ot + ) + sin (o) co8 0 — cos 30

1 1]1.1 o
1 J——-J—+—c S0 =cos— INpU t < a < 2x;
) 2 2V2 20 4 .

’1 1 = X o 3n,
2) Jl = 2c052a—\/§coa(4 2) OpE K<<

Y:1 )1 .1 a 3n
3 J—+— —+=co8 20 =—COS— IOpH —<O<
) 2 2V2 2 3 oy %

4) 1‘1+J—1--lcosu=\f§cos(3‘——5) mpu T <o<2n
2 2 1 4 2

HoseniTes piBHICTB:

1) coagcos%“cos%=%; 2) tg 20° — 4 sin 20°-sin 50° = -2 sin 20°%

3) —L _-4gin70°=2; 4) cos20°+2sin55°—/2sin 65°=1.
sin 10°

HoseaiTh, 110 NpaBUIILHA HEPIBHICTE:
1) tg x + ctg x 2 2, axmo 0<x<§;

T

Biﬂ('é-l-a)
n o 5in o

sin E+I Sin(a‘*z

3)(1+singp+osg)(l-sing+coe@)(l+sing—csg)Eing+esp-1)<1;

4) 2 sin 4a sin 2a + cos 6a = -1.

O6unCcTiTL:

2)

+2 sini,:- < 2J§;

1) cos' a + sin' a, axmo sin2u=-23-;

1-sin* S
2) ——2, axmo tgZ=m;
1+sino 2

3) cos o, AKIo Ssin atga=%;

4) sin a, cos 2a, cos%, AKINO tg§=- 2, rt<a<~3~:—.
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BIAOMOCTI 3 ICTOPII

CioBo «TpHroHoMeTpisi» Brnepiue sycrpivaerses (1505 p.) y HasBi kKHMMK-
KM HiMenpkoro Teosnora i matematuxka IlurTuckyca. Iloxomxennsa uboro
CJIOBA IPeljbKe: ¢« TPUIOHOH» — TPHUKYTHHK, eMeTpio» — mipa. Immmmu cio-
BAMM, TPUI'OHOMETPiA — HAYKA NP0 BUMIPIOBaHHA TPHKYTHMKiB. BaraTto
NOHATH i (aKTiB, AKi Tenep BiAHOCATHL A0 TpuroHomerpii, Oynu Bigomi wie
ABL THCAYi pokiB TomMy. PaKTHYHO pi3Hi BijHOWEHHH BiApPi3KiB TPUKYTHH-
Ka i Koya (BracHe Ka)Xydw, i TpuroHoMerpuuHi (pyHKIii) sacTocyBasin BXKe
B III cT. ;o H. e. y cBOiX npanax Benuki maTematuxku Craposaeusoi I'pertii —
Esxnipi Apximen.

JloBruit uac TPHUroHOMETpis PO3BMBAJIACH AK YACTHHA reomerpii, To6TO
(haxTH, AKi M Tenep GOPMYJIIOEMO B TEPMiHAX TPUIOHOMETPHYHUX (YHKITIMH,
(hOpMyYIOBAJIM TA AOBOJAWJIA 38 JONOMOICK IeOMeTPUYHHX HOHATH i TBEp-
mxenb. MabyTb, HaWbi/IBOII CTUMYJIH A POSBUTKY TPHrMOHOMETDil BUHHKA-
JIn y 3B’53KYy 3 PO3B’A3yBAHHAM 38Ja4 ACTPOHOMII,
110 CTAHOBHJIO BeJIMKHII MpAKTHYHMIA iHTepec (HA-
NPHKJIAL, AJf BU3HAYECHHSA MiCIIe3HAXOMKEHHSA Cy/-
Ha, nepeifadyeHHA 3aTeMHEHb TOLO).

CyuacHoro BUrnsifly TPHrOHOMETPil HAJJAB BeJIH-
kuii MmatematTuxk XVIII cr. JI. Eiinep, mseitnapeus
38 NOXOJXXEeHHAM, AKHIl noBro npamioBaB y Pocii
i 6yB unenom IleTepOypabkoi akagemii nayk. Came
Eiinep nepumii yBiB BiloMi O3HAa4YeHHA TPHUIOHO-
MeTpUYHUX (YHKIIH, nouyaB posrnsafiaTH (yHKILIL
JIOBiNTLHOrO KyTA, BUBIB (hopmynn sBefieHHs. [licasa
Eiinepa TpuroHomerpisi Habysna GopMH YMCHeHHSA:
pizHi darkT™H NoYanw AOBOAWTH (hOpPMAJILHMM 3ACTO-
Jleonapn Eiinep CyBaHHAM (hopMyJl TPpMTOHOMETpii, NOBEeAEHHA CTAa-

(1707-1783) i1 Ha6araTo KOMIAKTHIIIMMHA.

!h;_t
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§ 25. Po3B'A3yBaHHA TPUrOHOMETPUHHUX PIBHSHI
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§ 26. Po3B'A3yBaHHA CUCTEM TPUrOHOMETPUHHUX
PIBHSIHb

§ 27. HannpocTilli TpUroHOMeTpUYHI HEPIBHOCTI

AOAATKOBWA MATEPIAN
§ 28. [Mpuknagu po3s's3yBaHHA BINbLL CKNagHUX
TPUrOHOMETPUYHWX PIBHAHDL Ta iX CUCTEM
§ 29. TpuroHoMETPU4HI PIBHAHHA 3 NapameTpamMn
§ 30. Po3B'R3yBaHHA TPUrOHOMETPUYHUX
HepiBHOCTEN

B ocHOBHIN yacTMHI ILOTC PO3AINY BH 3MOXETe O3HAMOMHTH-
CH 3 NOHATTAMY ODepHeHUX TPUTOHOMETDHYHHMX (PYHKNIN Ta ix
rpadikaMy 1 BIACTMBOCTAMM, HABYHTHCH pO3B A3VEBATH TPHUro-
HOMETPHYHI PIBHAHHSA T& IX CHCTeMH i HAWNpOCTINIL TpHToOHOMEe-
TPHUYHI HEepiBHOCTI.

3 MeTo[8MH POSE’ASYBaRHSA GiNEII CKIAJHAX TPHNOHOMETPHYHHX
pieaAREe i wepiBrOCTel, AKI MPONOHYIOTE ¥ 3aBaHHSX 30BHII-
HBOI'0 HEBAJIE}KHOIO OIL[IHIOBAHHA 4YH NeDMKBBRHOI migcyMxoBol ’
aTecranii 3 MaTemaTukn (30KkpeMa, 3 METOA&BMH DO3B’ H3yBaHEHS +
TPUTOHOMETPHYHHUX PIBHAHE 3 MapaMeTPaMu). f

¥ popaTtkosiil vacTHHI po3ziny 6a)kaiodi 3MOKYTE O3HAHOMUTHCH !

el Wy



8§ 23 OBEPHEHI TPUTOHOMETPUYHI OYHKLII

Jns onepaxaHHsA o6epHEeHHX TPHTOHOMETPHYHHX QYHKIIN 1A KOXHOI TPH-
roHoMeTpHYHOl QYHKUIl BUALIAIOTE MPOMiXKOK, Ha AKOMY BOHA 3poctae (abo
cnagae). Jlns nosnavyenHsa obepHeHMX TpHTOHOMeTpHuUHUX (GyHKIil nmepen Bij-
NOBLIHOIO (PYHKIIICIO CTABUATHCA GyKBOCIIONIYYEHHS «arce (YUTAECTHCH: «apK»).

23.1. DyHKuUiA y = arcsin x

Tabnuusa 42
1. Mpadik
y=sinx y = arcsin x
yh yA
rl
11 s 2
o /
: : : -
\ -I i \ } Lo | >
2 i 2 i / 0 1 «x
Ha npomixky [—g; g] sin x apocrae. 1-5
2. 3Hayennsiarcsina (| a | < 1)
OpieHtup Mpuknag,
i : LI 5 J:; n P
cunye _mcoro HIOPiBHIOE 4. x [_E; E] . .‘@_ :
= i 3 g 3 2
- e e [__‘; ""]’
| arcsin a = ¢, axuO 2’2
| sin p=a
3. HenapHicTe QyHkuil y = arcsin x
YA
1
a arcsin a
X arcsin (—a) = —arcsin a
o~/ i
—-a arcsin (—a)
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B [losicHeHHs W OBrpyHTYBaHHS
1. Tpadik dysruii y = arcsin x. Pynxyia y = sin x spocTae HA NPOMiXKY
[—125 —2-] i HabGysae Bcix smadvens Big —1 no 1. Omke, HA NBOMY NPOMiXKKY
¢yuruia y = sin x mae obepreny dyukuio (aue. § 2, n. 2.4), AKy nosHaYA-
I0Th Y = arcsin x, 3 obnactio BusHavenns [—1; 1] i obnacrio s3aavens [——2’5; g]
dyukuisa y = arcsin x Tex spocrae, i il rpadik MoxkHa omepxkaTH 3 rpadika
¢yuknii y = sin x (HAa 3a1AHOMY NPOMIXKKY) CHMMETPUYHUM BiloOparkeHHAM
BiiHOCHO NpsiMoi y = x (puc. 152).

2. 3uavenus arcsin a. 3a osHayenHsaM obepHeHol ¢ysrnil (Ha BubparOoMy

NpPOMiXKKY), SIKILO Sin @ = @, TO arcsin @ = @, NPUYOMY cpe[—g;g] ila|<1.

Orxe, samuc arcsin a = ¢ (| @ | < 1) osnauae, mo e [~§; g] i sin @ = a, T06T0
arcsin a — ye maxke “ucnho 3 npomxy ["‘%; g] » CUHYC AKO20
dopienioe a.

, OCKimbKm Ee[----] i

Hanpuxnaz, arcsin;- 3

I% a:llla

nk=

6
An = J:;
aJioriysao arcsin 5 F 3, OCKiLIBKH —-e ;=i am - ~2—.

3. Henapuicts Qyuxnii y = arcsin x. J{na aﬂaxomxermn apncm;ycm Bin’-
€MHMX YMCEeJ] MOXKHA KOPHUCTYBATHCH TAKOX HenapricTio pyHkuii arcsin x,
T06TO hopmynor arcsin (—a) = —arcsin a.

© Ile sunsmsae 3 Toro, mo rpadik ¢yskuii y = arcsin x (puc. 152) cumerpmu-
HUil BIJHOCHO NOYATKY KOODAWHAT, a ToukH a i (—a) ua oci Oy (puc. 153)

yA

U

-
L
b
~]
*
AN
By

Ry
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Ipuxcaan.

1) » Hexait arcsin§=q; Toni 3a

2)

cumeTpHuHi BigaOCHO oci Ox. Toai BianoBiAHi Toukn A i B HA OQUHUYHO-

My Komi (y npomixky [-—— —]) Texx OyAyTh CHMETPMYHUMHM BiJHOCHO

oci Ox. Omxe, £ COA = £ COB. Ane arcsin a = £ COA, arcsin (—a) =
= —/ COB (pucynok 153 naBezneHo ana sunagky a > 0). Onepxxyemo

—

arcsin (—a) = —aresin aJ. O

Hanpuxnan, arcam(~%) =-—arcsin 1

Posé’'ssanna

03HAYEHHAM APKCHHYCA OJepPxy-
€MO, 10

ﬁn¢=%

Omxe, sin(arcsin %) = :1; <

P Hexai arcsin%mp. 3a osHa-
YeHHAM ApKCHHYCA ONEepPiKYEMO,

5. %] gino=2
mo Q€ [—E,z] ising=¢. Vpaxo-

ByI0OYH, mo cos ¢ = 0, maemo:

cosPp= \Il —sin® 1’ — =

E
Orxe, cos(arcsms]qmsw % <

SuaiigiTe: 1) sin(amsin %);

1)

2)

2% cos(arcsin g)

Komenmap

OckiJibkH 3amuC

g=arcsina (a|<1)
03HAYAE, 0 QE [——E g] ising =a,
TO 38BXIW BHKOHYETHCH DiBHICTH

sin (arcsin a)=a, |a[<1 |

Ipore mio GopMyny MOXKHA He
3anaM’ATOBYBATH: JOCTATHBO IIO-
3HAYUTH BHPA3 Y AYIKKAX Uepe3 ¢
i BUKOpHCTATH O3HAYEHHHA &PKCH-
HycA.

SO MO3HAYMTHM BUpA3 YV AYHK-
Kax yepes ¢, TO 38 BHMOIOI0 381a4i
noTtpi6HO 3HA¥NTH cos ¢. Bukopuc-
TABIIM O3HAYEHHSA APKCHUHYCA,
OLlep}KYEMO CTAHAADPTHY 3a1a4y:
3HAIOYH CHHYC KyTa, 3HaiiTh #oro
Icocuﬂyc SAKI0 KYT 3HAXOAUTHCH

B IIPOMIXKY [-g g]

Tomi cos@=%y/1-sin’@. Ockinb-

KH Q€ [—g; g], TO B IOMY IIpPO-
Mixkky cos ¢ = 0, a oTxRe,

cos @=+/1-sin’@.



§ 23. O6epHeHi TpUroHoMeTpruHi GyHKuli 315

23.2. ®yHKUIA y = arccos x
Tabnaunsa 43
- 1. M'padik
Y =cos X Y = arccos x
yA YA
1 +n
/‘-0\ | .-
/ ;: x L X
2
-1+ s
Ha npomixxky [0; n] cos x cnagae _:1 0 1 %
2. 3HayenHs arccosa (| a | < 1)

OpieHTnp MNpuknap
arccos a — me TaKe YMcIIo 3 npomixky [0; 1], Jz = )
KOCHHYC SIKOTO IOPiBHIOE a. e

5 x i cosZ=V2
S s R {‘PE[O:n]. vel0; 1] i cosT=5.

cosQ=a
3. ®opmyna ans arccos (—a)
y/
1
arccos (—a) arccos a
arccos (—a) = t — arcecos aJ
-a 0 a T 2

EEE [losicHeHHN W OOrpyHTYBaHHA

1. TI'padix dyurnii y = arccos x. Pyaruisa y = cos x cnazae Ha NPOMiK-
Ky [0; n] i mabyeae Bcix sHavens Big 1 go —1. Otike, HA BOMY IOPOMIKKY
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dyHKLin y = cos ¥ Mae obepHeny QYHKIIIO, AKY NO3HAYAIOTH Y = ATCCOS X,
8 obnactio BusHayenus [—1; 1]1 obnacrio sHavens [0; ] Pysxuisn y = arccos x
TeX cuajae, i Ii rpadik MoxHa omepxxatu 3 rpadika GyHknii y = cos x (ua
38AHOMY IIPOMIKKY) 38 JONOMOrOK CHMETPHYHOrO BijobparkeHHs #oro Bij-
HOCHO tpaMoi y = x (puc. 154).

2. 3saueHHA arccos a. 3a osHayeHHAM obepHeHol QyHKuii (Ha BuGpaHoMy
NPOMIXKKY), AKLIO COS ¢ = @, TO arccos a = @, npuyomy ¢ € [0; nli|a|< 1.
Omxe, sanuc arccos a=¢ (| a | < 1) osnauae, mwo ¢ € [0; n] i cos ¢ = a,
TobTo
I arccos a — ye maxe wucro 3 npomixxy [0; n}, xocunyc axozo do-
PisHIO€ a.
1_=n s n 5 n_1
Hanpuxiaz, arccos 5 = 2, OCKiIbKH EE[& n| i cosy=2.

Asnanoriubo arocos(—%]=%, OCKLIBLKH Et;‘-e[(}; n) i cm%:—-‘é—g.
3. Popmyna maa arccos (—a). Ilna sHaXOmKeHHA ADKKOCHHYCIB Bijl’eMHHUX
YHCeJ] MOXKHA TAKOXK KOPHMCTYBATHCH (GOPMYJIOK arccos (—a) = 1 — arccos a.

Ile BunmBae 3 TOro, o To4YKH a i (—a) Ha oci Ox (puc. 155) € cume-
TpudHEMH BigHOcHO oci Oy. Toxi i BignopignHi Toukm A i B HA OQMHUYHOMY
xoui (y npomidkky [0; n]) Tex 6ynyTh cuMerpuynuMu BignocHo oci Oy. Ta-
kuMm yuaoM, £ COA = £ DOB, a otxe, £ COB=n— Z DOB =1 — £ COA.
Aune arccos a = Z COA, arccos (—a) = £ COB = n — Z COA. Opepixyemo

y
oo i
y=arccosx ¥,

iarccos(—a}zn—arccosa .

N - p\2 0 a Jcx
N2
’ _1 ™5
Puc. 154 Puc. 155
% N 1 _pg_E-2
Hanpuxnap, arccos( 2)-1: 1av.rc|:'l:om°.|2 s P

3asHaYMMO, IHO PiBHICTE arccos (—a) = m — arccos a o3Ha4ae, 1o QyHK-
Iifa y = arccos x He € Hi NAPHOIO, Hi HENAPHOIO.



§ 23. O6epHeHi TpuroHomeTpryHi GyHruii - 317

IMpuxnan.

Pozeé'nzanun

> Hexai arccoag ¢, ToAi 38 O3HA-
YEeHHAM APKKOCHHYCA OAEPIKYEMO, L0

cosq:&%. Orxe, cos(arccosg-)=§. <

23.3. QyHKuiA y = arctg x

3uaiigite cos(arcoos%).

Komenmap

OckisibKkH sanuc ¢ = arccos a
(] @ | € 1) osunauae, mo ¢ € [0; n]
i cos ¢ =a, TO 3AB¥KAH BUKOHYETHCH
piBHiCTH

IIpore mo ¢GoOpMyny MOMKHH He
3anaM’ATOBYBATH: JOCTATHLO IO3HA-
YHUTH BUPA3 Y OYXXKAX Yepesd ¢ 1 BUKO-
PHCTATH O3HAYEHHH APKKOCHHYCA.

Tabanosa 44
1. Ipadik
y=tgx y = arctg x
yh yA
L.
2
3n
_n! 2 - /
- >
i 32',! =3 03 /" x J >
/‘ 0 ’
Ha npoMixky (—g; %) tg x spocTtae. x
2
2. 3HaueHHn arctg a
Opientup Mpuknag

arcig ¢ — ne Taxe YMCI0 3 MPOMiXKKY
(—%; %), TAHIeHC AKOro NOPiBHIOE a. afCth_ =§- OCKLIBKM

'r x (_5 5) i teX= 3.
: q;e(—ﬁ;—’f), 3€(720 2) 1 5 B

| arctg a = ¢, AKOIO 2 2/ |

r tgg=a |
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ITpodoencenna mabn. 44

3. HenapHictb gyHKUIT y = arctg x

| arctg (o) = ~arctg o |

Bl NoscHeHHA 1 0Br'pyHTYBaHHA
1. Tpadik ¢pynxuii y = arctg x. Pynxnia y = tg x spocrae Ha NPOMIMXKY
(—;,—:-) i Habysae Bcix 3HaYeHb Bifi —co 10 +eo. OTike, HA IBOMY IIPOMIMKY
dysknia y = tg x mae obepreny dyHkuio, AKY NO3HAYAKOTH Yy = arcltg x,
3 obiacTi0 BU3HAYEHHA (—o; +o0) i MHOMKHHOIO 3HAaYeHb (“2-‘;) DyHKIIA

y = arctg x Tex spocrae, il rpadix mMoxkHa ozmepykatm 3 rpadika QyHKIii
y = tg x (1a 3aganOMy NPOMIXKKY) 38 IONOMOIOI0 CHMeTPUYHOro Bijobparken-
HA BigHOCHO npsaMoi y = x (puc. 156).

2. 3pauenss arcitg a. 3a osnavyeHHsaM obepHenol dyHkuil (Ha BHGpaHoMy
NpoMiXkKYy), Ao tg ¢ = a, To arcig a = ¢, npuyoMy Q€ (—g; g] Oroxe, 3a-

nuc arctg a = ¢ osmavae, Mo Qe (—%; g) itg ¢ = a, TobTO

arctg a — ye maxe wucno 3 npomixxy (-g; -2’5), manzeHc AKO20

dopienioe a.
55 = . n ( n 1:) : x_3
Hanpuxaan, arctg—an—-é, OCKUILKH € ~2'3 i tgg-—a—.
3 —_E 1 _._E _E-E i .—.E =
Amunanoriuno arctg(—1)= % OCKLITBEKH 46( 2,2) i tg( 4) 1

3. Henapuicts dyskuii y = arctg x. [lna sHaxXomKeHHA apPKTAHTeHCIB
Bifi’€EMHUX 4YmceJ MOXHA KODHCTYBATHCH TAKOX HeImapHicTI GyHKNii
arctg x, Tobro 3acrocoBysaru dopmyny arctg (—a) = —arctg a.

® lle Bumiueae 3 Toro, mo rpadik ¢pysxnii y = arctg x (puc. 156) cume-
TpUYHUN BiIHOCHO IOYATKY KOOPAMHAT, 8 TOYKH a i (—a) Ha niHii TaH-
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reHciB € cuMeTpuYHUMH BigHOCHO oci Ox (puec. 157). Toxi i Bignoeigmi
Toyku A Ta B Ha ogMHHYHOMY KoJji (Y mpoMixkky (—%;—:)) Tex OynyTh

cuMeTpuYHUMH BigHOCHO oci Ox. Omxe, £ COA = £ COB. Ane arctg a =
=/ COA, arctg (-a) = —Z COB. OpepxxyemMo

Etg (—a) = —arctg a ‘ O

y = arcig x

>
X

Puc, 156

V3

Hanpuxnajg, arctg (“-‘ﬁ—g ]= —arctg s =—*:“
Tpuxcaan. 3uainiTe tg (arctg 4).

Pozé’asannsn Komenmap
Hexait arctg 4 = @, TOAl 3a O3HA- OcklIBKH 3amnmc ¢p=arctg a
YeHHAM APKTAHTEHCA OfeP)KYyeMO, IO (_ =, E) . .
tgo=4. | oaHavae, Wo Qe |- itggo=a, o
Omixe, tg (arctg 4) = 4. <! 3aBYKJIM BUKOHYETHCA piBHiCTH
tg (arctga)=a |

Ilpore mio ¢GopMysry MOXKHA He
3anaM’ATOBYBATH: GOCMAMHbLO MNO3HA-
yumu eupas y Oyixckax wepes ¢ i 6UKO-
pucmamu 03HAYeHHA apKmaHzeHca.
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23.4. PyHKuin y = arcetg x
Tabnuns 45

1. lpagik

y=ctg x y = arcetg x

A yh

\ N\
TR SNEHNVE: \
\ \

Ha npomixky (0; n) ctg x cnanae.

b

(CTE]
vo|
Ry
(=] /ui:u B

Ry

2. 3HaueHHn arcctg a
OpieHtnp MNpukaaa

L

arcct